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PREFACE. 



In the following pages I have assumed on the part of the 
reader as much acquaintance with the processes of Cartesian 
Geometry and the Differential Calculus as can be obtained 
from any elementary text-books in these subjects ; and 
starting from this, I have endeavoured to give a systematic 
account of certain ideas and methods, a familiarity with 
which is tacitly assumed in higher mathematics, while no 
adequate means of acquiring this familiarity is provided in 
existing English works. Among these ideas, one of the 
most important is that of Correspondence, and on this, in 
a few of its many manifestations, I have dwelt at some 
length. My desire has been to refrain from encroaching 
on what property belongs to the theory of Higher Plane 
Curves — a theory so extensive, and, as is now acknowledged, 
so much less simple than it appeared some few years ago, 
that an introductory study of its fundamental conceptions 
^jflaay well be undertaken as a preliminary. 



VI PREFACE. 

To a certam small extent the field here marked out 
coincides with that already occupied by the later chapters 
of Salmon's Conic Sections. Recognizing that every English- 
speaking student of mathematics must of necessity acquire 
an intimate knowledge of Dr. Salmon's incomparable treatises, 
I have gladly refrained from any discussion of this part, and 
have simply referred the reader to those chapters, adding 
occasionally the few words of explanation that seemed 
necessitated by the dififerent order of treatment here 
adopted. 

It has not been my ambition to add another to the 
many excellent collections of problems already existing, but 
I trust the examples scattered through the pages will be 
found sufficient for purposes of illustration. As these, (many 
of which contain results of independent importance,) are 
placed in general immediately after the account of the 
theorems on which they depend, their position sufficiently 
indicates the process of solution, and I have therefore in- 
cluded a number of them in the index. 

Regarding this work as strictly introductory, I have pre- 
ferred not to give too many references. Those that do 
appear have been given, some because they are perhaps 
not just in the line of reading that is usually followed, 
some because of special felicity of statement, a few for 
their historical interest. Thus the frequency of reference 
to any one author is not to be interpreted as an attempt 
to indicate the extent of my indebtedness. Had the re- 
ferences been so adjusted, it would have been alike my 
duty and my pleasure to write on every page the name of 
Professor Cayley. 
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CHAPTER I. 

POINT AND LINE COORDINATES. 

Introductory. 

1. In analytical geometry the subject-matter is geometry 
while the language is algebraic. For progress and pleasure 
it is of primary importance that the language be properly 
adjusted to the subject ; elasticity must oe preserved and 
unnecessary restrictions cast aside. We begin therefore by 
examining our conceptions in analytical geometry, recognizing 
natural limitations, but rejecting artificial limitations except 
in so far as these can be shown to serve some good purpose. 
We begin, that is, by generalizing our conceptions and their 
expression as much as possible. 

Genercd Idea of Coordinates. 

2. The whole of analytical geometry as hitherto studied 
depends on the possibility of representing the position of a 
point in a plane by two coordinates, with the dependent 
possibility of representing the position of a point in ordinary 
space by three coordinates. These coordinates in the case 
of plane geometry were regarded initially as the distances 
from the point to two selected lines, these distances being 
measured in assigned directions, viz., parallel to the selected 
lines. But other systems were occasionally used; for ex- 
ample, polar coordinates, where the distance from a fixed 
pole to the point, and the direction of the line joining the 
nxed pole to the point, were the two determining quantities ; 
dipolar coordinates, where the two coordinates of the point / 
were its distances from two fixed poles; the system of co- 
ordinates arranged by means of confocal comes; etc. The 
fundamental idea of coordinates derived from plane geometry 

is therefore that they are any two quantities that serve to 
determine the position of a point in a plane. Here there are 
implied certain limitations, which may be accidental; for 

8.0. A 
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there al>p g^ahietrical elements other than a point, whase 
pasition v^e may wish to specify ; and we have no assurance 
'thiii/lJVe' number of coordinates required is necessarily two. 
'••. ^^ generalize therefore by dropping these limitations ; and 
. .•*. ••'we say: — 
' .; :*•* Coordinates are quantities that determine the position ^ 
of a geometincal element 

The nature of these quantities will depend on (1) the 
space assumed, (2) the problem considered, (3) the element 
selected. 

8. We here recognize that the primary element may 
possibly not be a point. The point cei'tainly presents itself 
naturally to our minds as the element^ par excellence, pix>bably 
because all our drawing is done with a point. But the 
straight line is easentially as simple; and it is passible to 
imagine that we might have learnt to do all our drawing 
with a straight-edge instead of a point. We should then 
regard a point as a secondaiy element, uniquely determuied 
by two straight lines ; and this secondary element, the point, 
would suggest to us an infinity of straight lines passing 
through it, just as with our present ideas the secondary 
element, the straight line, uniquely determined by two points, 
suggests to us an infinity of points lying on it. We shall 
constantly have occasion to notice in detail the correspondence ^ 
between the two geometrical theories ; the two that is in 
which, the field being restricted to the plane, the primary . 
elements are respectively the point and straight line, the 
secondary elements the straight line and point. 

The element, then, need not be a point; it may be some 
other geometrical entity. 

4. In the next place we consider how many coonlinates 
are necessaiy. 

Our primary element is regaixled as having pasition in 
space; we consider it therefore as able to change its posi- 
tion in certain ways, reducible to a certain number of 
independent ways; or we may say, the element has a 
certain number of degrees of freedom. 

Suppose, for definiteness, we take for element a point, 
and for space a line, straight or curved. There is only one 

!)ossible way in which the point can move, viz., along the 
ine; it may of course move forward or backward, but 
these differ simply as positive and negative, that is they 
differ only in sense. The point has therefore only one 
degree of freedom ; its position on the line is determined 
by one coordinate, e.g. its distance from some fixed point 
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on the line ; its freedom consists in the possibility of vary- 
ing this one coordinate; if the value of this one coordinate 
were given, the one degree of freedom would be destroyed. 
Now imagine the point to be at P on any surface, for 
example a plane, and free to move to any other position Q 
on the plane. For this it is not essential that the point 
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be able to move directly from P to Q; the step can be 
accomplished by steps in two selected directions ; for 
example, by PMy MQ parallel to Ox and Oy (Fig. 1); thus 
two degrees of freedom allow for all conceivable motions of 
the point on the plane. These two degrees of freedom can 
be algebraically expressed as the variations of two coordi- 
nates, X and y; and if the value of either of these 
coordinates were given, one degree of freedom would be 
destroyed ; if both cooixlinates were given, that is, if the 
position of the point were given, both degrees of freedom 
would be destroyed. 

Similarly a point in ordinary space has three degrees of 
freedom, and to destroy the three, that is, to fix the pasi- ^' 
tion of the point, three independent coordinates must be 
given. 

5. This same idea may be differently expressed. A point 
(an element) with one degree of freedom can assume a 
singly infinite number of positions ; its one coordinate is 
susceptible of numerical values ranging from — x thix)ugh 
to -t- X . A point (an element) with two degrees of 
freedom can assume a doubly infinite number of positions 
(x^); each of its two coordinates is susceptible of numerical 
values ranging from — x through to -t- x ; and in 
general, an element with a degi'ees of freedom, that is, ^■ 
with a independent coordinates, can assume x" pasitions. 

6. These fundamental conceptions are expressed in various 
ways ; we speak of space of one, two, three, . . . ., a 
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dimensions; of a one, two, three, or a-way spread. But 
it must be kept in mind that the number of dimensions 
of any assumed space depends on the selected element. 
Thus, for example, the point being the element, a plane 
is space of two dimensions ; a circle with a fixed centre 
being the element, the plane is space of one dimension. 

In ordinary space, planes through a line are singly 
infinite in number; that is, the line is to be regarded as 
one-dimensional, w^hen the plane is the element; and simi- 
larly the line is one-dimensional when the point is the 
element. Ordinary space itself is three-dimensional, when^ 
the point is element ; it is likewise three-dimensional when 
the plane is element. Thus we detect a correspondence 
between figures determined by points and figures deter- 
mined by planes. The points in a plane fonn a two-fold 
infinity; the planes through a point fonn a two-fold 
infinity. Thus the point being element, the plane is a 
two-dimensional space contained in the three-dimensional ' 
space; and the plane being element, the point is a two- 
dimensional space contained in the three-dimensional space. 
Now two pomts in space determine a line; two planes 
likewise determine a line; thus the line takes the same' 
part in the two theories. 

Ordinary space is seen to be four-dimensional in lines; 
this appears from the fact that every line can be obtained 
by joming every point in one plafie to every point in 
another plane. 

Thus in Solid Geometry we have assemblages of points, 
planes, and lines; and we have corresponding assemolages /^ 
of planes, points, and lines. 

Ex. Considering the five regular solidR as determined (1) by their . 
vertices, (2) by their faces, show that one corresponds to itself, and^,\ 
that the others are in corresponding pairs. V^ w *^ 

But now confining ourselves to Plane Geometry, we can 
no longer regard the plane as element; we have only points 
and lines. The plane is two-dimensional as regards its 
points; it is also two-dimensional as regards its lines; for 
the position of a straight line depends on two independent 
quantities, for example, the intercepts made on the axes; 
or again, the number of straight lines in a plane is doubly 
infinite, for we obtain all straight lines by joining every 
point on one line to every point on another line. Thus , 
the plane is of the same nature whether the point or line " 
be regarded as element. 

Further, as regards aggregates contained in the plane ; 
the point being the element, the straight line is one- 
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dimensional ; and the strai^t line being the element, the 
point is one-dimensional. This last appears from various 
considerations; a line through a fixed point has one degree 
of freedom, for it can rotate ; one coordinate, for example, 
the angle made with a fixed direction, serves to determine 
the position of the line ; the number of straight lines 
through a point is singly infinite. 

We have thus one more step in tracing the correspond- 
ence already referred to (§3) between two special theories 
in plane geometry, — the two in which the point and the 
straight line are respectively taken as primary element. 

XoU. For a discuaaion of the different acgregatea of elements in 
any asgumed space, see Reye, Die Geometrie lUr Lage, Ch. I., or Section 
II. of Professor Henrici's Article ou Geometry io the Eniyclopcedia 
Britanniea. 

7. We have seen that the number of independent co- 
ordinates required depends on the space and on the 
element. But in many cases it is convenient to use more 
than this necessary number of coordinates, connected by 
identical relations. Thus for instance we sometimes use 
Cartesians and polar cooi-dinates in one piece of work, 
that is, four coordinates with two identical relations 



Honiogeneova Point Coordinates. 

8. We shall now confine the work, for the present, to 
geometry in a plane, using for element sometimes the point 
and sometimes the line. In either case the position of the 
element is determined by two independent coordinates; but 
we are at liberty to use more than two coordinates con- 
nected by relations. 

In Cartesian geometry, we obtain the two coordinates of 
a point by means of two fixed lines ; we here begin by assum- 
ing an undetermined number of fixed lines, a, o, c, etc. Let 
the distances from a point P to these lines be denoted by 
n, fi. y, L'tc. ; usin;; tlu; urdiiidiy coiivontiou of sigiiK, niuAi 
lino has ». ["jHitive side and a negative side, which may be 
iuitiikUy arbitrarily aauned. Any one of these distances, i 
A,, deteniiinea P l^'iag on a line parallel to the Hue/ 
i ratio of any ^^Ht determines P as lyiug on a ( ■ 
\gh the inter^^^^^^^^hc position of P is there- j 
Mmed unii^^^^^^Hdistanc«H^||Uid ^, or by ' 

jsitiou 




6 POINT AND LINE CXX)RDINATES. 

of P is determined by any two of the ratios a : /8 : y. It is 
essential that the three lines a, 6, c (Fig. 2) be not concurrent, 
for otherwise the two lines P(ab), P{ac\ whose intersection 
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has to give P, would be identical (Fig. 3). Let the lengths of 
the sides of the triangle be denoted by a, 6, c, and its area by 
A ; and for definiteness let the positive and negative sides of 




Fig. 3. 



the three lines be assigned so that a point inside the tri- 
angle is on the positive side of every one of these lines. 
We have then , rn , oa 

For denoting the vertices of the triangle hy A, B, (7, we 
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have for a point inside the triangle a relation among the 
areas, viz. 

2,PBC+2,PCA + 2,PAB=2.ABC, 
that is, BC.PD+CA,PE+AB,PF=2A, 
that is, aa+6/3+cy = 2A; 

and for a point outside the triangle, e.g. P\ 

2.FBG-2.P'CA + 2.FAB^2.ABC, 
that is, BG.FU'-CA.FE+AB.FF = 2A, 
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that is, aa + &^+cy = 2A, as before, since /3 is now (Fig. 4) 
represented by —FE. 
Thus we have in general 

aa+6^+cy=2A, 

and consequently when the ratios a:/3:y are given, the 
values of a, j8, y are known. 

Now one advantage of using the ratios is that all our 
cfjuations can be made homogeneous in a, j8, y. For the two 
independent coordinates of P being a : y, jS : y, any fact about 

the position of P is expressed by an equation -ff-, -) = 0, of 

degree n ; multiplying throughout by y**, this becomes homo- 
geneous. Or again, if a, /3 be taken as coordinates, then by 
means of the relation aa + ij8+cy = 2A, which can be written 

in the form 6rr""^9A^"^9A'^~^* ^^^ non-homogeneous ex- 
pression can be made homogeneous; for the terms of lower 
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degree can be multiplied by any desired power of the unit 
multiplier 

9. From our definitions it follows that for any point on the 
line a we have a = ; that is, the line <t is denoted by a = ; 
thus the equations of the three fundamental lines are 

a = 0, /3 = 0, y = 0. 

Now consider any fourth line <S = 0. By means of the 
triangle abc we proved that a, j8, y must satisfy a relation 
which may be written in the form 

a'a+6'/3 + cV=l. 
Similarly by means of the triangle abd we find that a, j8, S 
must satisfy a relation 

a"a + 6"/3+cZ"<5=l. ^ 

Subtracting, we see that a, /3, y, S must satisfy a relation 

(a' - a> + (V - 6")/3 + c y - d^J = 0, 

whence S = -^,- a + ~-^,-^ + ^.y . 

that is, S =fa +gfi+ hy. 

Note. If the line S=0 pass through the intersectiou of the lines a=0, 
j8=0, there is not any triangle abd ; but there is a triangle acd. 

Thus any fourth distance, 5, is a linear function of a, j8, y ; 
and the equation of any fourth line, J = 0, when expressed 
in terms of a, i8, y, becomes 

fa+gfi+hy = 0; 

that is, in this system of coordinates any straight line is ' 
represented hy a linear equation, 

10. There is no occasion to limit ourselves imduly in this 
choice of coordinates ; the position of P will be ecjually 
determined if instead of a: fi ly we know la : m/S : ny, where 
If 971, n are any multipliers, initially arbitrarily chasen. We 
write therefore x, y, z = la, mjS, ny; by this change the 
fundamental identical relation aa + 6/8+cy = 2A becomes 

that is, 2|-f+2Am^+2l^*=l' 

which may be written 
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and the equation of any line 

fa+gP+hy = 

becomes fx + g'y + Kz = 0, 

that is, it remains a homogeneous linear equation. 

Recalling to mind the significance of <S, we see that the 
distance from any point x, y, 2; to a line fx+gy+hz = is 
a multiple of fx+gy+hz; that is, tke distance from any ^ 
point Xy y, z to a line u = ia a multiple^ of the corre- 
aponding value of the expression u. 

11. It may be convenient occasionally to retain more than 
three coordinates, with homogeneous identical relations ; that 
is, any number of coordinates S may be kept, with relations 
S^la+m^+ny, Thus, for example, if the line x+y+z = {) 
be an important one in a problem, it may be convenient to 
write — u for x + y + z, so that w^e have four coordinates 
X, y, z, u, connected by the identity x + y+z+u = ^. 

Suppose we have two lines u = 0, t' = 0, where u, v, can 
when we please be written as linear functions of x, y, z. 
Then ti + tt; = is a line through the intersection of u = 0, 
t; = 0. For the values of x, y, z, that make the linear ex- 
pressions u, V, vanish, make xt+kv vanish; that is, the point 
that lies on each of the lines 'it = 0, t; = 0, is a point on ^ 

Note. Letters such as w, r, etc., will be used not only as abbreviations 
for linear (or other) expressions, but also for referring to the diagram. 
Thus the line u means tne line marked with a letter u in the diagram ; 
and when the equation of this line is written in abridgeii form, it will be 
written tt=0. The point uv is the intersection of the lines w=0, i;=0 ; 
e.g. in the fundamental triangle A, Bj C are respectively yz, &r, xi/. 

Homogeneous Line Coordinates, 

12. Now regarding the line as element, let us assign its 
position in the corresponding way. The position of the 
point was referred to fixed fundamental lines ; we refer the 
position of the line to fixed fundamental points. Let the 
distances to the line from these fixed points A, B, C, etc. 
be denoted by p, q, r, etc., so that the statement p = {) means 
that the line passes through A, and so on. Regarding the 
line, as usual, as having a positive and a negative side, we 
see that any two distances, g, r, must be considered a*s 
being of the same sign when By C, are on the same side of 
the line. 

The absolute values of two distances, q, r, determine the 
line as one of the four common tangents to two circles 
whose centres are fi, (7, and whose radii are ?, r; a com- 
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parison of the signs of g, r shows that the line is one of 
two; in Fig. 5 g, r have the same sign for 1, 2, and opposite 
signs for 3, 4. Thus in general the values of two distances 
g, r, determine the line as one of two. 
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But if we deal with ratios of distances, the position of 
the line is determined by means of the points in which 
it meets BG, CA, AB (the three fundamental points -4, B^ (7, 
having been chosen non-coUinear), just as when we are 
dealing with ratios of distances from a point P to three 
non-concurrent fundamental lines the position of P is deter- 
mined by means of the lines joining it to the points &c, 
ca, ah. For if the line meet BG in A, we have (Fig. 5) by 
similar triangles, BX:CX = q: r, 

and the position of X is uniquely determined by the ratio 
q:r. Hence two such ratios, q:r, r:p (which imply the *" 
third, p : q) determine two points X, Y on the line, and 
thus they determine the line itself. That is, the line is 
determined by the ratios j? : g : r. 

13. Let us now compare the determination of the position 
of the line by means of p, g, r, with the results obtained in 
the system of homogeneous point coordinates already dis- 
cussed. In order to keep the connection between the two 
theories as clear as possible, and the transition from one to 
the other as simple as possible, we take the points A, B,G, 
determined by the triangle of reference in the system of 
point coordinates, for fundamental points in the system of 
line coordinates now under investigation. Let the line re- 
ferred to the system of point coordinates have the cijuation 

fa+gl3+hy = 0; 

the line is therefore determined by fy g^ h\ it is equally de- 
termined by p, g, r ; consequently these two sets of quantities 
must be expressible in terms of one another. 
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Let X (Fig. 6) be a^, jSj, y^, then a, = 0, and therefore from 
the assigned equation of the line XYZ,fj^^+hy^ = i). From 
the figure, X being on the negative side of CA and on the 
positive side of AB, 

q : r=BX : CX = area BXA : area CXA = cy^ : — bfi^, 

therefore bq :cr = y^: —I3i=g :h; 

and similarly op : hq =f : g ; 

hence fig :h = ap:bq : cr. 




Fio. 6. 



Thus the coefficients in the equation of the line in the 
system of point coordinates are linearly expressible in terms 
of the coordinates of the line in the system of line coordinates. 

14. This same result may be expressed in a fonii slightly 
diflferent and more significant. Let a, j8, y be any point on 
the line, then fa+gp+hy = 0. But regarding the line as 
determined by p, ?, f\ we write this condition by what has 
just been proved in the form apa + bq/3 + cry=(); that is, the 
point a, p, y and the line p, g, r are united in position if 
the condition ajpa+bq^+cvy = ^ be satisfied ^' 

1 5. We have already noticed that we are at liberty to take 
for coordinates of the point any multiples we please of a, j8, y, 
viz., «, y, z = la, m/S, ny. Similarly for coordinates of the 
line w^e are at liberty to take any multiples w^e please of 
p, q, r, viz., ^, ly, f=X2>, iJ-q, vr. Making these changes, the 
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relation just found becomes : — The point x, y, z and the line 
^, i;, f are united in position if the condition 

be satisfied. Since we constantly use both systems of co- 
ordinates in one investigation, there is a decided practical 
convenience in adjusting the two systems of nmltipliers /, r>i, n 
and X, )u, 1/ so that this condition may reduce to the simplest 
possible form ; we therefore choose these (quantities so that 

g _ ?> _ c . 
iX ~ mjj. ~" t? J/ ' 

that is, we take l\ : mjuL :nu = a:b:c] 

and the relation becomes : — 

The 2)omt x, y, z and the line ^, i;, f are united in position if 

Relation of tlie Tivo Systems, 

IG. The equations ZX :m/A : 'nj/ = a : 6 :c leave us free to 
choose either set of ratios l:ni:n or X : /a : »/, but they then 
determine the other set. We may therefore choose our 
system of point coordinates, but then the corresponding 
system of line coordinates is at once deduced. 

As particular systems of point coordinates we have 

I. Trilinears. Here ir, y, z are simply proportional to 
a, i8, y, i.e. x :y :z = a: 13 :y, 

therefore i = m = n. 

In this system the fundamental identical relation is 

ax+hy + cz = constant. 
The associated system of line coordinates is determined by 

l\ im/j. :nv = a:b : c, ' 

that is, by \: fx:v = a:b:c, 

and thus ^:ri :^=ap :bq : or. 

II. Areals, also called triangular coordinates. In this 
system the coordinates of a point P are the ratios of the 
triangles PBC, PC A, PAB to the whole triangle ABC. Now 
2areaPi^(7=aa, therefore 

__ aa _^^ __ ^y 
"^"2^' ^"2A' ^"2A' 

xu 4. • 7 a b c 

that IS, ^, wi, 71 = jc-i , 



2A* 2A' 2A' 
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The fundamental identical relation is now 

x+y+z=^l. *- 
The associated system of line coordinates is simply / ^ 

for the equations giving X, /jl, v reduce to 

X = ^t = J/. » 

17. The condition x^+2/»7+^f=^> expressing the union of 
the point a, y, z and the line ^, i;, f, is of primary importance. 
Writing /, gr, h for ^, jy, f it may be stated as follows : — 

If the. equation of a line be fx+gy+hz = Oy the coordinates ^ 
of the line are f g, h. 

It thus enables us to pass from the expression of a line in 
point coordinates to its expression in line coordinates. 

But again it may be read differently: — The line whose 
coordinates are ^, ly, f passes through the point x, y, z if 

xi+yrj + z^=0; 

that is, any line with coordinates ^, j;, f passes through the 

J)oint /, g, h if f^+g*j+h^=0. Thus in order that a variable 
ine may pass through a fixed point the coordinates of the 
line must satisfy an equation of the first degree. This equa- 
tion is called the equation of the point ; it is the equation that 
must be satisfied by the coordinates of all primary elements 
that are united with the assigned secondary element; it is 
therefore exactly analogous to the equation of a line in point 
coordinates, for tliis is simply the equation that must be 
Hatisfied by the coordinates of all points that lie on the 
assigned line. 

If then f g, h be the point coordinates of a point, its ^ 
equation in line coordinates is f^+grj+h^=0. 

The distance from a point Z, m, ti to a line ix + fjy + ^z = 
was shown in § 10 to be a multiple of ^l+ftm+^n; hence the 
distance from a point l^+mri+n^=0 to a line ^, j;, f is a 
multiple of li+mri+n^; that is, the distance to any line ^, >;, f // 
from a point t7 = is a multiple of the corresponding value 
of the expression vs, 

18. Just as in the case of point coordinates, we are at 
liberty to use more than three fundamental points; let any 
additional one be 0=0, then Q can at any stage of the work 
be written as a linear function of ^, i/, f. 

Suppose we have any two points whose equations are 
zar = 0, /) = 0, where cr, p are linear functions of ^, 17, f . Then 
Of -pip = being linear is the equation of some point; now 
coordinates ^, 17, f that make the linear expressions cr, p vanish 
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I 

Hiiiiultaneously, make ^ + kp vanish; thus the line that passes 
through each of the points t7 = (), p = 0, passes through the [/^ 
point CT+A-p = (); i.e. T3+kp = is a point on the line tSTp. 
(See § 11.) 

yote. Jjetters such as 6, p, etc, will be used not only as abbrevia- 
tions for linear (or other) expressions in ^, ry, f, but also for referring 
to the diagram. Thus the point p means the ]:x>int marked with a 
letter p in the diagram ; and when the equation of this point is 
written in abridged form, it will be written p = 0; the line T3p is the 
join of the points CT = 0, p = 0; e.g. hi the fundamental triangle, 
-1, By C are the [wints ^, ^/, f, their equations behig f=0, >7=0, f=0; 
Ojb, c are the lines »/{■, (^, ^7. Ordinary Roman capitals will however 
frequently be used simply to denote point-positions in the diagrams. 

19. Here we have an important step in the correspond- 
ence already noted between the two geometries in a plane, 
the two, that is, in which the primary element is taken to 
be (1) the point, (2) the straight line. These two theories 
now nm as follows : — 



We may regard the point as 
element ; two points determine a 
line ; an indefinite number of 
pomts lie on the line. 

The position of a point in the 
plane is determined by two inde- 
pendent coordinates ; but it is 
convenient to make use of three 
coonlinates. 

By the equation of a line we 
mean the relation satisfied by the 
coordinates of all points on the 
line ; this is of the fii^st degree 

fa+g2/+hz = 0. 

The equation of the line deter- 
nnned by the points (.r„ y„ z{), 



X 
^1 



y - 

Hi h 

t/2 ^2 



=0. 



This is obtained by considering 
which has to be satisfied by two sets 

The condition that three points 
1, 2, 3 be collinear is the vanishing 
of tlie determinant 



x^ 



Vi ^ 



^2 Vi 



1 



X^ 



Vs ^i 



We may regard the line as 
element ; two lines determine a 
point ; an indefinite numl)er of 
lines pass tlirough the point. 

The position of a line in the 
l)lane is determined by two inde- 
pendent coordinates ; but it is 
convenient to make use of throe 
coordinates. 

By the equation of a point we 
mean the relation satisfied bv the 
coordinates of all lines through the 
])oint ; this is of the first degree 

The equation of the point de- 
termined by the lines (^j, ?7i, f^), 

' ^ V i [=0. 

the linear equation fa+gf/ + h2=0^ 
of quantities (r^ i/^, Zj), (i^, y.^, z,^). 

The condition that three lines 
1, 2, 3 be concurrent is the vanish- 
ing of the determinant 

^1 ^1 Ci \' 
fi V'2 C2 
^3 Is Ci 



POINT AND LINE COORDINATES. 



15 



For the three linear equations /tj + ^ryj + /<z. = 0, fa^+ff^i-^^^^O, 
/r3+^3+/i^3=0, must be satisfied ; eliminating/, ^r, A, the result follows. 



The coordinates of the inter- 
section of the two lines 

fx +g^i/ +hz =0, 
are gh' -^h, hf -h'f, f(f -fg. 



The coordinates of the join of 
the two points 

f$ + gri+hC=o, 

are gh'-ffh, hf -h'f, fg' -fg. 



These are obtained by solving the equations. 



The condition that three points 

fi$+giv^K(^o, 

M+gf)+H-^% 
M-^g^v+KC-o, 

be collinear is the vanishing of the 



The condition that three lines 

f^ + g^ + h.f = 0, 

be concurrent is the vanishing of 
the determinant 

/i gi K 

h 9-1 K 

/s gz h 

This is obtained by eliminating the variables from the given equations. 

The coordinates of any point on The coordinates of any line 

the join of (j:„ ?/i, z^y (x.^, y^ z^ are through the intersection of 
expressible in t^e form (^j, t;^, f^), (^^, 7/^. Q are ex- 

/j-j+wuTg, liJi + mij2, Iz^ + viz^, pressible in the form 

For (.r, y, z\ (.rj, y^, e^), (.r^, y^, ^2) are collinear if, and only if 

= 0. 



determinant 


• 


/i ^1 ^1 




fi g^i K 


1 


f'6 9s K 



X 


y 


z 


^1 


Vi 


h 


x^ 


Vi 


^2 



Hence determining l, tw, so that 

hj^ + my,^ =3^, Izy^ + mz^ = z, 
the detemunant shows that 

x — lxi-inx^ 



.r. 



I/i 



= 0, 



X2 y-i ^2 

that is, unless yiZ^ - y^i =0, x= Ix^ + inx.^ 

Tliis possible interference, yi-f« - ^2^1 = 0, would however be noticed 
earlier, for it would prevent the determination of ^, 7n as directed. But 
i^ y\H~y^\—^'> certainly x^z^- x^^^^^ for otherwise the ratios x^ \y^ : z^ 
would be the same as x.^ -.y^ iz-zi i-^- the points 1, 2 would be the same. 
Thus in this case we determine l^ m from the equations 

Ix^ + mx., — x^ Iz^ + mz.i — z. 

The underlying principle manifested in this con-espondence 
is known as the Principle of Duality. The meaning of the 
name, the importance of the principle, and the utility of 
the correspondence, will appear more plainly in the following 
chapters. 
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20. We have found that the actual distances from a point 
to the sides of the triangle of reference satisfy a permanent 
relation, viz., aa + 6/8 + cy = 2A ; and that hence the actual 
values of the coordinates in any homogeneous point system 
satisfy a permanent relation of the form 

Similarly the actual distances to a line from the vertices 
of the triangle of reference satisfy a permanent relation, viz., 

a^j)^ + b^q^ + c^i^ — 2bq . cr . cos A y 

— 2cr . ivp . cos B — 2cfcp . hq . cos (7= 4A-. V 

Let the line make with BC, GA, AB, angles 0, </>, yfr (Fig. 7), 
so that 

yJr-<l> = A, e-ylr^B, e-<l> = ir-G, 

Considering the quadrilaterals BGFE etc., we have 

area ABG= BGFE ^GFI)A+ ABED, 

therefore 2 A = (g + r)FE- (r +2y)FD + (j) + q)ED 

= -p.FE+q,FD-'r.ER "^^ 




Fm. 7. 




Now FE=acoH(7r-d), FD = bcoH(f), EI) = ccoH\fr, 

therefore ap cos + 6(/ cos — c?' cos ^ = 2 A (1 ). 

Also, from the identity 

V(q-r) + q(:r-p) + iip-q) = 0, 
by means of the relations 

gr — r = asin0, 7'— 2^ = 68in0, l^ — q= — rsin^, 
e obtain a/? sin + ftg sin — cr sin ^ = ( 2 ). 
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From (1) and (2), by squaring and adding, we find 

«7^ + 6^9* + ch^ — ibq . cr (cos ^ cos >/r + sin ^ sin >/r) 
— 2cr . op (cos cos ^+ sin sin ^) 
+ 'lap . bq (cos cos ^ + sin sin ) = 4 A-. 
The expressions within brackets being 

cas(^— 0), cos(0 — >/r), and cos (0 — 0), 
that is, cosi4, cosjB, and — cosC, 

this relation reduces to 

a^2 + 6^5^ + cV- — 2hq . cr . cas A — 2c?* . ap . cos ii 

— 2ap ,bq .cos 6'= 4A'^. 

The fundamental identical relation is therefore of a 
different form in tlie two systems considered; that is, the 
cori'espondence hitherto noted between the two tlieories does 
not appear to hold. This will be investigated later (Ch. VII. 
and All.); for the present we shall not use the Principle 
of Duality in work that depends on the fundamental identical 
relation, that is, in work that requires us to use actual ^^ 
values of the coordinates ; we shall not use it in investigating 
'metric relations. ^ 

When the point coordinates are trilinears, we have agreed 
to use as the associated line system ^, i;, ^=(ip, hq, cr. With 
these coordinates the relation just found becomes 

^- + i?^+f--2i/f cos ^ - 2f^ cos 5-2^/; cas C=4A2. 

Similarly for any other system of coordinates we have 
a modified form of each of the two fundamental relations, 
whicli can be deduced at once from the natural forms 

aa + b^+cy = 2A, 

a^p- + h^q- + ch*'^ — 2bq . cr cos A 

— 2cr . ap . cos B—2aj) . bq . cos C= 4A-. 

Distance from a Point to a Line. 

21. General homogeneous coordinates do not lend them- 
selves readily to the direct investigation of purely metric 
properties. Formuhe on which these investigations depend 
{e.g. for the distance from one point to another, for the 
angle made by one line with another, etc.) can of courae 
be obtained, and may be found, e.g. in Ferrei's' Trilinear 
Coordinates. But the principle here adopted of using 
only suitable methods for any assigned problem, and 
applying given methods only to suitable problems, forbids 
their introduction. One particular symmetrical metric 
expression must however be found, viz., that for the dis- 
tance from a point to a line. This is of importance in 

S.G. B 
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the discussion of the metric relations involved in the Prin- 
ciple of Duality (Cli. II., VII., and XII.), and moreover it 
relates to the conception that has been made the founda- 
tion of our double system of cooixlinates. 

Let OM be the distance fi*om 0, the given point a, )8, y, 
to the given line jf>, q, ?•, this given line making with CB 
the angle 0. Draw irom A, 0, lines parallel and perpen- 
dicular to BG, meeting in E, and join OB (Fig. 8). Then 
we have (indicating signs of magnitudes by signs prefixed, 
and not by the order of tlie lettei*s), 

OM=q^OBHm{e+DBO), 

that is 0M= q - OB cos (d - BOD) ; 

also 0M= r - OC cos (6 - COD), 



and 
Now 
therefore 
hence 



0M=2^ - OA sin (a OM- 1). 
AOM+AOD^ir+e, 
AOM-'^^^'^^+e-'AOD: 
OM^p- OA cos ((9 - il OD). 




FUJ. 8. 

Fi*om the three expressions here found for OM we obtain 

p-OM=-OE.co^e+AE.m\e, 

q-OM= OD, cos e+BD,m\ 0, 

r - 0M= OD ,coae+ CD, sin d ; 

whence, multiplying by aa, bfiy cy, and adding, 

aap + bfiq -h cy?* — OM{a a + bfi + cy) 

= cos e('-OE,aa+OD,bfi+OD,cy) 
+ ain e(AE, aa + BD . bfi + CD . cy). 
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In this the coefficient of cos Q is 

OD{aa + hp+cy)''{OE+OD)aa, 

= 0D,2^^AA\aa, =2A(0D''a), =0, 

and the coefficient of sin 6 is 

where p\ c[, r are the coordinates of the line DE\ but the 
point a, ^, y lies on this line, and therefore the expression 
vanishea We have therefore 

OM{a a + hl3 + cy) = aap + bPq + cyr, 

where (a, ^, y), (p, g, r) stand for actual distances. 

But the equation is homogeneous in a, /8, y, and we may 
therefore use it even when a, /8, y are simply proportional to 
actual distances; to ensure the same convenience as regards 
P, ?, ^', we make the equation homogeneous in /), g, r by means 
of the identical relation 

— 26g . cr . cos A — 2cr . up . cos jB — 2aj& . hq . cos C= 4A^, 
when it becomes 

0Jlf(aa + 6^ + cy) 

X (a^*+fc*j^+c*7-*-26(jr.cr.cosil -2cr.ap.co8 jB-2tt7>.i>5'.cosC)i 
• =:^A(aa/;+6/83 + cyr): 

hence we have the result : — 

The distance frovi the point a, ^, y f o ^/t6 fine p, q, r is 



2A(aap + 6/3g + cy?') ^^ 



(aa +bfi+ cy\a'p^ + 6-^^ + c^** — 26(/ . c?* . cos A — 2cr . ap . cos 5 

— 2ttp . 6g . cos (7)* 
If we use more general point coordinates, 

x:y:z = la: mfi : ny, ^ 

with the associated line system 

, - a 6 c 
^ ' ^ l^ m^ n 

the expression for the distance from the point a?, y, ^ to the 
line ^, J7, f becomes 

'^ ^{xj+y n+zQ _. . 

(^x+^y+- zyiY' + ^/^ V + n^^^ - 27727? ,;f cos ^ - 271^^^ cos B 

- 2Zm^j; cas 6')* 

Tlie particular forms assumed when (1) trilinearsy (2) '^ 
areais, are used should be noticed. 



^ 
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Pole and Polar with regard to a Triangle, 

22. It is usually convenient to detennine the multipliers 
i, m, 71 so that a particular line of the diagram may have 
a particular equation, or so that a particular point may have 
particular coordinates. 

Suppose e.g. we wish the centroid of the triangle to be 

1 2A 

1,1,1. The actual distances being a, ^, y, we have a = « > 

o a 

2A 2A 2A 

etc. ; we must therefore take ^ X ^- = 7/i X ^ i = ti x .j , in 

•ia •io 'jc 

order that this point may have x = y = z. These equations 

l:m:n = (i :b :Cy ' , ' 

hence x :y : z = aa:b/3 : cy , 

and we must use aixjals. 

It should be noticed that the condition a given point lias 
specified coardinaten determines only the ratios l:m:n: it 
gives us a result of the fonn x:y:z = Aa:Bfi:Cy, and not /^^ 
x = Aa, etc. Practically, we hardly ever require actual co- 
ordinates; in fact, if we use the fundamental identical rela- 
tions properly, we never require them. A point /, g, h may 
be taken as having coordinates kf, kg, kh, where k is any 
multiplier we please ; this follows from the fact already 
noticed that all equations used can be made homogeneous. 

23. Whatever system of coordinates we employ, the point 
1, 1, 1 and the line 1,1, 1, — or, more generally, the point 

111 

/, g, h and the line --., -, j, — have a simple geometrical 

/ fl' "' 
connection. 

Let P be the point /, g, h ; let A P, 5P, CP meet BC, CA , 
AB in A\ ir, C; and let BV meet BC in A\ and similarly 
let iT, C" be detennined ; then A", K, C" are collinear, and 

the line they detennine is the line -., -, ,- (Fig. 9). 

The lines AP, BP, CP have equations 

2/_?._0 ^-•'■-0 --^-'^-O- 

il ^^ l^ .t f g ^ 

hence i^ is the interaection of 

17 = and 7 — -. = (). 

Any line through B' has therefore an equation of the form 

X z 
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For this to pass through (J it must be of the form 

/ d 

hence in must have the value -, and we find that BC is 

9 

X V Z r^ 

/ 9 f^ 
Now ^"^ is the intersection of this and x=0; hence any line 
through A" has an equation of the form 

J y I*' 

that is, ^x+- + r=^- 

9 If- 

For this to pass thix)ugli iT, it must be of the foiiu 
hence A = -, 



v^ 



and the line A^B* is 



/ 



the form of this equation shows that tlie line passes through 
C ; the three points A" , IT, C therefore lie on the line 

1 1 1 

r V A* 

The point and line, so related, are said to be pole and polar 
with regard to the triangle. 

There is also a construction which starts from the line, 
and leads to the point. 

Let i^ be the line /, (j, k\ let the join of he (i.e. A) and 
a;> be «', and similarly let h\ c be determined. Let the join 
of Uc and be be a", and similarly for //, c"; then a, 6", c 
are concurrent, and the point they detennine is 

The points ap, bp, cp have equations 

5_^-o ^-^-0 ^-^=0- 

y k ' k J J g 
hence h' is the join of 






!/ = () and t-C=0. 

h f 
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Any point on b' has therefore an equation of the form 
For this to lie on c' it must be of the form 

hence m must have the value -, and we find that b'c' is 

/ i7 A 




Pni. !i. 




Now a" is the join of this witli f = ; lience any point on 
a" has an e(]uation of the form 



''^-^^/^'' 



^^+?+i=(). 



that is, 

For this to lie on 6", it must be of tlie form 

hence A = -„ and the point a"b" is 
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the fonn of this equation shows that the point lies on c"; 

the three lines a", h", c" therefore meet in the point -^ -, r- 

f U h, 

24. When the point 1, 1, 1 is known, or more generally when any 
particular point /, g^ h is known, the system of coordinates is deter- 
mined, so the positions of all other points are given. One way of 
determining the coordinates of any desired point or line in the 
diagram is the following : — 

Cet be 1, 1, 1 ; with centre and any convenient radius describe 
a circle to cut all the sides of the triangle. Take on each side one 
of the points so determined, Z>, E^ F\ then OZ), OE^ OF are equal ; 
they therefore represent the coordinates of 0. The cooi-dinates of any 
other point P are represented by PL, PM. PN drawn parallel to 
OD, OE, OK 




Similarly if be the point f^ g^ h\ determine points Z>, E^ F so 
tliat 0/>, OE, OF represent /, g, h on any scale ; the coordinates of 
any other point P are represented by PZ, /*J/, PN drawn parallel to 
OD, OE, OF (Fig. 10). 

So also a point with any assigned coordinates can be accurately 
inserted in the diagram ; and any desired line can be drawn, by 
means of the |)oints in which it meets the sides. A better method, 
bow^ever, follows from principles to be explained in Chapter III. 



Examples. 

1. Determine the distances to the sides of the triangle 
of reference from the following points : — (i.) the centroid ; 
(ii.) the orthocentre ; (iii.) the centre of the circumscribed 
circle ; (iv.) the centre of the inscribed circle ; (v.), (vi.), 
(vii.) the centres of the three escribed circles. Give the 
coordinates of these seven points (a) in trilinears, (h) in 
areals. 

2. Determine the seven different systems of coordinates 
in which these points shall be 1, 1, 1 ; and determine in 
every case the associated system of line coordinates. Verify 
that the condition of coUinearity Ls satisfied by the points 
(i.), (ii.), (iii.). 
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3. Detemiine the distances from A, B, C to 

(i.) the internal bisectorH of the angles A, B, C; 
(ii.) the external bisectors of these angles; 
(iii.) the lines through A, B,C bisecting BC, CA, AB; 
(iv.) the lines through A, B, C perpendicular to 
BC,CA,AB. 
Give tlie coorrlinates of these four sets of lines in the 
two line systems that are associateil with (a) trilinears, 
(b) areals. 

4. Having obtained the cooixlinates of these sets of lines, 
write down their equations. Verify that the condition of 
cr>ncun*ence is satisfied by the lines in sets (i.), (iii.), (iv.). 

5. Find the point coonlinates of the intersection of the 
lines whase line coordinates are L, v\y rij, and l^y Wg, ^j. 
State the result with reference to the equations of the lines 
and their intersection. 

f). Show (a) by point coordinates, 

(6) by line cooixlinates, 
that if the joins of vei-tices of two triangles be concurrent, 
then the intereections of sides are coUinear. 

;Vo/<?. Triangles thus Hituat<;d are said' to Ikj in perspective; the 
I^Mnt and line are the centre and axis of |>erH|>ective ; or again, tlie 
relation of the triangles is 8])oken of as homology ; the ix)int and line 
are the centre and axis of liomology. 

7. Find the ecjuations of lines through A, B, C making 
with AB, BC\ CA (inside tlie triangle) angles w. Find the 
value of o) if these be concurrent; and the cooixlinates of 
their common point. 

Show that the same value of o) ensures the concunxjiice 
of lines through A, B,C making with ^16^ BA, CB angles co. 

aVoIc. Tliese two points are the Brocard points of the triangle ; id 
is the Brocard angle. 



CHAPTER II. 

INFINITY. TRANSFORMATION OF COORDINATES. 

Parallel Lines. 

25. Taking any two lines whose equations in point co- 
ordinates are 

lx+my+nz = Oy Vx+in'y+rtfz = 0, 

and solving for the coordinates of their point of interaection 

we find x:y :z = inn — mn : nU — n7 : Irri — Vni, 

To obtain the actual values of the coordinates, we make 
use of the fundamental identical relation, which we suppase 
to be written in the form 

This gives "/ 

where D stands for the determinant 
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Thus we have ordinarily a set of finite values for x, y, z, 
giving for the intersection of the two lines a point at a 
finite distance from every side of the triangle of reference. 

But if Z) = 0, those fractions whose numerators do not 
also vanish become infinite. Now the vanishing of two of 
the numerators entails the vanishing of the third; for 

mw'— m'H = trives ,= „ and nU-n'l=0 i^ives -,= .-,; 
; ^ m 71 ^ n c 

hence ?,= „ that is, Im ^Vni^i). But these give simply 

l:m:n=iV :m' :n\ which would make the two lines identical. 
Hence not more than one of the numeratoi's can vanish. 
Thus of the coordinates a:, y, -sr, certainly two and possibly 
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all three are infinite, and the point x, ?/, z is at infinity. We 
sec then tliat two lines may be so situated that instead of 
a finite intersection they have their intersection at infinity. 
This agrees witli the properties of parallel lines that we 
have already employed : an<l by means of this we formulate 
the definition as follows : — 

Lines that meet in a j)aint at infinity are said to be 
jyavalUL 

The condition of pai*allelism is therefore 

= 0, 
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where a^+b^y+c^^^l is the fundamental identical relation. 

The Special Line at Infinity. 

dd. Tlie form of this condition recalls the condition that 
three lines be concurrent. It is in fact the condition for 
tlie concuiTence of 

lx+niy + nz = 0, 

Vx + my + nz = , 

that is, of the two given lines, and a line which is the same 
whatever pair (Z, m, n), {l\ ni\ n) be chosen. We naturally 
consider therefore what is the significance of this special line 

a^ + h^y+c^^^O. 

One peculiarity in the equation is at once evident ; it is 
at variance with the fundamental identical relation. Now 
this fundamental relation was obtained by a process certainly 
valid for finite values of a, /8, y ; but not so obviously ad- 
missible if any of the three a, )8, y happen to be infinite. 
We shall find that this explains the apparent paradox; 
the line we are to consider, viz. aQX + b^y + c^^i), is a line 
lying entirely at infinity, and accounting entirely for infinity 
in point coordinates. 

I. Every point on this line is at infinity. For to 
determine the actual coordinates of a point on tlie line, we 
ha^e to determine x, y, z to satisfy the two equations 

t^o^+fto2/ + Co^ = (1), 

a^ + bQy-\-c^z=\ (2), 

i.e. to satisfy the equation obtained by subtraction, 

0.a; + 0.?/ + 0.2;=l (3). 

Now (3) requires one at least of the (|uantities x, y, z ,to be 
infinite; and then, by etjuation (1), certainly one other must 
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be infinite ; thus two of the coordinates of any point on tlie 
line are infinite, i.e. ^very point on the line is at infinity. 

II. But further, this line ia the complete point represe^ita- 
tive of infinity ; that is, every point at infinity lies on it. 
For let A^ be a point at infinity, and let P, Q be points at 
a finite distance, chosen so that FQ does not pass through A'. 
Let the equations of PX, QX be 

lx+my+nz = 0, l'x+viy+nz = 0. 

These lines, meeting at X, are by definition parallel, and 
consequently 

I m n =0; 

r m' n' 

«o ^0 ^0 

that is, the three lines 

Ix+'my+nz^O, Vx+m'y+n'z = 0, a^+hQy+c^ = 
are concurrent, and consequently 

passes through X, 

It appears as though this special line might be regarded as 
parallel to every line u, for it meets u at infinity, and there- 
fore satisfies our definition of parallelism. This would also 
make it perpendicular to every line u, being parallel to a line 
perpendicular to u. But for reasons that will appear later, 
the idea of direction must not be associated with this line ; 
any attempt at assigning direction to it leads to absolute 
indetermination. 

27. Now the fimdamental identical relation in point co- 
ordinates, being obtained from 

may have for the constant on the right any finite (Quantity, 
though we generally arrange the equation so that the value 
of this constant may be unity. The relation is therefore 
essentially of the form 

a^ + bQy + c^=^i): 

hence we have the conclusion : — 

In general the cooixlinates of a point in a plant arc 
conditixmed by a linear inequality a^ + b^y + CqZ=^ 0, 
bv4^ there are exceptional points in the plane which make 
a^ + b^y + c^=^0\ these exceptional points are the totality 
of points on a certain straight line which lies entirely at 
infinity, and has for its equation a^ + bQy + c^ = 0. 

Note. It is well to notice that a similar statement may l>e made 
with reference to any linear function u — Ix + my -^ iiz. Taking any 
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}x>int P at random, this does not lie on the line u ; that is, in general 
the coordinates of a point in the plane make u=j=0 ; but there are points 
for which ?* = 0, viz., the totality of points lying on the line m. The 
bearing of this renuirk will ap|)ear in Ciiapter X. 

28. Using trilinears, the line infinity is 

ax+by+cz = 0. 

Now the expression for the distance from a point x, 2/, z 
to a line ^, »;, f has been shown to be 

2A(j'^-f.y>? + ^0 

(<ix + 6y+c^X^^+'7-+f'-2';fcos.l-2f^co8i^-2^j;co8C7)*' 

Wlien we compare distances from difiei*ent points to a fixed 
line, ^, j;, f are constant (juantities, and therefore 

2A 

(^- + J/'H f =* - :i»/f cos ^ - 2f^ cas 5 - 2^j; cos (7)4 

is simply a constant nmltiplier h. Thus the distance from 

a variable point x, w, 5; to a fixed line /, m, n is k~ !^~ "", 
^ ^ ' ax+by + cz 

where k depends on i, m, n. If then we take for I, m, n, 

X multiplied by a, 6, c, the numerator in tliis fi-action becomes 

\(ax + by + cz), and consequently ax + by + cz divides out. 

Thus the expression for the distance from any point x, y,z 

to the special line ax+by +cz = ^ is k\, wliei*e k\ does not 

depend on x, y^ z ; consequently all oixlhiary points in the 

plane Tmust be reyarded as being at an absolutely coiistant 

distance from the special line ax + by + cz = 0. It is obvious 

that this constant has not a finite value : and in fact k in- 

volves in its denominator the scjuare root of 

f'+»yH f ^- 2i;f cos J[ - 2f^cos i^- 2^1; cos (7, 

where ^, fj, f are respectively a, t, c. Now 

ar+b' + c^ — 'lbc cos A — 2ca cos jB — 2 ab cos G 

and thus the absolute constant /i*X hjus an infinite value. 

29. We have here shown tliat the line coordinates of the 
special line ax + by + cz = contra<lict tlie fundamental 
identical relation in line coordinates, for they make a 
cei-tain expression vanish, while the identical relation asserts 
that this expression has a constant value different from 
zero. By what has been pointed out alreadj'' regarding the 
applicability of the Principle of Duality, we know that we 
must not expect the above investigation to apply exactly 
to line coordinates ; but we have here a hint that there 
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is an analogous paradox and presumably an explanation. 
To this we shall return when considering expressions of the 
second degree. (See Ch. VII.) 

Relation of Cartesiann and Homogeneous Coordinates, 

30. With the help of the line infinity, Cartesians may be 
exhibited as a special case of homogeneous coordinates, and 
siinple formulas of transition can be foimd. 

Taking the Cartesian axes, and adjoining to them this 
special line, we have thi'ee non-concurrent lines, which may 




Fio. 11. 



therefore be taken as lines of reference. Let the Cartesian 
coonlinates be X, T, and take the line X = 0, i.e. the axis of 
F, for the line a = (); take F=0 for /8 = 0, and the line 
infinity for y = 0. Then we have, from Fig. 11, 

Xsina) = a, Fsina) = ^: 

and y = a constant (§ 28). 

Let the homogeneous coordinates be as usual 

a;, y, = /a, m^, ny ; 

then x = VX, y = w!Y, 2? = constant. 

Now although y is infinite, yet it has been shown to be 
an absolute constant ; therefore by properly choosing n, 
ny (i.e. z) can be made to assume any finite value we please, 
e.ff. unity ; our formulae of transition from homogeneous 
coordinates to Cartesians are therefore 

ic = any multiple of X, 

y = any (other) multiple of F, 

z = any convenient constant ; 

that is, if we choose, x = X, y=Y, z=^\', and we pass from 
Cartesians to homogeneous coordinates by introducing in 
the varioas terms such powers of as will make the equa- 
tion homogeneous. 



i 
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The line infinity is here s = 0, i.e. 0.x + 0.y+z = 0: which 
in Cartesians is 

O.A'+O. r+c'=o, 

that is, (7=0. 

Tims the line infinity presents itself in Cartesians under 
the paradoxical fonn 

finite constant = 0. 

31. The effect of this transformation on the implied line 
coordinates is noteworthy. 

The points Ay B are at infinity; let a line cut BC, CA, 
in i, Af (Fig. 12). 

Now MA and LB are distances from Jf, L to the line 
infinity, and we have seen that all such (listances are to 
be consiilered equal. For the same reason CA and CB are 
equal. 




Fio. 12. 
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\Vc have seen (§ 1 2) that r:p=-CM: MA , 

r:5=- CLiLB: 
hence '-p.CM=r.MAy —q.CL = r.LB: 

that is, 2^ : - gr |r= 9 • - ^yjt = '^ • constant 

Hence the coordinates of the line are now representeil 

by —-7^,, — >,r, with any convenient constant, e.g. unity, 

for the third; and we see that the proper line coordinates 
to use in Cartesian geometry are the negative i*eciprocaLs 
of the intercepts made on the axes ; a result which can also 
be obtained by the comparison of the two e(|uations, 

X Y 

(\\ — I- , —1=0, the Cai-tesian equation of a line in terms 

^ ^ a b 
of the intercepts made on the axes ; 

(2) x^+yf}^-z^=^yi\\(i relation adopted as conti-oUing the 
choice of point and line coordinates. 
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32. We can however connect Cartesians and homogeneous 
coonlinates without making use of the line infinity. 

Suppose we have certain fixed lines a, 6, c, etc., whase 
Cartesian equations in the standard form are 

ir cos a + y sin a — />j = 0, x cos fi+y sin 13— P2 = ^\ etc., 

and let \ls ase the letters a, /8, etc., as abbreviations for 
X cos a + y sin a - p^y etc., then a = represents the line a, and 
the value of a at any point P gives the distance from P to 
the line n. The equation of any line can now be written 
in the form 

Ia + ml3+ny = 0. 
For 

a^a^x+a^y + if^ \ 

iS^h^x+b^y+h^ I (1), 

y = c^x+ C22/+ C3 J 
and therefore 

la+'tufi+ny 

= x{a^ + h{ni + c^n) + y{a^ + 62^^ + c^'ni) + ^3^ + ta'Wi + CgT? . 

In order then to write Ax+By + C\n the form la + m^ + iiy 
we must have 

Ugi + 63771 + C3?l = (7, 

equations which determine i, m, n uniquely unless the deter- 
minant {cLib^^ = 0, The exception refers to the case when 
the three selected lines a, 6, c are concurrent, a case which 
we exclude by saying that the three lines must form a 
triangle. 

So again even if the lines a, 6, c be not in the standard 
form, there is a corresponding transformation. For using 
u, V, w as abbreviations for a^x + a^y + a^^ etc., u, v, w 
though not now giving the values of the perpendiculai-s, 
are certain multiples of them, and are therefore available 
as homogeneous coordinates. 

Thus we can pass from Cartesians to a system of homo- 
geneous coordinates with any desired triangle for triangle 
of reference; and from homogeneous coordinates to Car- 
tesians. In particular, if the triangle of reference be that 
formed by the Cartesian axes and the line (iX + bY+c = {), 
then the formulae of transformation are 

a; = any multiple of JT, 
y = any multiple of F, 
z = a.ny multiple of aX + bV+c: 



N 
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an<I takiii;r a^Ivanta^ of the multipliers that are here at 
our ilispoHal, we can if we choose write 

There may ]yo eoiLsiderations influencing the choice of 
multipliers, so that this particular selection may possibl}" 
not be the best. This point is <liscusseil in Chapter X. 

The equations of transformation (I) being linear, the 
<legi"ee of the equation is unalteivil when we pass from 
Cartesians to homogeneous c(X)nlinates. 

Cliange of iht Tnaiyjh of Refei^nce, 

33. Let it l)e i-ecjuiiv^I to change to a new triangle of refer- 
ence : e.(f. to the one detenuineil by t« =0, r = 0, tr=0, where 

u=zIj' +my H-wr, 

vj = rx+ ni"]/ + nz. 

Solving these equations, x, ?/, z ai'e given in terms of 
u, ?\ IV in the fonn 

X I VI •>? = tt m n ; 

7/i // r vi u 

I 

Iff f tt • tf rt . 

I m ii , ?r VI V 

that is, xD = Lu+IJv-^L"tL\ etc., where I) is the dctei'minant 
of fransforviatiini, or more often the modaht^ of transfoi^ni- 
ation ; the non-evanescence of D is secured by the condition 
that u, t», w fonn a triangle. 

Since only the ratios of x:y:z are required, the factor D 
may be dropped, and the resulting formulae of transform- 
ation are 

x= ill H-Z/'t' +L"tt\ 

y = Mit-\-Mv+iWiv, 

z^Nu+N'r+N^'w. 

These foniiula) being linear, the degree of an equation in 
ix)int coordinates is not affected by any change in tlie funda- 
mental triangle. 

Similarly the triangle of reference can be changed in line 
o(H)nlinates. Let the vertices of the new triangle be 6 = 0, 
(/} = 0, \^ = 0, where 
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Solving these equations, ^, j;, f are found as linear functions 
of the new coordinates 6, ^, \^. 

34. But frequently the two sets of coordinates are in use 
together, so that fomiulse are required for the change of 
the fundamental triangle in the double system; the two 
sets of coefficients (I, m, n, l\ etc.), (X, /x, v, X', etc.) are no 
longer independent. 

Consider any line whose equation referred to the original 
triangle is ^+>7^y + f^ = 0, so that ^, i;, f are the original 
coordinates of the line. The transformed equation is to be 
Qu + <fiV+\j/w = {)y since 0, 0, \jr are to be the new line co- 
ordinates. The expression of x, y, z in terms of u, v, w 
transforms ix+riy + ^z = into 

^Lu + L'v + Uw) +fi{Mu+M'v+ M'w) + ^Nu + N'v + N"w)=zO^ 

that is, into 

Hence 0, 0, ^ must be proportional to 

L^+Mri+N^, etc. 

Comparing the formulae here obtained for the point and 
line transformations, it appears that only the one set of 
nine coefficients is involved; and that by means of these 
nine coefficients the old point coordinates are given in terms 
of the new, and the new line coordinates in terms of the 
old, the equations being 

whicli may also be written 

u = lx + my + 7iz, etc., 
^=10 + V<l>+I"yjr, etc. 

Two substitutions related as above are said to be inverse; 
one expresses a system of old variables in terms of new 
variables, the other expresses a related system of new 
variables in terms of old variables; the coefficients are the 
same, and if read in the one case by columns, and in the 
other case by rows, they are in the same order. 

Examples. 

1. Using areals, find the equation of the line bisecting 
two sides of the triangle of reference, and show that it is 
parallel to the third side. 

ao. c 
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2. Find (a) in trilinears, (6) in areals, the equation of the 
line through a vertex parallel to the opposite side. 

3. Representing the line infinity in any system by «=0, 
prove that the four lines u, v, ti + i», v+U form a parallelo- 
gram, and find its diagonals. 

Interpret this if 8 = be a line not at infinity. 

4. Taking any four lines, no three of which are concurrent, 
as x = 0, 2/ = 0, = 0, u = 0, where x-\-y+z+u = 0, determine 
what lines are represented by x±y = i), x±z = 0, etc 

Construct the general diagram : and a special one for 
the case when x, y, z, are areal coonlinatea 




CHAPTER III. 

FIGURES DETERMINED BY FOUR ELEMENTS. 
CoUiTiear Points and Concurrent Lines. 

35. Among figures detennined by assigned points or lines 
thase in which the points or lines are collinear or concurrent 
are naturally considered first. 

Points lying on a line are spoken of as a range, lines pass- 
ing through a point are spoken of as a pencil. In considering 
a range quantitatively, we are not concerned with actual 
distances from point to point, but, for a reason whose full 
force appears in a later chapter (Ch. IX.), with functions of 
the ratios of these distances. Any such function depends on 
four points, taken in a determinate order. Let the four 
points he A, By P, Q; consider the segment -4-8 as divided, 
first by P, and consequently in the ratio A P : PB ; secondly 
by Q, and consequently in the ratio AQ.QB. The ratio of 
these two ratias, that is, 

AP AQ 

PB '' QB' 

is called the Cross-ratio (Anharmonic Ratio, Doppelverhalt- 
niss) of the points; it is denoted by (AB, PQ), a symbol in 
which both the grouping and the order of the points are 
indicated; or by {AjPBQ}, in which, unless by a clearly 
specified convention, the grouping and order are not indicated. 

36. To obtain the corresponding function for a pencil of 
four lines, let the rays a, 6, p, q, meeting in 0, be met by a 
transversal in points A, B, P, Q; then the cross-ratio of these 
points can be expressed in terms of the angles determined by 
the lines. For ir A be the distance from. to the transversal, 
Fig. 13 shows that 

h.AP = 2xiire8i()AP 

= OA . OP . sin ap, 

h.PB=OP.OB.Hinpb, 
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therefore pi> = rre " •— V 

PB OB sm ph 



Similarly 



AQ OA H\naq 



QB OB sin qb 

and therefore ^ : ^^=«M? : ?"J??. 

PB QBHin j)b Hin qh 




Fiu. 13. 



The cross-ratio determined by the pencil on the transversal 
is therefore the same for all positions of the transversal : this 
cross-ratio, 

sin ap . sinag' 

sin pb sin qh' 

is called the cross-ratio of the pencil. It is denoted by 
(oft, pq), or by {<ipbq} ; or, when explicit reference to the 
vertex is desired, by {0. APBQ}. 

Hence, given a range, the cross-ratio of the pencil fonneil 
by taking as vertex any point in the plane is Known, for it 
is equal to the cross-ratio of the range; and given a pencil, 
the cross-ratio of the range detennined by any transversal 
is known, for it is ecjual to the cross-ratio of the pencil. 

The Six Gross-ratios of Four Elements. 

87. By taking the four given elements in different orders 
a immber of different cross-ratios are obtained. There are 
twenty-four different orders, but the cix>ss-ratio8 reduce to 
six different ones. 

For, by definition, any one is the ratio of a product of 
segments AP . QB to a complementary product -4 Q . PB. Now 
the four points determine six segments, and therefore three 
pixxlucts of the admissible type. Writing these in the onlcr 

AB.PQ, AP.QB, AQ.BP, 

it appears that any ciX)ss-ratio is the ratio of two of these, 
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taken with a negative sign. Hence calling these Z, m, n, the 
six cross-ratios are 

TTi n I 

71 ^ . m 

n i m 

But these six are not independent; they are in reciprocal 
pairs, and the product of the three in a row is — 1. Moreover 

l+m+n==AB.PQ+AP,QB+{AP+PQXBQ+QP) 
^AB.PQ+AP.QB'-iAP+PQXQB+PQ) 
^AB,PQ--PQ{AP+PQ+QB) 
=AB,PQ-PQ,AB = 0. 

Hence = 1, etc.; that is, if i be any cross-ratio, 

1 — ^ is also a cross-ratio. 

The six members of a group of cross-ratios are, therefore, 

111. * 

T, 1— K, — 



k' • l-k' 

Ex. Show that the permissible changes in the order of the elements 
determining any special cross* ratio are expressed by the formula : — Any 
two elements may be interchanged, provided that the other two be 
interchanged also. 

38. An important special case is that of harmonic division, 
where ^i^ is divided internally and externally in the same 
ratio; hence APiPB and AQiQB are equal in value but 
opposite in sign. This gives {AB, PQ)= —l. The scheme 
just given for the cross-ratios now becomes 

-1, i 2, 

-1, 2, i 

Hence (PQ, ^5)=— 1, which shows that if AB be har- 
monically divided by PQ, then PQ is harmonically divided 
by AB. The harmonic relation therefore involves the two 
pairs of points symmetrically. 

39. When one of the four points (e.g. Q) is at infinity, any 

cross-ratio reduces to a simple ratio. For -^^ • ri^ becomes 

AP \ 

pn : — 1, since -4Q, QB are equal in magnitude (being infinite) 
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but opposite in direction. Thus {AB, Poo ) = AP : BP. If now 
the pairs AB, PQ be harmonic, this gives us 

(ili?,Poo)=-l; 

that is, AP:PB=+1, 

showing that AB is bisected at P, The relation thus ex- 
hibited between bisection and harmonic division has im- 
portant consequences later, for it brings a certain class of 
metric properties within the legitimate application of homo- 
geneous coordinates. 

40. It has been shown that any line through the inter- 
section of u = 0, v = has an equation of the form u— A;i;=0; 
and that the value of u at any point P is some multiple of 
the perpendicular from P to the line u = 0, that is, u = ia, and 
similarly v=mfi. Writing p for u — kv, Fig. 14 shows that 

sin up^a 
sin2>v~/8 

_m u 

Fio. 14. since at P, u — fcv = 0. 

Similarly taking another line q^u—k'v^O, 

sintf^_m,. 
Sill qv t 

Hence ^^^P :^^V:9 = k:k', 

Sin pv am qv 

that is, the cross-ratio of the pencil formed by the two pairs 
u = 0, v = 0; u — kv = Oy u — ]cv = 0: is k:k\ Now the equa- 
tions of any four concurrent lines can be thrown into this 
fonn; hence the cross-ratio is known. Since l:m does not 
appear in the result, it is immaterial what values the multi- 
pliers may have in the expressions u = /a, v^mjS, 

Tlie pairs of lines will be harmonic if A;:fc'= — 1, that is, if 
their ecjuations can be reduced to u = 0,v = 0; u±kv = 0. 

Similarly if = 0, = l>e any two points, H, K: it has 
been shown that d — kip = is a point on the line d<f>; call the 

t)oint P. Taking any line through P, draw the perpendicu- 
ars from H, K ; these are proportional to 0, 0, that is, 

e = l.HM, </>^m.KK. (Fig. 15.) 
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Hence the equation of P, viz., 

gives I . HM-hm. KN= 0. 

But HM:KN=HP:KF, 

therefore HP:KP = km:l, 

u SP nu 

whence = _ ^. 




Similarly taking another point i2, given by p = d-'kf<j> = 0, 

xience -n rw- 1 'nz^^ tc i k , 

and the cross-ratio of the range formed by the two pairs 
= 0,0 = 0; — A:0 = O, — ^'0 = 0; is k:k\ Now the equations 
of any four collinear points can be thrown into this form, and 
thus their cross-ratio is known. 

Hence if u, t; be linear functions, whether in point or line 
coordinates, the pairs u = 0, v = 0; u+kv = (), u+lcv = 0; rive 
a configuration whose cross-ratio is k:k\ Now all four 
expressions are here of the same type, u+\Vy X having the 
values 0, x, i, k\ The result may therefore be stated in the 
symbolical form 

{Ooo, kk') = k:k'; 

or, by means of the equalities among the twenty-four cross- 
ratios (see § 37), 

(kk\ Ox^) = k:k' (compare § 39). 

41. The pairs of elements discussed in the last section were 
supposed given by their equations. Passing to the expression 
by means of coordinates, let 

u =f^x + g^y + h^z, (or f^i+ g^tj + ^if )» 
V =/j^ -I- g^y + h^, (or f^^+ g^ + h^^\ 



J 
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then u, V are respectively /^ g^, h^ ; /o, g^, h^ ; 

u+hv is /1 + A/2, ^i+^r/2» K + ^K', 
u + k'v is /i + A;'/2» 9i + ^*V2> ^1 + ^\ i 

and the result may be stated : — 
The pairs of elements 

(/i + ¥iy 9i + %2» K + *^*2)» (/i + *^'/2» ?i + *V2> '*i + ^^'''2) ; 

detennine a configuration of ciXMSs-ratio k : k\ 

And here, just as in § 40, the result may be stated sym- 
bolically : — 

The cross-ratio of tlie configuration (kk\ Ox ) isk:k\ 
One particular aspect of the one-dimensional geometry here 
considered deserves special mention. Instead of considering 
points in a plane, limited to a line of that plane, and assigned 
Dy three homogeneous coordinates, we may confine ourselves 
to the one line on which the points lie. Let A,B \yQ two 
fixed points on this line : the position of a variable point P 
depends on the ratio of ilP to PB, i.e, if ilP be called x, and 
PB y, on x:y ; and we have a system of two homogeneous 
coordinates for the geometry of points on a line. Noysr let 
the segment P1P2 he divided in the ratio X : 1 by the point P ; 

then ^^^ = X, and ^-"^^ = X, 

^2-^' 2/2-2/ 

therefore x:y = x^ + Xx^ : 2/1 + X2/2- 

Thus the conclusions of g§ 40, 41 apply to this case. 

Ex. Show that the cross-ratio of the configuration (irif, W) is 
— jj • jt — 1/» whether we are dealing with equations or coordinates. 

The Complete QuxidriUiteral and Quadrangle. 

42. The correspondence between point and line configura- 
tions is gradually exhibiting itself as depending on a 
double interpretation of sets of (juantities, and hence of 
equations. Coordinates may be interpreted as referring to 
points or to lines; equations of the firat degree then repre- 
sent lines or j>oints ; the cross-ratio of four elements whoso 
equations are of a particular form can be determined without 
any knowledge as to whether the elements are lines or 
points. Thus by this dual interpretation a piece of 
algebraic work can be nuule to prove two theorems at 
once. Tliis may be illustrated by cei-tain theorems that 
will now be given relating to configurations determined by 
four non-concurrent lines or non-collinear points. 
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43. Four lines determine a quadrilateral, sometimes called 
a four-side : the intersection of anv two sides is a vertex, 
there are therefore six vertices: as each vertex accounts 
for tWo sides, the six vertices fall into three pairs, the 
joins of these pairs are the three diagonals, forming the 
diagonal triangle. 

Let the sides be (1), (2), (3), (4): call the vertices (12), 
(13), (14), D, E, F, and the complementary vertices (34), 
(24), (23), G, H, K\ then the three diagonals a, 6, c are 
DGy EHy FK. The entire configuration is spoken of as a 
complete quadrilateral ; it is interesting on account of its 
harmonic ptvpe-'ties. These are expressed by the theorem : — 

Any diagmial is harmonically divided by the other two. 

Note. X^e diagoual here referred to as having a determinate length 
is the (legment determined by two vertices. 

To prove this, take ahc as triangle of reference, and choose 
coordinates so that the equation of the side (1) may be 
ic+y+2? = 0. Then (2), (3), (4) have equations of the form 

but as (3), (4) are to meet on a: = 0, we must have m72 = l, 
and similarly 71^ = 1, im = l; consequently 

lmn=^ ±1. 

If we choose the upper sign, we find i=l, 7)i = l, 7i=l, 
values which make (2), (3), (4) the same as (1); the proper 
solution is therefore /mn=— 1, whence 

i=— 1, m= — 1, n=— 1. 

The sides are therefore 

(1) aj+2/+« = 0, 

(2) -aj+2^+« = 0, 

(3) x--y + z=0, 

(4) aj+2/— = 0. 

Note. We have here proved that by a proper choice of point coordi- 
nates the equations of four lines no three of which are concurrent can 
be thrown into the form ±a;±,y±^=0 ; and therefore also that by a 
proper choice of line coordinates, the coordinates of the four lines can 
oe made to be ±1, ±1, ±1. 

The equation of ^jD is at once found (Fig. 16); this is 
the line joining A to the intersection of (1), (2); it is there- 
fore obtained by the elimination of x from the equations 

x + y+z = (), —x+y+z = 0, 

that is, AD is y.+ z = 0; and similarly AG is y— « = 0. 
These two lines are harmonic with regard to y = 0, z = 0; 
that is, DG is divided harmonically by BC. 
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4*. A ojmpl^te qnadnm^rlr < four-point > is deiermiDed by 
four poiDU ilK i±K loi. <4»: these joined in pairs (12), 
as*. 14 : (34i. <24i. <23» give six sides rf, e, /; g, h, k; 




Fig. 16. 



these in pairs determine three diagonal points A, B, C, 
forming the diagonal triangle. In this diagram the line- 
pair dg is harmonic with regard to be (Fig. 17). This is 




Fk;. 17. 



f 



oved hy exactly the work already used, the x, y, z now 
'ng intcri)reted iis line coordinates ; and incidentally it is 
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E roved that the equations of four points can be made to 
e ±^±j7±f=0, and that the 'coordinates of four points can 
be made to be ±1, ±1, ±1. 

To make this dual interpretation clear, the algebraic work 
is now written in an abbreviated form, with the two inter- 
pretations at the two sides. Symbols I., II., III. are used 
in the two cases for the vertices and the sides of the 
triangle of reference. 

Comparison of Figs. 16 and 17 shows that the fact 
expressed by the two theorems is the same. 

(12) (34); (13) (24); (14) (23) 
determine the triangle of reference. 

DEF Let equation of (1) be .r+ y+ 2=0, def 

DKH then (2) is Iv^- y+ 2=0, dkh 

GKE (3) is x+mi/+ 2=0, gke 

OHF (4)18 x-\- y + w2=0. ghf 

(3) and (4) are (3) and (4) are to give a:=0 ; .*. mn= 1. The join of (3), 
to meet on the Similarly n^ = l, lm = \\ (4) is to pass 

line a. .'. (/mw)2 = l. through-^. 

Tlie solution lmn= +1 is inadmissible, 

.*. Zm»=-1, and therefore 

^=m=n= -1. 

Hence (1 Hs x +y +2=0, 
2) is -.r+i/+2=0, 
[3Hs x-y-\-z=Oy 
(4) is .r+y-2=0. 

AD Hence I. (12) is .y+2=0, ad 

AO I. (34) is y-2=0, ag 

.'. DfGare har- .'. (12), (34) are harmonic with .*. d, g are har- 

monic with re- regard to II., III. monic with re- 

gard to By C. gard to 6, c. 

On account of the harmonic properties here proved, the 
diagonal triangle is called the harTnonic tinangle of the 
quadrilateral or quadrangle. 

45. The theorem just proved affords a construction by 
the ruler only for the fourth point Q in a harmonic range, 
when A, B, and P are given: — . 

Draw through A any two lines, cutting any line through 
B in (1), (2). Join P to either of these points, (1), and 
let this join meet the second line through A in (3) ; let 
B{'3l) meet the first line through A in (4) ; then (24) passes 
through Q. 

Other constructions may be derived ; the essential thing 
in all is to construct a quadrilateral with two vertices at 
Ay By and one diagonal through P; the other diagonal 
determines Q. 



44 FIGURES DETERMINED BY FOUR ELEMENTS. 

46. By ineaiiH of the concej)tioii of cross-ratio we can insert accurately 
an^ line we |jieaHe. To determine ix-\'my + nz=Oy it suffices to find the 
points in which tliis line meets two sides, e.g. jr=(), y=0. It meets x=0 
where m^+wr=0 ; thus we simply require to know how to draw any 
line z = kif. Our choice of coordinates has virtually determined one line 
« = A<jy ; for if the jwint be 1, 1, 1, then AO is z=y. Let therefore 
AD (Fig. 18) be a known line z = \^ ; it is required to insert r= Ay. 





Fio. 18. 

Draw from li a parallel to -4(7, meeting the known line in U. Tlieu 
consider a i>encil with vertex A^ and three known rays through Bj C, D ; 
the transversal cuts these in Bj od, ly, Mark otf on BIX a length BP, 
determiiKHl by Br : Z?Z)'= A : A^. Then (Boo , rn)^BF : Biy = X, : A©. 

If then AI" meet BC in /', 

(BC, PD)={BoD, Fn)^\ : Ao, 

whence it follows that AF is z = \y. 

Any ])oint can be inserted by means of the lines joining it to any two 
vertices of the triangle. 

Pairs of Points, Harmonically related, 

47. The hannonic relation is essentially a relation between 
two pairs of elements, — for definiteness, between two pairs 
of points. It may also be regarded as a relation between 
two segments, each determined by one pair of points. 
Points on a line, represented by their distajices from a 
fixed origin on the line, can Ix) represented by an equation, 
non-homogeneous in one variable x; or again by an equa- 
tion, homogeneous in two variables x, y, A pair of points 
is thus given by a quadratic equation. 

Xote. In saying that a group of n {K)ints is given by an equation of 
degree n, we imply that no distinction is made in the treatment of the 
points. If they are to be treated sejiarately, they must be given by 
se]>arate linear equations. 
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Consider two pairs on a line, given by the two quad- 

These will not be harmonic unless a certain condition be 
satisfied ; this, expreased geometrically, is 

PB'QB" 

Let the points be at distances from equal to cTj, a;^ ; x{, .rj. 
This condition becomes 

5C2 ^^ iCj X»2 "^ Xy 

that is, 2x^X2 — (a^i + a^X^i + ^0 + ^^a ^2 = ^> 

whence acf + a!c — 266' = 0. 

If then the first pair AB be given, and we assume any 
point P as one of the second pair, the remaining point Q 
is determined linearly; we have ia series of pairs P, Q; 
P', Qi \ etc.; all harmonic with regard to ^, 5. 

Ex. 1. Let :p2_3g=(3 give the first pair; and let .r-2=0 give P, 
j? — A=rO give ^. The harmonic condition just found shows that A = 18. 

Ex, 2. Let the bisection of P§ be ;?:=4, the points J, i5 being given as 
in Ex. I. 
Then the quadratic for PQ is a'^ + 26'.r+c'=0, with the conditions 

^'=-4, c'-36a' = 0, 
a 

hence the quadratic is 0^2-847+36 = 0, an equation with imaginary roots. 
Thus a pair of imaginary values is found to be harmonic with regard to a 
given pair of real values. 

iTfiaginary Elements. 

48. This confronts us with the question of imaginary 
elements. Are they to be admitted ? If so, on what 
terms ? 

Imaginaries present themselves naturally in the solution 
of algebraic equations, and are then recognized for the 
sake of continuity. If now we refuse to admit them into 
algebraic geometry, we shall have to examine the work 
at every step, to see whether it has a legitimate application 
in geometry ; our symbolical language will no longer have 
an exact relation to the subject matter. 

But there are even more cogent reasons why we should 
recognize imaginaries in algebraic geometry. One of the 
fundamental principles of the subject is that it takes two 
equations to represent a point ; one equation can represent 
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only a locus (i.e. in point coordinates). But if we confine 
ourselves to real points, we have to say that such an 
equation as x^ + y^ = represents the origin only, that is, 
one equation represents a point. The alternative is to 
admit imaginary elements, and say that this equation 
represents the two imaginary lines x+iy = 0, « — iy = 0, 
these having for their intersection the real point, the 
origin (Salmon's Conic Sections, S§ 73 and 82). 

We choose this alternative, and recognize imaginary 
elements, that is, elements whose coordinates have imaginary 
values, or whose equations have imaginary coefficients. 

Note. Tlie introcluctifni of imaginary elements into Pure Greometr}' 
depends on different considerations, and requires independent justifica- 
tion. 

49. Using trilinears for definiteness, let/+t^, g+ig\ h+ih' 
be values of a, /8, y that siitisfy the fundamental identical 
relation 

The real and imaginary parts give 

<'f + J>9 +(^h =2A (1), 

af+bg'+ch'=^0 (2). 

Of these, (2) shows that if two of the three quantities 
/', (/, h' vanish, the third does also ; that is, when two per- 
pendiculai's are real, all three are real. Hence one may be 
real, and two imaginary : or all three may be imaginary. 
But tlie coordinates can always be written as if one were 
real, for we are at liberty Uy multiply the three by any 
quantity we please. 

Ex, a = 3, 6 = 4, c=5 ; whence 2A = 12. 

The equations to be satisfied are 

3/'+47+5A=12, 
3/' + 4^ + 5/<'=0. 
One set of vahies satisfying these is 

4-4i, 5 + 81, -4-4/; 
multiplying by 1 + 1, these become 

8, -3 + 13?; -Si; 
which may therefore be taken for the coordinates of the imaginary point 

50. I. Through every imaginary point there passes one 
real line, 

Note. It is plain that there cannot be two, for the intersection of 
two real lines is a real point. 
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Let the point be f+if, g+ig\ h+ih' \ the line 

will pass through this if 

If +mg +nh =0, 

lf+7ng'+7ih'=:0; 
that is, if l:m:n^gh*'-g'h:hf—h'f:fg'^fg. 
Thus the line is determined uniquely. 

£.r. On every imaginary line there is one real point. 

II. A real Ivne contains an indefinite number of imaginary 
points, arranged in conjugate pairs. For f+if\ g+ig\ 
fe+iA' lies on the real line la+ml3 + ny = if ^ 

lf+mg+nh+i{lf+mg'+nh') = 0. ^' 

Hence f, g^ h, f, g\ h' must be determined to satisfy 

If +'f^ '\-'nh =0, 
af +bg +ch =2A: 
lf+mg'-{-nh' = i), 
af + bg' +ch' =0. 

But these conditions being satisfied, not only will f+if\ 
g+ig\ h+ih' lie on the line, but also f—if\ g — if/y h — ia: 
thus the points are in conjugate pairs. That the number is 
indefinite appears from the fact tliat we have six quantities 
wherewith to satisfy four equations. 

III. Imxiginaries that present themselves through real 
algebraic equations are in conjugate pairs; tor f+ if being 
a root of a real equation, f—if is also a root. A pair of 
imaginaries always means a conjugate pair, not simply any 
two; the line joining a pair of imaginary points (or the 
intersection of a pair of imaginary lines) is necessarily real, 
its equation being 

a(gh' - g'h) + m' - /*'/) + y<J9' -fg) = 0. 

IV. Conjugate ima^'iiary lines pass through conjugate 
imaginary points; for if f+if, g+ig\ h+ih' satisfy 
u+iv=0, then/— i/', g — ig\ ti — ih' must satisfy u — zt' = 0. 

51. Just as four real points determine a quadrangle, four 
imaginary points may be taken as determining elements: in 
fact, the investigations in ^ 43, 44 apply whether the elements 
be real or imaginary. But it is of some importance to know 
how the real and imaginary parts in the resulting configura- 
tion are arranged. 

Let the quadrangle be determined by two pairs of imagiii- 
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ary points, AA\ BR: the lines AA\ BR are real, and no 
other i-eal line can ^ thix)ugh these imaginary poiuta Con- 
sequently the four crass-joins AB, etc., are imaginary; but 
they are in conjugate pairs, viz., A By A'R form one pair, and 
give therefore a real intersection; similarly for AB\ A'B. 
Thus the complete quadrangle detennined by two pairs of 
imaginary points has its sides, one pair real, two pairs 
imaginary; and the diagonal triangle is real. In Fig. 19 
real lines are represented by solid lines, conjugate imaginaries 
by the same kind of bixjken line; the diagonal points are 

P, Q, H. 
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Similarly for the complete (luadrilateral determineil by two 
pail's of imaginary lines. Fig. 19 represents this also; the 
given pairs are Q5, Q7i' and RB, RR ; the real vertices are 
y, R\ the pairs of imaginary vertices are AA\ BR. Tlie 
three diagonal lines Q^R, AA\ BB' are real. 

Ex. Discuss the couiigiiratioii when the determiuiiig elements are one 
pair real, and one j>air imaginary. 

52. It was proved in §S 43, 44 that the coordinates of four 
elements can be made to be I, ±1, ± 1 by a suitable choice 
of coordinates, the diagonal triangle being taken for triangle 
of reference. If the elements be imaginary, this involves 
the use of imaginary multipliers /, vi, n in the relations 
a: = /a, etc. This, while causmg no difficulty in general, is 
inadmissible if we wish to discriminate between i^eal and 
imaginary in the final results. We have seen that if the 
four elements be two imaginaiy pairs, the diagonal triangle 
is real, and can therefore be taken as triangle of reference. 
Let the given elements be points, for definiteness, viz., the 
pail's AA\ BR in Fig. 19; then PQR is to be taken as 
triangle of reference. The lines AA\ BB' are real, and they 
have been shown to be harmonic wdth regard to PR, PQ ; if 
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then coordinates y^z he chosen so that A A' is y+z = 0y BR 
is 3/ — 2r = 0. Hence the coordinates of A being /, ^r, A, we 
have g+h = 0; thus A ia f, g, —g, where /, g are imaginary. 
Hence dividing throughout by g, A is X + i/x, 1, — 1 ; and A\ 
being conjugate to A, is X — iyu, 1, —1. Now QA,QA' are 
conjugate imaginary lines, harmonic with regard to QiJ, QP ; 
their equations must therefore be of the iorm^ x±kiz — 0\ 
comparing these with the actual forms 

aj+(X — 2/a)^ = 0> 
it appears that X = 0. Hence the points A, A' are ±i/A, 1, 
— 1 ; and the numerical multiplier involved in the x being 
still undetermined, can be used so as to ^ve to jx the 
value unity; the points A, A' are now ±t, 1, —1. The 
point B is the intersection of ^jB (i.e. a:— % = 0) and BR 
{i.e. y — 2: = ()); hence B is +i, 1, 1; and R is — i, 1, 1. 
Thus without obliterating the distinction between real and 
imaginary, the coordinates of two pairs of imaginary elements 
can be made to be ±i, 1, ±1 ; or, if preferred, i, ± 1, ± 1. 

Examples. 

1. If {AB, PQ)= -1, then ^+Jq=js 

2. Any two lines are harmonic with regard to the bisectors 
of their angles. 

3. If two equal ranges have one point in common, the joins 
of the other pairs of points are concurrent. 

4. If two equal pencils have one ray in common, the inter- 
sections of the other pairs of rays are coUinear. 

5. Let the sides BC, CA, AB ol s, triangle be divided in 
the ratios h:\, k:\, Z:l; then the points of division are 
collinear if hkl = — 1 ; and the lines joining the points of 
division to the vertices are concurrent if hkl= +1. 

(). The bisections of the diagonals of a complete quadri- 
lateral are collinear. 

7. The six lines joining the vertices of the diagonal triangle 
to the vertices of the complete quadrilateral (determined by 
(I), (2), (3), (4)) are concurrent in threes. Calling the four 
points of concurrence a, j8, y, 8, show that a, /8, y, 8 are the 
poles of (1), (2), (3), (4) with regard to the diagonal triangle. 

8. Show by constructing the diagram that the diagonal 
triangle of the complete quadrilateral (1)(2)(3)(4) is the 
diagonal triangle of the complete quadrangle a^yS. 

8.0. D 
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9. State, for tlie completi^, ([uadrangle, the theorem con-e- 
spoiKliiig to that of Ex. 7 ; and sliow by means of the 
diagram in Ex. 8 that it has ah'eady been vii-tually proved. 

10. Show that the four points (lines) 

g-h, h-f, f-(j ; g-K -(A+A f^9 ; 
g + Kh^f, -(f+g); -(g+hlh+lf-g: 

are collinear (concurrent): and that the cross-ratios of the 
configuration are the six expressions 

:-(i: etc 

11. Find the equations of the lines joining /, g, h to the 
four points 1 , ± 1 , ± 1 : and detennine the ci-ass-iTitios of the 
pencil. 

12. If the four points be I, ±m, ±7?, find the lines joinmg 
them to /, ry, h ; and the cixxss-ratios of tlie pencil. 

13. Show that the pencil detennined at/, g, A by 1, ±1, ±1, 
is equal to the pencil detennined at p, q, r by a, ±6, ±c, 
and to the range detennined on the line ]), q, r by the lines 
a, ±6, ± c, if the following relations hold ; 

a+6 + c = 0, 
ap+bg^ + ch^ = 0, 
Ixyp^ + ca(f + ahr^ = ; 
and that the six cross-ratios are 

h c a cab 

"? ""rV "5' "6' "? ~a 



\ 



CHAPTER IV. 

THE PRINCIPLE OF DUALITY. 

Correspondence hitherto noted. 

53. In the preceding sections attention has continually been 
drawn to the correspondence between the geometrical theories 
in which the element is (i.) the point; (ii.) the straight line. 
This correspondence is a manifestation of the Principle of 
Duality ; this appears more clearly if we speak of the primary 
element and the secondary element. In the one system these 
are to be interpreted as point and line ; in the other as line 
and point. 

The point The primary element The line 

has three coordinates x, y, z. 

Two points Two primary elements Two lines 

determine 
a line a secondary element a point. 

United with this 

line secondary element point 

we have an indefinite number of 

points, primary elements, lines, 

but the coordinates of all these 
satisfy one equation of the first degree, 

called the 

equation of the line....-! ^ element \ ^^^**'^on of the point. 

The line The secondary element The point 

determined 
by ^v 2/v h > "^2^ ^2* h has for its equation 
^ x 9/ z =0. 

^t y^ ^2 

The condition that 

three points three primary elements. three lines 

lie on be united with pass through 

a line one secondary element a point 
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Any ]K)iiit Any primary element Any line 

lying on the line... belonging to the secondary element..-! ^^!^f,j|j 

determined by .ti, y^, z^ ; x^y^z^ ; 

has coordinates x^ + X-rg, ?/i + \y.^ z^-\-\z2\ 

and if we take another 

such point such primary element such line 

tlie cross-ratio of the 

range configuration pencil 

is k : A'. 

A point A primary element A line 

lying on united with passing through 

a fixed line a fixed secomlary element a fixed point 

has one degree of freedom ; 

it can move it can move it can rotate 

along the line in the secondary element about the point. 

Curves in the two Theories. 

54. We now consider how curves present themselves in 
these two theories. 

The general idea of a curve is that it is a succession of 
points arranged according to some law, so that after every 
point there is one next point; ordinarily the point after -4, B 
does not lie on the straight line AB, that is, ordinarily not 
more than two consecutive points lie on a straight line. This 
law is algebraically expressed by an equation .F(a;, y , 5) = ; 
and if i^ be of degree n, any straight line in the plane meets 
the curve in n points, and the curve is said to be of order n. 
The line joining any point A to the consecutive point B is 
a tangent to the curve ; consecutive tangents AB^ BC intersect 
in a point B on the curve. 

Stating this in general tenns, there is a succession of 
primary elements an^anged according to some law, so that 
after every primaiy element there is one next element; 
ordinarily not more than two consecutive primary elements 
belong to one secondary element. This law is algebraically 
expressed by an e(iuation in the coordinates of the primary 
element; this equation being of degree 7i, a secondary 
element has in connnon with the system n primary 
elements. The derived secondary element detennined by 
two consecutive primary elements is closely related to the 
system ; two consecutive derived secondary elements deter- 
mine a primary element of the system. 

Translating this into tenns of lines and points, there is 
a succession of lines arranged according to some law, so 
that after every line there is one next line ; ordinarily 
not more than two consecutive lines pass through a jx)int. 
This law is algebraically expreased by an e(|uation 
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F(^, >7, f) = 0; and if -F be of degree n, through any point 
in the plane there pass n lines of the system. The point 
determined by two consecutive lines of the system is closely 
related to the system; two consecutive points determine a 
line of the system. 

It appears therefore that the lines oi the system are 
regarded as tangents to some curve, their envelope, the 
points of this curve being determined as the intersections 
of consecutive tangents. The number of tangents fi-om a 
point being n, the envelope is of class n. Thus the locus 
of order Uy and the envelope of class ti, are corresponding 
conceptions. For instance, if n be unity, the locus or 
order n is a straight line, and the envelope of class n is 
a point ; the conception of the straight line in the point 
theory (i.e. of the straight line qusL locus of points) corre- 
sponds to the conception of the point in the line theory 
(i.e. of the point quk envelope of lines). 

55. Since the system of primary elements affords a 
derived system of secondary elements, from which again 
the primary elements may be derived, it follows that a 
curve may be considered under either aspect. It has points 
(ineunta, Cayley) from which the tangents may be derived, 
viz., by joining every point to the next; it has lines 
(tangents) from which the points may be derived, viz., by 
marking the intersection of every line with the next. The 
point system or the line system may be regarded as the 
primary system; the other is then the derived secondary 
system ; thus the curve may be regarded as a locus or as 
an envelope. Every curve has therefore two different 
equations, one in point coordinates, F(x, i/, z) = 0, and one 
in line coordinates, $(f, >;, f) = 0; if these be respectively 
of degrees m and n, the curve is of order m and class n; 
according to the nature of the proposed investigation, one 
equation or the other will be the more suitable. 

"The equation of a curve in point-coordinates, or as it 
may be termed the point-equation of the curve, is the rela- 
tion which exists between the point-coordinates of any ineunt 
of the curve. 

The equation of a curve in line-coordinates, or line-equation 
of the curve, is the relation which exists between the line- 
coordinates of any tangent of the curve." 

(Cayley, Collected Papers j vol. ii., No. 158 ; 1859.) 

For many purposes it is more convenient to consider the 
curve as on tne one hand traced by a moving point, on the 
other enveloped by a moving line ; the tracing point must 
then be regarded as moving along the tangent, the enveloping 
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line as rotating about tlie point of contact. This dual con- 
ception of the nature of a curve was first formulated by 
Plucker (Theoine der Algebraischen Curveny p. 200; 1839): — 
" If a point move continuously along a straight line, while 
the straight line rotates continuously about the point, one 
and the same curve is enveloped by the line and described 
by the point." 

56. Plainly the case n = 1 is an exception to the statement 
just made regarding the dual aspect of a curve ; a pohit, 
which is an envelope of class 1, cannot be regarded as fur- 
nishing a system of points, that is, it cannot be regarded as 
a locus ; it has not a point equation ; a linCy which is a locus 
of order 1 , cannot be regarded as furnishing a system of lines ; 
that is, it cannot be regarded as an envelope; it has not a 
line equation. 

57. Now an algebraic expression may be a product of fac- 
tors; that is, the ecjuation may split up into equations of 
lower degree ; the curve considered under either aspect may 
be degenerate. A degenerate locus is composed of loci of 
lower order; thus a degenerate locus of the second order 
can only be two loci of the first order, and therefore a pair 
of straight lines. A degenerate envelope is composed of en- 
velopes of lower class ; thus a degenerate envelope of the 
second class can only be two envelopes of the first class, and 
therefore a pair of points. 

Baal Interpretation of Algebraic Work, 

58. The analytical discussion of any geometrical theorem 
consists of four parts : — 

I. The statement of the geometrical data ; there are certain 
elements, whase positions are controlled by given conditions : 

II. The algebraic expression of these conditions, by which 
certain equations are obtained : 

III. Algebraic combinations and transformations applied to 
these equations : 

IV^ Geometrical interpretation of the results of these alge- 
braic operations. 

In the purely algebraic parts of the discassion, II. and 
III., no attention is paid to the significance of the symbols; 
these may be point coordinates, or they may be line coordin- 
ates. But the whole proof of the theorem is in III. Hence 
in proving any theorem regarding points and lines we do 
at the same tivie prove another theoi'em regarding lines and 
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points ; there is no question of deducing the one theorem 
from the other ; the two are proved simultaneously. 

It is in this dual inte'iyretation of the algebraic work 
thai tlie PHncvple of Duxdity is algebraically exhibited, 

" This reciprocity " (between point and line in a plane) 
" can be formulated in the following manner ; starting from 
the point, we obtain the straight line by joining two points ; 
starting from the straight line, we obtain the point by the 
intersection of two lines. The simplest geometrical figure 
for the point is the straight line which it describes in mov- 
ing along it; for the straight line it is the point which it 
envelopes in rotating about it.... The aggregate of these 
relations is expressed by the Principle of Duality; this 
principle asserte that certain theorems holding for point 
configurations can be transferred to line configurations; 
this reciprocity applies to the join of two points and the 
intersection of two lines, and extends to all constructions 
resulting from operations of this nature. It does not hold 
when other auxiliary means have to be employed, e.g. when 
a metric determination enters into the problem. But the 
principle is not thereby limited, for we shall find that all 
such metric relations can be expressed in terms of the others." 
(Clebsch, Vorlesungen iiber Geometriey t. i., p. 28 ; ed. 
Lindemann, 1876.) 

Examples. 

Point 01' line coordinates are to be used (or both together) 
according to the nature of the problem ; and all results Ttiust 
be homogeneous. 

« 

1. Find the envelope of a line moving so that the product 
of its distances from two fixed points is constant. 

Verify from a priori considerations that this envelope is 
of the second class. 

2. Find the locus of a point moving so that the product 
of its distances from two fixed lines is constant. 

3. Find the locus of a point moving so that the sum of 
its distances from n fixed lines is constant. 

4. Find the envelope of a line moving so that the sum 
of its distances from n fixed points is constant. 

5. Find the envelope of a line whose distance from a fixed 
point is constant. 

G. Lines BP, CP are drawn to meet the sides of the triangle 
of reference in JS', (7; if P move along a line through A, 
show that 3^(7 passes through a fixed point on BC. 
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7. In Ex. 6, if P move along a fixed line lx + 77iy + nz = {\ 
find the line equation of the envelope of RC\ 

8. If RC pass thi-ough a fixed point fi+(Jf3 + h^=0, find 
the point equation of the locus of P. 

9. A point moveH along a fixed line ; show that the en- 
velope of its polar with regard to a triangle is of the second 
class. 

10. A line passes through a fixed point; show that the 
locus of its pole with regard to a triangle is of the second 
order. 



CHAPTER V. 

DESCKIPTIVE PKOPERTIES OF CURVES. 

General Principles. 

59. When homogeneous coordinates are employed, the 
investigation may proceed without any reference to the 
fundamental identical relations, the properties discussed 
being purely descriptive; on the other hand the properties 
being metric, the fundamental relations have to be taken 
into account. The general discussion of curves falls there- 
fore naturally into two principal divisions ; the second being 
subdivided according as the fundamental identical relation 
involved is that in point coordinates or that in line coordi- 
nates. 

60. Eliminating z between an equation of degree ti, 
F(x, y, 0) = O, and a linear equation fx+gy + hz = Oy the 
result is a homogeneous equation of degree n in x, y. It 
represents therefore n straight lines through the vertex C; 
from the way in which the equation was obtained, these 
lines pass through the intersections of the curve jF=0 and 
the line. Hence the number of these intersections is 7?, 
and the curve ^=0 is of order n. 

Similarly the elimination of f between the line equation 
of a curve $ = 0, and a linear equation (the equation of an 
arbitrarily chosen point) gives an equation homogeneous 
and of degree n in ^, rj. This represents n points on the 
hne c, and these are the points in wliich c meets the 
tangents through the arbitrarily chosen point. There are 
therefore n such tangents, and the envelope $ = is of 
class 71. 

yote. Tlie locus Fhas also a Hue equation whose degree, at this stage 
unknown, will be considered later ; and the envelope 4> has a point 
equation, to be similarly determined (§ 68). 

61. A principle that is of wide application is the follow- 
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ing: — If /=0, /' = be any two equations of the same 
decree, then f+kf = i) is satisfied by all the common 
elements of /=0, f = 0: that is, if /=0, /' = 0, be the point 
equations of two curves, then f+kf' = passes thix)ugli all 
tlieir common points ; and if = 0, 0' = 0, be the line equa- 
tions of two curves, then <f> + k<f/=^0 touches all their 
common tangents. The curves f+kf' = Oy through the 
common points of /=0, /' = 0, fonn a pencil: the curves 
<f>+k^' = 0, touching the conniion tangents of = 0, 0'=O, 
may conveniently be spoken of as a range. The curves 
forming either of these configurations, depending on one 
parameter k, form a singly infinite system ; or, using the 
phraseology of § 4, the curve element of the configura- 
tion has one degree of freedom ; the one parameter may 
be regarded as tlie one independent coordinate of the 
curve. 

If now /, f, split up, this principle takes the form: — 
The curve mt'+vv =0 (m point coonlinates) parses through 
all points conmion to uu and vi/; i.e. thix)ugh all intersec- 
tions of the pairs u, v ; u, v' ; u', v ; u', v' ; and in line 
coordinates, 'iLit'+vv=0 UmchcH all the common tangents of 
the pairs u, v ; u, v ; u\ v ; u\ v. As a special case, let 
it, V, IV y vf be linear fimctions ; then i6V8+tt;w;'t = passes 
tlirough (among others) the points uw, uw\ If now v/ 
appn)ach w indefinitely, the equation becomes uvs+w^t = 0; 
the points uWy uw' {W, W in Fig. 20) approach one 

another indefinitely, and u becomes a 
tangent, whose point of contact is uw. 
Similarly the curve touches the line v 
at vw ; the two lines tiy v are tangents, 
and ^v is the chord of contact. 

The interpretation of the equation 
iivs-\-ivH = in line coordinates is that 
it ivpresents a curve passing through the 
points w, i\ the tangents at these points 
intei-secting at the point w (Fig. 20). 

The argument just used does not re- 

(juire u, v, w to lx> linear ; the cui-ve 

us-\-\L^t = 0, in point coordinates, touclies 

the curve u = at every point common 

to the curves u = 0, i(; = 0; and in line 

coordinates, this cuts the curve u = on 

every tangent common to u = 0, i«; = 0. 

Again, no tissumption having been made as to the nature 

of the coordinates used, they may be homogeneous or 

Cartesian. 
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Ex, 1. a,-*- V=36, 

that is, . (.r - %y){x + 2?/) = c^. 

This touches a:— 2y=0, x-\'2y — 0, on the line c=0, i.e. at infinity. It is 
a hyperbola with j?--2y = 0, jr + 2y=0, for asymptotes. 

Ex. 2. y*=4r; that is, x.c=y^. 

Tliis touches 07=0, c=0, on the line y =0. 

£:r 3. Xij^{x^-ffy^-a^f. 

Til is touches a; =0 where it meets a:*+^2 — a*=0, t.e. at the two {K>int8 
•^■=^-^> y=«* ; .r=0, y= -a ; and a^in it touches y = at o;=tf, ^ = ; 
j?= -a, ^=0. 

These examples relate to Cartesian coordinates ; examples in homo- 
geneous coordinates, point and line, (x:cur in the following pages. 



Equations of the Second Degree, satisfy iny Three assigned 

Conditions. 

62. We shall now consider equations of the second degree 
more especially, though not exclusively, since occasionally 
equations of higher degree afford better illustrations of the 
methods. 

The general equation of the second degree in -point co- 
ordinates is 

ax^ + by^ + cz^ + 2fyz + 2gzx + 2lixy = 0. 

This locus will pass through the veHex A of the triangle of 
reference if the coordinates of ^, 1, 0, 0, satisfy the equation, 
that is, if a = 0. Similarly it will pass through B, C if 6 = 0, 
c = 0. Hence the locus of the second order through the 
vertices of the triangle of reference is 

fyz+gzx + hxy^i)\ 

and the envelope of the second class touching the sides of the 
triangle of reference is 

Tlie tangent at A can be determined by a direct method. 
Any line through A is y = l'z. The lines joining B to the 
intersections of this line and the locus 

fyz+gzx+}ixy=^i) 

are obtained by eliminating y ; they are 
therefore 

fkz^+((/+hk)xz = 0', 

that IS, z = Oy which represents BA, and 

/kz+((f+hk)x = 0, ■•''"•-'• 

which represents BA' (F\g. 21). For y = kz to he a tangent, 
the points -4, A' must coincide, i.e. BA' must be the same 
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as BA ; hence y+hk = 0. The tangent at -4 is therefore 

hy+gz=0. 

Similarly the equation of the point of contact of BC with 
the envelope 

is f^^+9^=^- 

Ex, 1. If three tangents be drawn to a locus of the second order, they 
meet the chords of contact in col linear points. 

Ex. 2. If three |X)int8 be taken on an envelope of the second class, the 
lines joining re8i>ectively one of these to the intersection of tangents at 
the other two are concurrent. 

In the argument of this section x,y,z are simply any three 
lines ; thus if i7, F, TT be a triangle other than the triangle of 
reference, having for sides the Tines u = 0, i; = 0, t«; = 0, any 
locus of the second order through U, F, W, is 

fvw+gmu+huv = 0. 

And even if ii, v, w be functions not linear, 

fmv + gtv^L -h Iniv = 

represents a locus through the intersections of the pairs v, w ; 
w, u \ u,v\ e.g. if u, v, w be of the second degree, this is a 
locus of the fourth order. 

Ex. Find the general equation of a locus of the third order 
through -4, By C. 

Here two of the tliree values given by :i*=0 are to be y=0, 5=0; 
therefore the equation is of the form 

xu-\-f/zv = Q^ ; 

where the wliole expression being, by requirement, of degree 3, u is 
of the second degree and v of the first. 

Similarly y = is to give x—0 or 2 = ; therefore u is of the form 
»ij-\-tZy where s and t are linear. The three assigned conditions have now 
been satisfied, and the cubic locus has for its equation 

yzo-^-zxt^ xf/8 = 0, 

where t', t, and s are any linear functions. 

This result can also be obtained by taking the geneial cubic equation, 

cLi'^-\-...-\-3a'xh-\-..,+3a"xz'+...+iidjyz^0, 

and expressing that this is satisfied by the sets of values 1, 0, ; 0, 1, ; 
0, 0, 1 ; it appears at once that a = 0, 6 = 0, c = 0. 

G3. In tlie last section the configuration of the second 
degree was considered as having tliree assigned primary ele- 
ments. It will now be considered iis having three assigned 
secondary elements. 

The conditions that the locus of the second order touch the 
sides of the triangle of reference are most simply determined 
from the consideration: — The line a; = touches the locus if 
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the result of making a; = in the equation be a perfect square ; 
for this result gives the equation of the lines joining A to the 
two intersections. Hence the locus touches BC if 

be a perfect square, that is, if /^ = 6c ; and it touches the other 
sides of the triangle of reference if (j^ = ca, h^ = ab. Hence 
Uy 6, c must be all of the same sign, which may be taken 
positive. Writing therefore l^, m*^, n^ for a, 6, c, the con- 
ditions found give /= ± mn, g= ±nl, h= ±lm; and the 
inscribed locus is 

Px- + m^y^ + TiV ± 2mnyz ± 2nlzx ± 2lmxy = 0. 

Now 

l^x^ + mhf^ + nH^ + Imnyz + 2nlzx + 2l7)ixy = (Ix + my + nzy, 

and 

Irx-+m^^ + nh^ — 27nnyz — 2nlzx + 2lmxy = {lx+ rny — m)\ 

Hence the ambiguities must not be resolved in the ways here 
indicated ; that is, they must not be taken + , + , + ; 
— , — , + ; they must be either —,—,—; or— ,4-,+. 
If the second form be adopted, the equation becomes 

Px^ + m^y^ + n^z^ — 2mnyz + 2nlzx + 2l7nxy = 0, 

and this, by means of the purely literal change involved in 
writing — I for I, becomes 

Px^ + m^y^ + n^z^ — 2mnyz — 2nlzx — 2lmxy = 0, 

which may therefore be adopted as the standard form for the 
inscribed locus of the second order. 

The equation can be reduced to the irrational form 

(te)i + (my)* + {nz)^ = 0. 

Similarly an envelope of the second claas through the 
vertices of the triangle of reference has for its ^nation 

(Za*+(m,)4+(«f)* = 0. 

Ex. 1. If a locus of the second order be inscribed in a triangle, the 
lines joining the points of contact of the sides of the triangle to the 
vertices are concurrent. 

Ex. 2. If an envelope of the second class be described about a triangle, 
the intersections of the tangents at the vertices and the opposite sides 
of the triangle are collinear. 

Equation of the Derived Secondary Element. 

64. Tlie tangent at a point of a curve is defined as the 
line joining two consecutive points ; and the point of contact 
of a tangent is the interaection of two consecutive lines. 
In either case the question is to find the equation of the 
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secondary element deteniiined by two sets of coordinates 
^vVv^i'^ aJi + Acp yi + Sy^yZ^ + Sz^\ these being (1) point co- 
ordinates, (2) line coordinates. 
If the equation be 

lQc. + my+nz = {) (I), 

Z, m, 71 must satisfy 

lx^+my^ + vz^=^{) (2), 

/(oji + &i) + m( 2/i + ^t/i) + n(0i + &i) = 0, 

from which, by subtraction, 

lSx^ + mSy^+n8z^ = Q (3). 

From (2) and (3), 

l:m:n = y ^Sz^ — z^Sy^ : z^Soc^ — x^Sz^ : x^Sy^ — yiSx^ 

If now F=i) be the homogeneous equation of the curve, 

and F,, ^- y - , ;r— be written for the values of F, ;r— , etc., 

^ OTj oy^ oz^ ox 

at the point x^, y^, z^, we have, by Euler s theorem, 

-dF ^ dF ^ dF. J,, ^ 

and since x^ + Sx^y Vi + ^yv 2^1+ ^2?i is on the curve, 

dF dF dF 

therefore 

"dF "dF "dF rt f» n n <« 

„ , dF dF dF 

Hence L:ni:n= —- : ;r — : -— , 

or^ oy^ oz^ 

and equation (1) becomes 

dF , dF , dF ,, 
^^ +y^ +2;;^- =0, 

dx^ ^dy^ dz^ 

which is therefore the equation of the tangent to F= at the 
point a?!, 2/1, 01. 

Similarly the equation of the point of contact with $ = 
of the line ii, fjv ^v ^^ 

.3* d^ .di> 

65. Thus when the point equation of a curve, F=0, is 
known, the equation of the tangent at any point is known; 
the coordinates of the tangent are therefore known ; and 
hence, theoretically, the relation to which these cooixlinates 
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are subject can be deduced; that is, the line equation of the 
ciii-ve can be found. This line equation is often called the 
tangential equation of the curve. 

As an example of the pixxiess here outlined, consider the 
special locus of the second order 

dx^+hy'^+cz^ = 0. 

The tangent at x^, y^, z^ is 

ax^x + by^y + cz^z = 0, 

hence the coordinates of the tangent are ^=ax^, ,jz=hy^^ ^—cZy 
We have to find the relation satisfied by ^, i;, f. 
Writing these equations in the fonn 

^i ^1 _f 

and making use of the relation expressing that x^, y^, z^ is 
on the given locus, viz., (ixf+byf+cz^ = 0, the equation in 
^, j;, f is found to be 

il + ?-+^- =0. 
a b c 

In applying this process to the general curve ^=0, it is 
necessary to eliminate a^p ^j, Zi from three equations of degree 

7?— 1, viz., — -- = ^, —-=,;,—- = f, and the equation F^ = i). 

OX% ^jX OZ-t 

Now since 

dF , dF , dF „ 

the equation F^ = may be replaced by 

Even with this simplification the difficulty of the elimination 
in the general case is practically prohibitive. But if n = 2, 
the equations are all linear, and the elimination can be at 
once performed. In this case 

F=aa^+ by^ + cz^ + 2fyz + 2gzx + 2Iixy : 

the equations are therefore 

ax^ + hy^ + (jz^ = i; 

^ + %i+/^i='7> ' (1)- 

Writing A for the determinant 

a h g 

h b f 

9 f c 
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these ^ve, — unlePH A = 0, an exception whose significance 
appears in § 71, — 

.riA= i h g ,. 7/iA = = a $ g , z^^^ a h ( \, 



h b ri 

9 f f 



„ h f \ , h n f 

SubKtitutinjj tliese values in 

^•^i + T.y, + f2. = (2), 

the line efjuation of 

ax-+bi/+cz^+-2fyz+2gzx+2hxy=0 

is foiin<l to be 

+ 2( J/// - «/K+ 2(kf- bff)Ci+ Kfy - cA)^ = 0. 
that is, Ai^+lin' + C^+2F,,^+2G^i+2Hin=^), 

where A, B, etc., are tlie minors of a, b, etc., in the deter- 
minant A. 

And similarly the line equation being 

af + y + ct' + ■^M+ ^9Ci+ ^h^r, = 0, 
the point eipiation is 

Au^^+B}f+Cz^+'2Fyz+2Gzx + '2.Hxy^{). 

()(). This result may be obtained in a slightly different form. 
Insti»ad of solving equations (1) for x^, y^, z^ and substituting 
in (2), we may simply eliminate x^, y^, z^ from equations (1) 
and (2). The result is 

a h y i =0, 

h h f rj 

.7 / c i 

the same ecjuation Jis Ixifore, but now expressed as a deter- 
minant. 

This ec^uation, in either of it« forms, can be interpreted as 
a condition. Regard ^, j;, f Jis a known line, /, m, n ; the con- 
dition that the line 

lx+my+vz = 
touch the locus 

(Lv!^ +by^ + cz"- + 2/?/c + "ifjzx -f- 2hxy = 



IS 




a h y I 

h b f m 

<J f c n 

I VI n 



= 0. 
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67. The result of § 65 shows that (with the possible ex- 
ception of the case A = 0) the general curve of the second 
order is also of the second class, and that the general curve 
of the second class is also of the second order. Any such 
curve is called a conic. 

It is only for the special case n = 2 that the general curve 
of order (or class) n has its order and class equal ; therefore 
in speaking, for example, of a cubic, we ought properly to 
state whether we are refemng to order or to class. We may 
speak of an order-cubic or a class-cubic; or the distinction 
may be drawn between point-cubic and line-cubic. 

Foi'matifm of the Reciprocal EqvAition. 

68. On account of the elimination required in the process 
of S 65 for fonning the line equation, a different method is 
adopted if n be gi'eater than 2. Forming the equation for the 
intersections of the curve F=() and the line $x + Tjy + ^z = 
(by eliminating one of the variables) and expressing that two 
roots of this are to be equal, a condition is imposed on ^, i;, f ; 
that is, the equation satisfied by ^, i;, f is found, and this is 
the desired line equation. 

Ex. 1. F^ ax^ + bf + c;?2 = o, 

^^ + ^ + i^ = 0. 

The equation for the intersections, obtained by the elimination of 
z is, when cleared of fractions by a multiplier f '-, 

f«(aa:2 + 5^2) + c(^x + 7^)2 = 0, 
that is, (af2 + cfi)x2 + 2c^y)xy + (5^2 + ^^2)^2 ^ q. 

The two roots of this are equal if 

W + ^^)(^C- + C'/2) - c2^;2 = 0, 
that is, if ^{hc^^ + ca»/2 + db(i) = 0. 

The factor ^2^ introduced as a multiplier in forming the equation 
for the intersections, is irrelevant ; the line equation of the curve is 
therefore 

6cf2 + diyf + ahi;- = 0, 

that is, ^ + ?/ + ^" = 0. 

a c 

Ex,2. F^TT^-y^'Z^O, 

$x + ijy + (z = 0. 
The equation for the intersections is 

r'C+xy^ + fy^O. 

This is a cnibic f^X) in A ( =- ) ; the condition for equal roots, obtained 

by the elimination of X from/(A) = 0, j(=0, 

dX 

S.O. R 
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that is, from f A.^ + ^A + 1/ = 0, 

and 3}k^ + $ =0, 

is 4f3 + 27772^ = 0. 

Thus this particular order-cubic is also a class-cubic. 

iEr. 3. F^nfi + f +z^=^0, 

The equation for the intersections is 

The condition tliat the cubic 

ak^ + 3bk^ + 3c\ + d = 
have equal roots is 

{be - 0^)2 = 4(52 _ ac){(^ - bd). 

In the present example 

bc-ad,b'--ae,c^-bd = {^(^ + i>- (»), ^,«f », ^f » ; 

consequently the line ^ + '>fy + ^ = Oiaa, tangent if 

Plainly ^=0 does not make the line a tangent ; the factor ^, introduced 

in forming the equation, is irrelevant. The line equation ofa^+y^ + ^ = 
is therefore 

that is, ^ + i^ + f«-2.,sf»- 2^3^-2^1,3 = 0. 

This order-cubic is therefore a class-sextic ; and similarly the class-cnlnc 

^ + ^" + ^' = 0. 
is the order-sextic 

If then the order m be 3, the class n may be as much as 6 or as little as 
3. Thus the class does not depend solely on the order, and the order does 
not depend solely on the class. 

69. If FJ^x, y, 2;) = be the point equation of a curve, 
the above process gives the line equation $n(^, «7, D=0- 
Now corresponding to the locus Fj^x, y, «) = there is by 
the principle of duality an envelope F^j^y »;i f ) = ^ 5 ^^^ ^^® 
point equation of this, found by the same algebraic work 
as before, is $74(3?, y, «) = 0. Instead of discussing the two 
equations 

Fm{x, y, ^) = 0, *n(^, 1;, f) = 

for the one curve, it is often convenient to discuss the two 
distinct curves 

which are called reciprocal curves. Thus instead of attend- 
ing simultaneously to the points and lines of the one curve, 
we consider the points of the two curves, knowing that ail 
the line properties of F,n(x,y,z)=0 are exactly represented 
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by the point properties of $n(aj, y, z) = 0. These two 
reciprocal curves will now be spoken of as -F and $. 

Cfarrying the general comparison of Chapter IV. a step 
fuither, these two curves, F, $, are corresponding curves. 
To a double point on F, with tangents distinct or coincident, 
corresponds on $ a double line, with points of contact dis- 
tinct or coincident. For in each case the primary element 
presents itself twice in the same position, and we dis- 
criminate by means of the derived secondary elements. Now 
coincident tangents at a double point may be due to a cusp, 
wliich involves the turning back of the tracing point along 
the tangent; or to a tacnode, where there is contact of two 
distinct branches. In the latter case, the two branches have 
the same point and the same tangent; in the reciprocal 
there are therefore two branches with the same tangent and 
the same point of contact; that is, there is a tacnode on 
the reciprocal. At a cusp, the tracing point turns back 
along the tangent ; that is, the primary element reverses 
the sense of its motion in the derived secondary element, 




Pio. 22. 

and therefore in the recipix)cal the enveloping line changes 
the direction of its rotation about the point of contact 
(Fig. 22) ; it is an inflexional tangent ; the point of contact, 
viz., the inflexion, corresponds to the cuspidal tangent. 
Thus the cusp and the inflexional tangent are properly 
stationary elemfiuta, while the node and the double tangent 
are simj)ry double elements^ 

Ex, The line equation of 

F=^ + kyH = is ^^+p/2f = (Ex. 2, §68). 
Hence the reciprocal curve is 

The curve F passes through B, C ; to see how it lies at C, let this 
be made the origin of Cartesian coordinates. Writing aa;+bi/+c for z 
(§ 32) the equation becomes ji^-{-ki/^ax-{-hi/ + c) = Oy exhibiting a cusp at 
C (i.e. at 0, 0, 1), the cuspidal tangent being ,v=0 {i.e. the hne 0, 1, 0). 
On the reciprocal # we are therefore to consider the line 0, 0, 1, and 
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the point 0, 1, ; that is, the line z^O and the point B, Making B 
the origin, the equation of the reciprocal ^ in Oeirtesian coordinateB 
X, z is j!^+pz{ld'+mz-\-ny=Oy a form which shows that there is au 
inflexion at B, the line z=0 being the inflexional tangent. Thus to 
the cusp and cuspidal tangent on F there corres]x>nd on ^ the 
inflexional tangent and the inflexion. 



Poles and Polars. 

70. From any point x\ y\ z\ n tangents can be drawn to a 

curve of class n. If the line equation of the curve be known, 

the coordinates of these n tangents can be determined (§ 60). 

If the point equation of the curve be given, the question is 

how to determine the equations of these n tangents. Let 

^v Vv ^1 ^ ^^^ point of contact of any one ; then the equation 

dF 'dF dF 
of the tangent is x- — \-y- — h^— = 0. The condition that 

this is to pass through x\ y\ z' shows that x^, y„ z^ must 
satisfy the equation of degi'ee m — 1, 

.dF^ ,dF^ ,dF ^ 
dx^ *^ dy^ dz^ 

and as Xj, y^, z^ is by hj'pothesis a point on the given cur\'e, it 
is an intersection of the two curves 

^=0 (1), 

,dF , ,dF , ,dF ^ ,^. 

■•'zAy-z.j+'^-^ (2). 

This derived curve (2) is called the first polar of x\ y\ z' 
with regard to the given curve F. 

But if there be a point at which -- =0, ;r- = 0, ^ =0, at 

^ ^x Bj/ 32? 

this point equation (2) is satisfied, and (1) is also satisfied, for 

-dF ^ -bF ^F 
dx ^by bz 

and therefore -F=0. But the equation for the tangent is now 
illusory ; and therefore in determining the points of contact of 
tangents from x\y\z' by means of the mtersections of (1) 
and (2), these exceptional points must be excluded. TTie 
result must therefore be stated : — 

ThAi intersect 10718 of a curve and the first polar of a point 
with regard to the curve give (1) the points of contact of all 
tangents from the point; (2) all points, if such there be, 

at which oi.> ^ > ^ vanish simultaneously. 
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Note, Two equations of degrees m, p, homogeneous in three variables, 
liave mp sets of roots ; this is provecl in works on algebra (see Salmon's 
Higher Algebra^ § 73) ; hence two curves of orders m, p have mp common 
points ; and since the class of a curve of onler m cannot exceed the num- 
Der of intersections of two curves of orders w, w-1, n'^m^m—l) ; and 
reciprocally, m > ^(n — 1). 

The expression for the number of intersections of two curves will how- 
ever not De assumed, it is simply noted here for purposes of illustration ; 
when the number of intersections of two curves is required in an argu- 
ment, an independent proof is given. 

71. For the special case of the conic, the first polar — or 
more simply, the polar — is a straight line. This meets the 
conic in two points ; before it can be asserted that these are 
points of contact of tangents from x\ y\ z\ the possibility of 

"rsW T^TP TsJP 

the simultaneous vanishing; of ^', tt-, -^^ must be examined. 

° 3aj ?n) dz 

The question is, can the three equations 

ax+hy+gz^O, 
hx + by+fz = 0, 
90i^+fy+cz = 0, 

be simultaneously satisfied ? Not unless A = 0, where A is 
the determinant 

a h g 

h h f 

3 f <^ 

This is the possibility that presented itself in %^h, and the 
result of that section agrees with the result now obtained, 
viz., the curve of the second order is also of the second class, 
unless A = 0. The significance of this condition appears from 
the fact that the polar of any point with regard to a line-pair 
passes through the intersection of the lines, this general con- 
currence of the polars being moreover a sufiicient condition 
for the degeneration of the locus of the second order. For the 
polar of x\ y', is'with regard to yz = Q is 2/^'-f 2^3/' = 0, which 
passes through the point yz ; and if all polars pass through a 
point, take this as yz ; then the values 1, 0, for x, y, z make 

"PsJP "rSW T^JP 

the linear expressions ^, ^, -^ vanish ; consequently no one 

of these contains x, and so the expression F does not contain 
X, but is homogeneous of the second degree in y, z, and is there- 
fore the product of linear factors. Hence the condition A = (), 
which primarily expresses the concuiTence of all polars, is the 
condition that the linear expression 

ax^ + hy^ + cz^ + 2fyz + 2gzx + 2hxy 

split up into factors ; it is the condition that the locus of the 
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second order degenerate to a line-pair, or that the envelope of 
the second class degenerate to a point-pair. 

Since a line, or a pair of lines, cannot be regarded as an 
envelope, and reciprocally the point, or the pair of points, 
cannot be regarded as a locus, it is right and to be expected 
that the ordinary process for finding the reciprocal equation 
should, in this case, prove illusory. 

72. Dealing with a proper conic, there are two tangents 
from any point. The conati'uction for the polar of a given 
point (pole) is therefore: — Draw the two tangents, mark 
their points of contact, the join of these is the polar. The 
reciprocal consti-uction starts from a line and leads to a 
point: — Mark the two intersections of the line with the 
conic, draw the tangents at these, their intersection gives 
the point. Comparing these, the line and point in the 
second construction are seen to be polar and pole ; the 
two diagrams are the same; each is its own reciprocal, for 
pole and polar are reciprocal. 

Since the tangents or interaections may be conjugate 
imaginaries, these constructions are not generally available; 
others will be given later. (See S 78). 

73. The polar of x^, y^ z^ is 

x((xx^ + hy^ +gz{) + y{ftx^ + hy^ +fz^) + zigx^ +fy^ + cz^) = ; 

this is symmetrical in the two sets x., y^, z^\ x, y, z. 
Hence if (lie polar of P pcw8 through Q, the polar of Q 
passes through P ; and similarly if the pole of p lie on g, 
the pole of q lies on ^>. Pairs of elements related in this 
way are said to be conjugate. (See § 78.) Hence a point 
has an indefinite number of conjugates, all lying on the 
polar; and a line has an indefinite number of conjugates, 
all passing through the pole. The pole and polar are also 
spoken of as conjugate; taking any figure composed of 
points and lines, the polars and poles of these with refer- 
ence to any fundamental conic form the conjugate figure ; 
thus a triangle gives a conjugate triangle ; a complete 
quadrilateral gives as conjugate a complete quadrangle. 

If the fimdamental conic be the imaginary conic 
.c^+ 2/^ + 2^*^ = 0, the point /, g, h has for its conjugate the 
line fx+gy + hz = {): that is, the point whose coordinates 
are /, g, h is conjugate to the line whose coordinates are 
/, g, h. This introduces a geometrical connection between 
the two theories which have hitherto been regarded as 
independent parallel theories ; the two explanations of any 
algebraic work are covjugate^ or, to use the more general 
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term, they are reciprocal, and the two figures are reciprocal 
with regard to the fundamental conic. This view is dis- 
cussed in the sections on Reciprocation (§§ 249, etc.), for 
the present the two theories will still be treated as inde- 
pendent. 

74. The equation of the pair of tangents from P{x\ y\ t!) 
to the conic -F=0 can be expressed by means of the equa- 
tion of the polar of P, 

p=x{ax'+hy'+gz') + y{hx+hy'+fz')+z{3x+fy'+cz^^ 

Any conic touching F at the two points where it is met 
by the line />, that is, any conic having double contact with 
F on the line p, is 

F+kp^ = 0. 

The conic to be found is a line-pair; hence in any 
particular example the value of k can be determined. The 
general value of k is more simply obtained by expressing 
that this conic passes through P. This is a sufficient con- 
dition; for, calling the two tangents ii, v, and their points 
of contact Uy F, the conic F+h]^=Q meets u in two points 
at [7; if it meet u also in P, this gives three points on u, 
and therefore u must form a part of the conic. Hence k 
is given by the equation 

r+kp'^ = Q, 

But the form of the expressions P, p, shows that p' and 
F' are identically the same, consequently the equation of 
the pair of tangents is 

Similarly if $ = be the line equation of a conic, and cy = 
the equation of the pole of the line p (^, j;', f '), any conic 
having double contact with $, cr being the pole of the 
chord of contact, is 

*+te2 = 0; 

and the equation of the intersections of ^\ v{, f ' and $ is 



Examples. 

1. Show that the lines \, m^, 71^ ; i^, mg, n^ are conjugate 
with regard to 

if 

(6c -/'Viia + (ca- g^ytti^^ + {ab - }}pjfa^\ -h {gh- af){m{ii ^ + m.pi^ 

+ (hf- bg)(n^l^ + nj,^) +(fg- ch){l{m^ + l^m{) = 0. 
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2. Find the coordinates of the point of intersection of a 
line-pair jriven by a point equation of the second degree. 

Find also the equation of this point. 

3. State the results reciprocal to those found in Ex. 2. 

4. Apply the condition A = to show that 

^- + ';Hf^- 2i;f cos 4 - 2f^co8 fl- 2^j; cos (7=0 

represents a pair of points; and show that the equation of 
the line joining these points is 

ax+by + cz = 0. 

5. Let u, V, V Ixj three lines ; denote the points w\ ur, uv' 
by /3, cy, cy'.' Show that the line equation of 

is of the fomi p^ = Xc5T:y\ 

6. Find the reciprocal to ic"»y'* = 2'"+»». 

7. If the conic reduce to a line-pair, show that any point 
in the plane is conjugate to the intersection of the lines. 

8. With respect to a line-pair every point has a polar, but 
not every line has a pole. 

9. Discuss the results for a point-pair analogous to those 
given in Ex. 7 and Ex. 8 for a line-pair. 

Conies xoiih Four assigned Elements. 

75. The equation of a conic through three points, or touch- 
ing three lines, left two constants to oe determined, viz. (§ 62), 
f:(j: h. Tlie equation of a conic through four points, or 
touching four lines, contains therefore one undetermined 
quantity. 

Let the four points Ix* the intersections of lines a = 0, /8 = 0, 
y = 0, ^ = 0, these lines being taken in the order given, so 
that the four points are P(a)8), Q(i8y), i?(y5), S(Sa). One 
conic through FQRS is ay = 0; another is 0S=O, The conic 
ay = kl3S passes through all the intersections of ay, ^S, that 
is, through P, Q, B, S ; and since this equation contains one 
undetermined quantity, it is the most general equation of 
a conic through the four given points. Similarly, if a, /8, y, S 
be linear in ^, rj, f, so that a = 0, etc. represent points, the 
line equation of the conic touching a/8, /8y, y^, Sa, is ay = ^/85. 

76. The coordinates of the four elements were here supposed 

Sven by means of equations; but the elements themselves 
ing given, and the choice of coordinates left unrestricted, 
the equation of the conic can be found in a useful form. 
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The four given elements determine one of the configura- 
tions considered in §§ 43, 44 ; taking the diagonal triangle for 
triangle of reference, and choosing coordinates properly, the 
four elements have coordinates 1, ±1, ±1. The general 
equation of the second degree is satisfied by 

1, 1, 1 if a + b+c+2f+2g + 2h=^0 (1), 

-1, 1, 1 if a + 6 + c + 2/-2y-2A = (2), 

1, -1, 1 if a + 6+c-2/+2flf-.2A = (3), 

1, 1, -1 if a+6 + c-2/-2(/+2A = ^4). 

Now (1) and (2) give (j+h = 0, 
(3) and (4) give g-h = 0: 
hence gr = 0, A = 0, and similarly /= 0. 

The point equation of the conic through the four points 
1, ±1, ±1 is therefore 

ax^+by^+cz^ = 0, 

with the condition a + 6+c = 0; and the line equation of the 
conic touching the four lines 1, ± 1, ± 1 is 

>vith the condition a + 6+c = 0. 

Xote. If the elements be taken as j9, ± ^, ± r, the equations obtained 
are of the same form, with the condition ap2+6^^+cr*=0. 

Now the point equation of a^^ + bfj^+c^^ = is 

bcx^ + cay^ + abz^ = ; 

and the lines whose coordinates are 1, ±1, ±1 have ecjuations 
x±y±z = 0; consequently the point equation of the conic 
touching the four lines x±y±z = is 

bcx^ + cay- + abz^ = 0, 

with the condition a+6+c = 0; or it may be written 

Ax^+By^ + Gz^ = 0, 

with the condition "4 + D+/f = 0. 

Kv. Two conies being drawn through four ])oints, jirove that their 
eight tangents at these points all touch one conic. 
Choosing coordinates as above, the conies are 

j>x^+qy^+rz^=0 (1), p'x^+qY^-r'z^=Q (2), 

with the conditions 

p + q + r=0, y + <7' + r'=0 (3). 

Tlie tangent to (1) at 1, 1, 1 is »a;+^y + rz=0 ; and similar equations 
are found for the other tangents. Hence the eight lines to be considered 
have coordinates 

p, ±q, ±r ; p\ ±q\ ±r' ; 
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and it is to be shown that these satisfy a quadratic relation 

a^2 + 5^2 + c(2 + 2fy(+ 2gi$ + 2h^rj = 0. 

The first set of four will satisfy this if 

/=0, g=0, ^=0 (4X 

ap^+bq^-\-cr^^O (5); 

the second set will satisfy this if in addition 

ap'^+bq'^+cr'^=0 (6). 

Hence a, by c must be determined from the linear equations (b\ (6) ; 
these give 

but the conditions (3) give 

yr' — q'r = rp' — r^p =pq' —p'q ; 
hence </, b, c—qr^-\- q'r, rp' + r*/?, p(j[ -^-p'q^ 

and the line equation of the conic touched by all eight lines is 

Ex, 1. A conic can be di"awn to touch the six* lines that join the 
vertices of a triangle to the points in which the opposite sides are cut by 
any conic. 

Ex. 2. A conic can be di-awn through the six ))oints in which the sides 
of a triangle are met by the tangents drawn from the opposite vertices to 
anv conic. 

77. The equation of a conic through four points 1, ±1, ±1, 
being ax--\-bif--\-cz^^^y with the condition a + 6+c = 0, there 
is one undetermined constant in the equation, and this para- 
meter is involved linearly ; the conies form that particular 
singly infinite system defined as a pencil. For one special 
conic of the system, obtained by taking a = 0, is y^ — is* = 0, 
and another is ic^ — 2*-^ = ; and the general equation of the 
system 

can be written 

a{x^ - z^) + ?>(2/2 - z^) + (a + 6 + cY = 0, 
which, by the condition a + 6 + c = 0, is reduced to 

that is, to it + Xi' = 0, the typical form for a pencil of curvea 
Similarly the conies touching four given lines are represented 
by + X^ = 0, and therefore form a range. 

78. The equation 

written in the form 

{s/ax + y/ -byXJ ax- J -hy) = {sr^cz)\ 

shows that s/ctx±s/ -'by = arc tangents, z = being the 
chord of contact. Hence each vertex of the trian^e of 
reference is the pole of the opposite side ; that is, a, 6, c, 
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A, By C are conjugate to A, B, C, a, b, c; the triangle is 
its own conjugate, and is said to be self-conjugate with 
regard to the conic. 

For the conic to be real, the coefficients a, 6, c must be 
not all of the same sign ; let c be negative ; write 
f-, 7)1^, —71^ for a, 6, c, so that the equation can be written 
in the forms 

i V + my = n V, 

n^z^ — m^ = IV, 

showing that the tangents from C are imaginary, while 
thase from Ay B are real. Thus for a real self -conjugate 
triangle, the vertices are one inside, two outside the conic ; 
and the sides cut the conic, one in imaginary points, two 
in real points. 

From the properties of the triangle ABC, which was 
chosen by means of the four points P, Q, R, S, a construc- 
tion for the polar of a point A is deduced. Draw through 
A any two cnords, PQ, MS: join the four points so deter- 
mined in the two remaining possible ways, so determining 
points By C; BC is the polar of A (Fig. 23). This con- 
struction applies whether A is inside or outside the conic. 




Fio. 23. 



It should be noticed in Fig. 23 that taking difierent 
positions of the chords APQ, ASR, different positions can 
be obtained for B, C, but all lie on the line there deter- 
mined as BC. 

The construction here given shows that the join of 
conjugate points is cut harmonically by the conic. For let 
A, A y he conjugates; take A A' for one chord through A, 
e.g. APQ; then since A' is conjugate to A, the polar BC 
passes through A'] hence by the harmonic pix)perties of 
the figure. A, A' are harmonic with respect to P, Q, and 
therefore with respect to the conic. It is on accoimt of 
this property that the paira oi elements are said to be 



J 
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conjugate with respect to the conic ; they are harmonic 
conjv/jatea. Similarly two conjugate lines, AB, AC are 
harmonic conjugates with regard to the tangents from their 
intersection A, The two points, two lines, or point and 
line might therefore with advantage be called harmonic 
instead of conjugate. 

To construct a self-conjugate triangle, that is, a ha7^monw 
triangle, any point A is chosen at random; B is then 
chosen as any point on the polar of A, and the triangle 
is thereby completely determined. Hence all the trian^es 
that are self-conjugate with regard to a given conic form 
a three-fold infinity. 

jVote. Ill general, the conic having the triangle uvw as a self -con jugate 
triangle is 

Ih"^ + mv^ + nu^ = ; 

hence the conies with regard to which a given triangle is self-conjugate 
form a two-fold infinitv. 

79. That any two conies intersect in four points, real or 
imaginary, appears from the fact that the elimination of 
z between the two equations leads to an equation of degree 
4 in x:y. Similarly any two have four common tangents. 
From the four common points, or from the four common 
tangents, a triangle can be constructed self-conjugate with 
regard to each of the conies. 

Ex. Show that the two constructions lead to the same triangle. 

The four common points being all real, or all imaginary, 
the self-conjugate triangle is real (§ 51). Taking it as 
triangle of reference, the two conies are 

ax^ + by^+ cz^ = 0, 

ax' + hy + c'z^ = 0. 

The line equations of these conies are 

bci'^+ can^+ ab^^ = 0, 

h'c'i^+c'a'n^+a'b'^^ = 0: 

consequently the coordinates of the common tangents, deter- 
mined by solving these equations, are given by 

f -2 : n" : f ^ = dtcXbc - b'c) : bb\ca - ca) : cc\ab' - a 6). 

If all the expressions on the right have the same sign, 
the four values of ^, »;, f are real ; if the expressions have 
not all the same sign, the sets ^, »;, f are imaginary. Hence 
all four intersections being of the same nature (all real or 
all imaginary), the four common tangents are all real or all 
imaginary ; and reciprocally, all four common tangents being 
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of the same nature, the four common points are all real or all 
imaginary. 

The only cases omitted here are one, for the nature of the 
points, and one, for the nature of the lines. These must 
therefore go together; that is, the intersections being two 
real and two imaginary, the common tangents are two real 
and two imaginary. This case is of no special interest ; but 
the cases where the, four fundamental elements are all real 
or all imaginary require more detailed investigation. 

80. Let there be four points, all real ; their coordinates may 
therefore be taken as 1, ±1, ±1. Any conic of the pencil is 

with the condition a+b + c = 0. 

Hence one of the three coeflScients has the opposite sign 
to the other two ; the real conies of the pencil fall into three 
sets, for which the signs of the coeflScients are 

(i.) a — , b and c+, 

(ii.) 6 — , c and a + , 

(iii.) c— , a and b+ ; 

thase three sets are geometrically distinguished by being met 
in imaginary points by the lines x, y, z, respectively. 

The coordinates of the common tangents to two conies of 
the pencil are given by 

^« : ;;2 : f 2 = aaXbc' - b'c) : bbXca - c'a) : cc\aV - a'6). 

I. Let the two conies belong to the same set, for example 
the third, so that c, c are negative. 

There is no loss of generality in choosing numerical values 
for c, c' ; take therefore 

c = — 1, whence a + 6 = 1 : 
c'=— 1, whence a'+?/=l. 

Since a, 6, a\ V and the product cc' are all positive, the 
signs of the expressions on the right are the .same as those of 

— 6+6', — a'+a, ab' — ab, 
thatis,of a— 1+1— a', — a'+a, a(l — a') — a'(l — a), 

and therefore of a — a', a —a', a — a'. 

These are all of the same sign, and consequently ^, i;, f, are 
I'eal; that is, members of the same set have real common 
tangents. 

IL Let the two conies belong to different sets, for example, 
the third and second ; a, 6 are now positive, and c is negative : 
a\ c' are positive, 6' is negative. 
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Take c=—l, whence a + b=l: 

c'=+l, whence a'+i'=— 1. 

The signs now depend on those of 

b+h\ -(-a'-a), -{ah'-a'b), 
that is, of - (a + a'), + (a + a'), - (ah' - a'b). 

Here there is a difference in sign, and the coordinates ^, tj, f 
are imaginary; members of different sets have imaginarj' 
common tangents. 

81. Now let the four points be imaginary ; § 52 shows that 
their coordinates may be taken as i, ±1, ±1. Hence in the 
equation 

aa^+by^+cz^ = Oy 

tlie coefficients are subject to the condition 

-a + b+c = 0. 

Just as before, for a real conic, a, b, c have not all the same 
sign ; there are now only two sets to consider, viz., 

(i.) tt and ?> + , c — , 

(ii.) a and c + , 6 — . 

The three expressions whose signs are to be compared are 

aa\bc' - b'cl bb\ca' - c'a), cc\ab' - a'b) ; 

that is, 

aa\bc' - b'c\ bb\c(V + c') - c\b + c)) , cc\b\b + c) - b{b' + c')) ; 

that is, 

aa\bc' - b'c\ - bb\bc' - 6'c), - cc\bc' - Vc) , 

whose signs are the same as those of 

— aa\ bb\ cc\ 

I. Let the conies belong to the same set; then these are 
— ,+,+, and the common tangents are imaginary. 

II. I^et the conies belong to different sets; these ai'e 
— , — , — , and the common tangents are real. 

82. Hence for a pencil through real points, the real conies 
fall into three sets, everj'^ one of a set having real tangents in 
common with any other of its set, no two from different sets 
having real common tangents (Fig. 24 (a)). The three sets 
are characterized by being met in imaginary'' points by BG, 
GAy AB, respectively. 

For a pencil through imaginary points, the real conies fall 
into two sets, no one of a set having real tangents in common 
with any other of its set, but any one of a set having real 
tangents in common with any one of the other set (Fig. 24 (6)). 
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The two sets are characterized by being met in imaginary 
points by AB, AC, respectively. 

Reciprocally, for a range with real tangents, the real conies 
fall into three sets, every one of a set visibly intersecting 





lA 



C \ \ 



(b) 



Fio. 24. 



every other of the set, no two from different sets visibly 
intersecting (Fig. 25 (a)). The three sets are characterized 
by having imaginary tangents from A,B,C\ that is, by being 
met in imaginary points by BG, GA, AB, respectively. 




Fig. 25. 



For a range with imaginary tangents, the real conies fall 
into two sets, no one of a set visibly intersecting any other of 
that set, but any one of a set visibly intersecting any one of 
the other set (Fig. 25 (6)). The two sets are characterized by 
having imaginary tangents from (7, B ; that is, by being met 
in imaginary points by AB, AG, respectively. 

A^ote. Ill Fig. 24 (a) aiid in Fig. 25 (a) one conic is shown in everj set ; 
in Fig. 24 (6) two in each set, and in Fig. 25 (6) one in set (i.), two in 
net (iL) are shown. 
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Applying to the case of conies a term lately suggested* to 
express the appearance of certain configurations, two conies 
with imaginary common points and imaginary common tan- 
gents (or, we may say, two conies that neither intersect nor 
connect visibly), are said to be nested ; either set in Fig. 24 (b) 
or in Fig. 25 (b) is a neat. Thus if two pairs of imaginary 
elements be given for the determination of a system of conies, 
the real conies fall into two nests, which visibly connect or 
intei'sect according as the given imaginary elements ai^e points 
or lines. 

Examples. 

1. Show that there is one point conjugate to any given 
point with respect to each of two conies; but that if the 
given point have one of three particular pasitions, the 
conjugate Ixicomes indeterminate, being any point on a 
certiiin straight line. 

2. Show that points conjugate with respect to each of 
two conies are conjugate with respect to all conies of the 
pencil. 

8. Find the locus of the pole of a fixed line, and the 
envelope of the polar of a fixed point, with respect to (i.) 
a pencil, (ii.) a range, of conies. 

4. The points P, Q are conjugate with respect to a pencil 
of conies ; show that if P describe a straight line, Q describes 
a conic; and that this conic is the locus of the pole of the 
given line with respect to the pencil. How is it situated 
with regard to the pencil ? (Poncelet.) 

5. Find the envelope of the tangents at the points where 
a fixed transversal meets a pencil of conies. 

6. Find the locus of the points of contact of tangents 
from a fixed point to a range of conies. 

7. The polars of a point with regard to four conies of a 
pencil form a pencil whose cross-i'atio is independent of 
the position of the point. 

I^ote. This cross-ratio is called the cross-ratio of the conies ; it niav be 
determined as the cross-ratio of the four tangents at any one of the 
common points. (Cliasles.) 

8. Show that three conies of a pencil are line-pairs, and 
that of these three ceHainly one is real. Discuss the 
reciprocal idea. 

9. Can a pencil of conies ever be a range ? 

♦See Mr. Hiilburt's account of the paper bv Hilbert (i/aM. Amiaiefiy 
t. xxxviii. ; 1S91) in the BiiUetin of the yeia iTork Mathematical Society, 
vol. i. p. 197. 
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10. Taking any three conies, the polars of a point P are 
not ordinarily concurrent; find the condition to be satisfied 
by P in oixler that these polai*s may be concurrent; and 
apply this to prove that pail's of points hannonic with 
I'espect to three conies lie on a cui've of order three. 

11. Show that points harmonic with respect to the 
thi*ee conies u = 0, v = 0, t(; = 0, are hannonic with respect to 
every conic of the net 

lu+rav+nw = 0. 

12. If the line equations of the two conies [7=0, F=0 
be $ = 0, '4^ = 0, the line equation of the pencil U+kV=0 
18 $ + A;2+A:^'^ = 0; aitd the point equation of the I'ange 
^ + X'^ = is f7'+XiS+X^F=(), where *Sf, 2, are expressions 
of the second degree. 

Show that the line equation of the pencil represents a 
range if 2 = -4$+iM^. Hence find the conditions that the 
conies 

ax^ + by^ + cz^ + 2fyz + 2gzjr + 2hxy = 0, 

a'jc? + by + c V + 2fyz + 2g'zx + 2h'xy = 0, 
may have double contact. 

On the Number of Condition^ determining a Coptic. 

83. The general equation of the second degree contains 
six tenns, and therefore it involves five disposable constants, 
viz., the ratios of the six coeflScients : hence a conic, whether 
regarded as a locus or as an envelope, is determined by five 
conditions. Thus the three conditions of passing through 
A, B, C, or touching re, 6, c, left two constants to be deter- 
mined ; the four conditions of passing through four points, 
or touching four lines, left one. Similarly the general 
equation of degree m contains J(77i+l)(m + 2) terms, the 
number of disposable constants is therefore 

Km-|-lXm+2)-l, 

i.e. Jm(m+3); the general curve of order m, or of class m, 
18 determined by Jm(m+3) independent conditions. 

Considering now the conic, detennined by five conditions, 
let these be simply that certain point or line elements are 
given. 

I. Given Jive points, or five lines. 

The coefficients have to satisfy five equations such as 

(i^x + hy^ + cz^ + 2fy,z^ + Hgz^a^ + 2/w.',2/, = : 

that is, they are given by five linear equations, and are 
therefore determined unic^uely. 

8.O. F 
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Note. It should Ihj observed that k linear equations, homogeneoua in 
/r + 1 quantities, cannot be inconsistent, for a reason tliat a single example 
will make clear. 

Equations such as .^+2y+l=0, 6x + 4^-3=0, are called inconsistent 
in some books on elementary algebra, on account of the result obtaiiied by 
the ordinary method of solution. Hut writing them in the homogeneous 
form, 

3a: + 2y+£ = 0, 6.r+4?/-3r=0, 

the solution is seen tobez = 0, 07:^ = 2: -3; hence the equations are not 
inconsistent. Compare the discussion of parallel lines in § 25. 

Thus the locus of the second order is determined uniquely 
by five points. Now the general locus of the second order 
is also the general envelope of the second class, this is 
therefore determined uniquely by five points; and by the 
principle of duality five lines detennine the conic uniquely 
whether it be regarded as an envelope or as a locus. Hence 
one conic can be drawn to pass through five points, or 
to touch five lines. 

II. Given four points and one ItTie, oi* four lines and 
one point 

Take the diagonal triangle of the four elements as 
triangle of reference, and choose coordinates so that the 
four elements are 1, ±1, ±1. Then the equation is 

with the condition 

a+6 + o = (1), 

and the condition of contact with the given line 

px + qy + rz = 0. 
This last requires 

hcp^+caq^+ab7^ = (2); 

hence a, 6, c must be determined from equations (1) and 
(2) ; these give two sets of values for a:h:c\ consequently 
two conies can be drawn to pass through four points and 
touch one line, or to touch four lines and pass through one 
point. Thus the five conditions determine the conic, though 
they determine it as one of two. 

Ex. To what condition must the line be subject in order that the two 
conica may coincide ? 

IVL. Given three points and two lines, a?' three lines and 
two points. 

Let the triangle of reference be the one determined by the 
three given elements, then the conic is 

ffjz + (;zx+hxy = 0. 
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From the conditions of contact with the lines 

/V+</Y+/iV-2i///9r -2/t/77> -2/329^ =0 (1), 

f-p^+gY' + l^'^r' - 'Ighq'r - 2hfry - 2/(7^'^' = (2). 

Equations (1) and (2) give four sets of values /: 7: A. Four 
conies can therefore be drawn to pass through three points 
and touch two lines, or to touch three lines and pass through 
two points. Here again the five conditions detennine the 
conic, but they determine it as one of four. 

An assigned condition may be such as to impase more than 
one relation on the coefficients ; it is then counted as equiva- 
lent to a certain number of simple conditions. 

Examples. 

1. Show that to be given one pair of conjugate points (or 
lines) amounts to one condition. Is the condition linear or 
quadratic in the coefficients ? 

How many pairs of conjugates determine a conic ? 

2. Show that to be given a pole and polar amounts to two 
conditions. How many poles and polars determine a conic ? 

3. ABC is self -conjugate with regard to a conic ; how many 
conditions are here imposed on the conic ? 

4. A conic is degenerate; how many conditions are here 
imposed ? 

Condition that Six Elements may belong to a Conic. 

84. Since a conic, qu^ locus or envelope, is determined by 
five points or lines, any sixth point or line will not belong 
to the conic unless certain conditions are complied with. 
The essential dependence of any sixth element on the deter- 
mining five is expressed by various theorems : — Pascal's, with 
the reciprocal, Brianchon's ; Chasles', which depends on cross- 
ratio: and Desargues', which is mo.st conveniently stated by 
means of the conception of Involution, and is therefore given 
later (§ 1 80). 

85. PascaVs Theorem. The intersections of opiwsite sides 
of a hexagon in a conic are collinear. 

Brianaion^s Them*em. The joins of opposite vertices of a 
hexagon about a conic are cmicurrent. 

In the two theorems the six given elements, which by hj^o- 
thesis belong to a conic, may be combined in any order to fonn 
the hexagon : there are therefore 60 different hexagons, to 
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every one of which the theorem applie^s; consequently six 
points on a conic give 60 Pascal lines; and six tangents to 
a conic give 60 Brianchon points. 

The theorems can Ije proved by a direct use of coordinates, 

gwnt coordinates for Pascal's theorem, line coordinates for 
rianchon's theorem. 

Take for triangle of reference that determined by the alter- 
nate elements 1, 2, 3 (Fig. 26); let the opposite elements 
1 ', 2', 3' have coordinates a^, j/^, z^ ; oJj, y^, z^ : x^, y^, z^. 
The equations of 23', 2'3 are 



X 
X 



3 ^3 



?^ y • 

y^ 



therefore the derived element 



%f.'C. 



Lis 1, ^2, 
x^ 



X 



13 
3 



the derived element II. is ^, 

X 

the derived element III. is -^y 

z^ 



1, 

Z' 



1. 



The determinant D fonned with these coordinates is 



X. 



2/2 

1 

2/2 



x^ 

2/3 



= ^l2/2^3 



1 

x\ 

1_ 

x, 

1^ 



y^ 

2/2 

1 

//s 



1 
1 

02 
1 

2:„ 



Now by hypothesis the three elements 1', 2', 3' belong to a 
conic 1, 2, 3 ; consequently a relation 

lyz + mzx + nxy = 0, 



that is, 



X y z 



is satisfied by eveiy set x^,y^,z^\ from the three equations so 
obtained l,m,n can be eliminated, and the result is i) = 0. 

Hence the three derived elements I., II., III. are united with 
a single secondary element ; they are related as stated by the 
theorems. 



86. By means of Pascals theorem any number of points on 
a conic 1 2 2' 3 3' can be linearly constructed. 

For 23', 2'3 determine I. ; take any line through I. meeting 
13', 12' in II., III. ; then 3 II. and 2 III. intersect in 1'. If the 
tangent at 3 is to be constructed, 1' must be made the same as 
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3, and tlien 31' II. {i.e. 3 II.) is the tiingent : the construction is 
therefore; 23', 2'3 determine I. ; (12', 1'2 le.) 12', 23 determine 
III. ; hence the Pascal line I. III. is known, and this meets 13' 
in II. ; thus 3 II. is constructed. 




Fig. 2tf. 



87. A better proof of these theorems depends on the ecjua- 
tion of a conic with four given elements (§ 75) ; this proof 
(from Salmon's Conic Sections, g 267) is here given for 
Pascals theorem ; a few simple verbal changes will adapt it 
to Brianchon's theorem. 

Let the six points taken in order (Fig. 26) be 1 3' 2 1' 3 2', 
and let the sides be denoted by u = 0, etc., as shown in the 
diagram. 

Any conic through 1 3' 2 1' has for its equation 

where /? = is the line 1 1'. The conic F through the six 
points is one of this system; let the nmltipliei's involved in 
u, v,whe adjusted so that this particular conic is 

F=vW''pu = 0, 

Similarly any conic through 1 2' 3 1' is 

and the multipliers in u\ v\ tv' being still undetennined may 
be chosen so that the particular conic F of this system has for 
its equation 

F=viv'-jm' = 0, 

Hence the expression F can be written in each of the forms 

vw — pu, v'vi — pit', 
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these are therefore identically the same ; that is, 

vw—pu = vvf —pufy 
from which vw — v\v'=^j>{u-'U'), 

showing that the expression irw — v'w' splits up into factors, 
p and u — xi'. 

Hence the conic vw — v'v/ = is made up of the line /; = 
(i.e. 1 1'), and a line u — 16' = 0, which is some line through I. 
But this conic passes through all the intersections of vxv = 
and v'w=0\ that is, through the four points 1, 1', II., III. 
The line p = i) accounts for 1, 1'; the line u — u' = must 
therefore account for II., III. ; hence I., II., III. are coUineiir. 

88. Chasles' Theorem is given in his TraiU d^is Sections 
Goniques (1865), pp. 2, 3. He states it in a form involving 
symmetrically five tangents and five points : — 

Four points on a conic determine cvt any fifth point of the 
conic a pencil whose cross-ratio is equal to that of tite range 
detei^iined on any fifth tangent by the tangents at the four 
points ; * 

and then deduces two fundamental properties of conies: — 
Four points on a conic determine at any fifth point a pencil of 
constant cross-ratio ; and four tangents determine on any fifth 
tangent a range of constant cross-ratio ; that is, four elements 
determhie witk any fifth element a configuration of constant 
cross-ratio. 

The materials for a direct proof are contained in Examples 
10-13 of Chapter III. The four points being 1, ±1, ±1 the 
conic is 

ax^-^-by^+cz^ = 0.. (1), 

with the condition a-\-b-\-c = (2). 

Hence one cross-ratio of the pencil determined by a fifth 

point Xj y, z is ' ^^ 2- Multiplying (2) by x^, and subtract- 

X" ^ Z" 

ing from (1), 

6(?/2-^-)-|-c(0*^-a;^) = O; 

therefore * ^ ' 2 ~ "" 7' 

X ^~ t^ (J 

which is the same for all points x, y, z on the conic. 

* " Si j>ar quatre i)oii)t*i d'liiie coiiique on ineiiu les tangeiites et quati*e 
autres droiU's aboutissaiit .\ un ciii(}iiieme jwiiit quelconque de la courbe : 
le rapport aiihanuonique de ces quatre droites sera 6gal a celui des quatre 
points de rencontre des (juatre taiigeiitea et d'une cinquidnie tangente 
quelconque." 

Tliis is iwrhaps iis good an opportunity as any for ackuowle<lgiiig my 
general inaebteduess to tliis fascinating work of M. Chasles. 
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The tangents at the four pointH are cix±by±cz = 0, i,e. 
a, ±6, ±c. Let any fifth tangent he px + qy + rz = 0, then 

b(^^+caq^+ahT^ = (3). 

The cross-ratio determined on p, g, r by a, ± 6, ± c is 

Multiplying (3) by a, (2) by 6c2>*, and subtracting, 

therefore -5 = - ,- , 

pi r- 

which is the same for all tangents j),q,r\ and is the same 
a« that found from the points. 

A simple proof depending on a different special form of 
the equation of a conic is to be found in Salmons Conic 
Sections, §§ 274, 275. 

89. Chasles' two fmidamental properties of conies arc direct 
interpretations of the equation 

ay = kl3S, 

«» /8, y, S being regarded (i.) as point coordinates, (ii.) as line 
coordmates. 

(i.) For definiteness, let these be actual perpendiculai-s. Let 
the four points be ^, if, (7, D, and let any fifth point be F. 
Use (AB) to denote the angle subtended at P by ^, 5. 

Then 2 x area PAB = a x AB, 

and also = FA.PB. Hm(AB) ; 
therefore a.AB = PA.PB. sin(AB), 

y.GD^PC.Pn.mn((W), 
^.BC=PB.PC.sm(BC\ 
S,DA=PD.PA.sm(DA). 

ay.AB.CB jAB.CD 
^"""^ I3S.BC. DA "^BC :DA' 

and is therefore constant ; 

hence •/d// • )t\i\ is constant; 

sm(^(7)sm(jL>yi) 

that is, the pencil [P .ABGD] is constant. 
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(ii.) Now considering tangents a, 6, c, d, with a fifth tangent 
p, let (a6) denote the length intercepted on ]) by a, 6. The 
equations of the intersections ab, he, cd, da are ^=0, 17 = 0, 
^=0, = 0, where ^, 1;, f, are actual perpendiculars; the 
conic is i^=krj6. 

A diagram shows that 

2 area pab = ^a6), 

and also = (a6)%in ^xt sin pb -^ sin a6 ; 

therefore ^ sin a?> = (ab) sin ^(t sin jp6, 

f sin cd=^{cd) sinjt^c sin/xi, 

jysin bc={bc) sin^^ft iinpCy 

6 sincia = (cZa)sin pd sin^^a. 

Now sinaft, sin cd, etc., are constant, 

hence finally )t—^}-r^ is constant, 

that is, the range {p. abed} is constant 

yote. Tlie cross-ratio of the |>eiicil determined in a conic by four 
t>oint8 on the conic is six^ken of as the cross-ratio of the points ; but an 
imulieii reference to the conic must be underetocKl, the cross-ratio being 
different for different conies through the four points. 

Examples. 

1. Taking two triangles in perspective, prove that the 
joins of non-corresponding vertices (six line.s in all) touch 
a conic, and that the intersections of non-corresponding 
sides lie on a conic. 

2. Show that two triangles that are conjugate with 
respect to a conic are in perspective. 

5. Two triangles are self-conjugate with respect to a 
conic. Are they in perspective ? 

4. The six sides of two inscribed triangles touch a conic, 
and the six vertices of two circumscribed triangles lie on a 
conic. 

.3. Two triangles are self -con jugate with respect to a conic; 
Show that their six vertices lie on a conic, and that their 
six sides touch a conic. 

6. Two triangles are to be drawn such that a conic can 
be described having each as a self -conjugate triangle. 
Choosing one triangle arbitrarily, how many of the deter- 
mining elements of the other are at our disposal ? 

7. Considering the four points determined on a conic by 
two chords, prove that these points will be harmonic if 
the chords be conjugate. 
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8. Show that the problem "to draw through four points 
a conic such that the pencil determined in it by the four 
points shall be harmonic" has three real solutions if the 
four points be all real, two real solutions if they be all 
imaginary, one real solution if the points be two real and 
two imaginary. 

9. Show that the three harmonic conies determined by 
four real points belong to the three different sets of the 
pencil. 

JocLchimathaVs Method. 

90. The question of the conmion elements of two curves 
can be discussed with special facility when the coordinates 
of an element of the one curve are expressed in terms of 
a single parameter, while the other curve is represented by 
an equation. The general question as to the possibility of 
expressing the coordinates of a point on a curve para- 
metrically is considered briefly in Chapter VIII. ; but there 
is one case that can now be discuased with a^lvantage, and 
used to exhibit the general method employed, viz., that in 
which the equation of one of the two curves is linear. 
For definiteness, point coordinates only will be explicitly 
referred to ; the curves considered are therefore a curve of 
order r?, and a straight line. The coordinates of a point 
on the line can always be expressed in terms of a single 
parameter; the points in which the line meets the curve 
are then determined by the values of the parameter given 
by an equation of degree n; and any particular relation of 
the line to the curve, being necessarily a particular relation 
of the points of intersection, is expressible by a relation 
in the roots of this equation. 

91. Let the line be assigned by the two points on it, 
x\ y\ z* \ x'\ y'\ z" \ and let Xy y, z divide the line joining 
X , y\ z' to x\ y'\ z" in the ratio m : I (or 1 : h). Then 
x'.y: z^lx+mx" : ly+my" : lz+ mz". 

Consider the intersections of this line and a curve ^'=0. 

I. Let F=ax^-\' by^ + cz^ + "Ifyz + 'Igzx + 2/ixy. 

By substituting for x, y, z the expressions just given we 
limit oui'selves to such points on ^=0 as are also on the 
line joining of, y\ z to x'\ y'\ z" ; that is, to the intersections 
of the line and the conic. The resulting equation, arranged 
in terms of /, m, is 

i2((ijj'2 + ^^^2 +)+ 2;m(aa;V' +...) + m'^oa;"^ +...) = 0. 
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Writing x, y, z for x", y\ z\ ho that the points determining 
the line are x , y\ z' ; x, y, z, tliis equation becomes 

where j) is written for 

xicix' + hy + (jz') + yilix' + bij +fz') + z{gx' +fy' + cz). 

The two values of I : ??i given by this quadratic determine 
the two intersections of the line and the conic. 

If x\ y\ 0' be a point on the conic, /^ = (); the equation 
reduces to 2/m^+m^jF=0, one solution of which is 7ii:l = 0. 
The second value oi mil can be made to vanish by making 
the second intersection approach the first : as the ec|uation 
must then reduce to m^F={)j the second intersection will 
approach the first indefinitely if p = 0. Hence if x, y, z 
satisfy the equation 

x{ax' + hy' + f/z') + y{hx + by' +fz') + z(gx +fy' + cz) = 0, 

it lies on the tangent at x\ y\ z ; the equation of the 
tangent at x , y\ z is therefore the one just given. 

II. Let jF be of degree n. Write k for f:m, then the 
equation for intersections is 

F{x + fcc', 2/ + ky\ z + kz') = 0, 

which, by Taylors theorem, can be written 

Restoring I : m, and writing A for the operator 

^ ?>y dz 
this becomes 

m''F+ m" - HAF+ ^m'' - H^A^F^- . . . + -^^»A"i^= 0. 

2! n\ 

But by symmetry in Xy y, z ; x\ y\ z\ this might have 
been obtained in the form 

lnr^l''-hnl^F'^\p'-''m^b:'-F'^ ... +-,m"A'»J^'=0, 

where A' is written for 

It should Ik> noticed that identically 

^rF=^n\F' ; A'-^/'^/i -llA'/" ; etc. 

If now F' = 0, one value of m :Z = 0, and the point x\ y\ z 
is on the curve. If in addition A'-F' = 0, a second value of 
r/i : Z = ; the line joining x , y\ z to x, y, z meets the curve in 
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two consecutive points at x\ y\ z\ and is therefore a tangent. 
Hence the equation of the tangent at x', y\ z' is 

92. If x\ y\ z' be not on the curve, consider the tangents 
drawn from x\ y\ z to the curve. If the point of contact of 
any one of these be ajj, y^, z^, that tangent is 

dF dF dF ^ 
dx^ ^dy^ dz^ 
that is, A^F^ = 0. 

This is to pass through the known point x\ y\ z' \ hence 
x^, 2/i> ^\ must satisfy 

,bF ^ ;dF ^ ;dF .. 

^1 ^Ui ^^1 
that is, a?i, y^, z^ must lie on the curve 

the first polar of x\ y\ z with respect to i^ (§ 70). Tlie lirst 
polar of X , y\ z with respect to this curve, viz., A(Ai^) = 0, is 
called the second polar of x\ y\ z with respect to -F; it is 
plainly of order n — 2. 

Ex. Find, with respect to the curve j^ — x^-yH — Ki^ the successive 
polars of (i.) J, 0, 1 ; (ii.) J, 0, 1 ; (iii.) 0, 0, 1. 

93. In the case of the conic a special an*angenient of the 
investigation is more interesting. There are, on the line con- 
sidered, two pairs of points, viz., the determining points 
y(^, J/, z\ Q[{x\ y\ z), and the points detc*rmined by the 
ecjuation 

call these ii, K, Two pairs of points are susceptible of a 
particular relation of position; they may be harmonic. By 
the definition of harmonic division the two values of I : m are 

numerically equal but oppasite in sign; hence ^ + 2 _.(). 

f 't-i lit,} 

that is, the sum of the roots in the (quadratic equation 
vanishes. Hence the condition that y, Q' be harmonic con- 
jugates with respect to the conic is 

p = 0, 
that is, 

x{ax' + hy' + gzf) + yQix' + by' -{-fz') + z{(jx +fy + cz) = 0, 
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and the locus of all points conjugate to Q' with respect to the 
conic is the straight line 

p = x{ax + hy' +fjz') + yilix + by' +fz') + %x' +fy' + ^'^O = ^• 

This is called the polar of x\ y\ z' ; and the line being here 
denoted by y>, the point x\ y\ 7i (Qf) will now be called P. 

All pix>perties of poles and polara with respect to conies 
follow from this fundamental harmonic property : — 

I. If the polar of P pass through Q, then P, Q are harmonic 
with respect to the conic, and therefore the polar of Q passes 
through P. 

IT. If iJ, jR' be i-eal, they separate and are separated by 
Py y. Hence as iJ, iT approach one another indefinitely, the 
line PRQR becoming a tangent, one of the two points P, Q — 
Q, suppose — becomes coincident with RR ; hence the polar of 
P passes thix)ugh the points of contact of tangents from P. 

III. If P be on the curve, so coinciding with iJ, the con- 
dition of harmonic division requii*es that R also coincide with 
R\ and then Q is simply any point on the line PRR' \ the 
locus of Q is therefore this line PRR\ which is the tangent at 
P\ that is to say, the polar of a point on the conic is the 
tangent at that point. 

IV. The constniction for the polar, given in § 78, is at once 
seen to be correct, owing to the harmonic properties of a com- 
plete (juadrangle. Hence the theory of self-conjugate triangles 
(harmonic triangles) also follows. 

94. If X, y\ z' lx» not on the curve -F, let it be required 
to make the line a tangent. 

Tliis reciuires that two roots of the equation in i:m be 
made coincident. TliLs applied to the special case of the conic 
gives the condition 

which is therefore the ecjuation of the two tangents that can 
be drawn from .c', //', z' to the conic F= 0. 

Ex. Detenuine the three tangents that cau be drawn from 1, 1, 1 
to the cubic ./•^-fX^-5 = 0. 

Sole, It was shown in >$ 68 that this particular order-cubic is a class- 
cubic. 

95. This method can also be applied to the detenuination 
of the intersections of two curves, by finding the lines joining 
any arbitrary point x\ y\ z to the common points of the 
given curves it = 0, t; = 0. Lc»t these be of orders jpi ?; let a 
une through x , y\ z' meet them in P^, P.^, ,,,,Pp\ Qi.Q^yyQq' 
iFor this line to pass through a common point A , one of the 
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points P iiiuftt coincide with one of the points Q. But these 
two sets of points are detemiined by the two equations 

hence the line considered will pass through an intersection 
A if these two equations have a common root. The condition 
is obtained by the elimination of i:m; it is therefore ex- 
preased in terms of u', A'u', ... ; v\ AV.... Hence it involves 
^\ y\ z\ a known point, and aj, y, z, a variable point. It 
is therefore an equation in x, y, z, and by the mode of its 
formation it represents the lines joining x\ y\ z to all the 
intersections of u, v. 

Applying the process to two conies u = 0, v = 0, let the two 
polai^s of x\ y\ 2:' be />, g : the two equations are 

iV + 2lmq + niH = 0, 

and the equation obtained by eliminating Z : m is 

{uv — uvf = M^uq — ^yp){vp — uq) ; 

this equation of degree 4 represents the four lines that join 
x\ y\ z' to the interaections of the conies n, v. 

9G. This method for dealing symmetrically with the inter- 
sections of straight lines and curves is due to Joachimsthal. 
It should be noticed that for its employment it may passibly 
not be essential that the coordinates of the various points 
be the same multiples of the actual pei'pendiculars, though 
they must of course belong to the same system. 

For let the system of coordinates be given by 

aJ, y , ^ = X«, Mi8, vy. 
Suppose that x\ y\ z' are equal to Xa', y.^ , vy nmltiplied 
by /, and that re", }f , z" are equal to Xa", fi^', vy\ multiplied 
by/', etc. 

Then if a, /8, y divide a, ^\ y ; a", ^\ y" : in the ratio m : Z, 

a = — j-~, 1 ^tc. 

Hence, x, y, z being equal to Xa, jul^, vy multiplied by /, 

» iC X 

that is, x= l-„, ■■,,-■ , etc., 

// l+m 

whence 

z:y:z = lfx'+ mfx" : Ify' + mfy' : If'z' + wfz" ; 
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and writing l\ wf for lf\ mf, these become 

x:y:z = Vx' + m'x" : Vy + m'/ : Vz + mz\ 

Thus the effect of the different multipliers / is to alter 
all values of l:in in the same ratio. 

If then we pi-opose to deal with these ratios directly, 
obtaining results that depend on their actual values (for 
example, if we wish a line to be bisected), these different 
multiplier's / are not admiasible ; the coordinates of the 
various points must be the same multiples of the actual 
perpendiculars. But if the desired results depend only on 
a comparison of the values of l:m, the actual values them- 
selves not entering into the final expressions, the diftei^ent 
multipliers / have no effect; in this case it is not essential 
that the coordinates of the various points be the same 
multiples of the actual perpendiculars. 

Examples. 

1. Show that two lines can be drawn thix)ugli any point 
so as to be harmonically divided by two conies; and that if 
the point be an intersection of the conies, the two lines are 
the tangents to the two conies at this point. 

2. Hence show that the envelope of a line harmonically 
divided by two conies is a conic; and the common self- 
conjugate triangle l^eing taken as triangle of refercnce, 
find the line e(iuation of this envelope. 

Find also the point equation. (Von Stand t. Salmon.) 

3. Find the equation of this envelope if the equations 
of the conies be in the general form. 

4. Show that any common tangent to the conies it±Xt^ = 
is cut harmonically by the conies u = 0, v = 0, for all values 
of X; and apply this to find the equation of the envelope 
of a line harmonically divided by two conies. (F. Morley.) 

5. Show that the locus of a point harmonically subtended* 

* In the system of geometry in which the point is the ])rimary element, 
the line the secondary element, the point is an entity, without ])art6, 
incapable of division ; the line is an aggregate of points, and therefore 
capable of division ; segments on a line are (ietermine<l by their l)ounding 
points. If however the line Ix^ the primary element, it is the entity 
nicapable of division ; the point is regarded as an aggregate of lines, anrl 
therefore capable of division ; the divisions being determined by the 
bounding lines. Hence linear magnitude and angular magnitude relate 
res[>ectively U) divisions of a line and of a point. Thus if two pairs of 
points on a line be harmonic, the line is harmonically divided ; and if two 
mirs of lines through a point be harmonic, the point may l>e said to l)e 
liarmonically divide<l. In Ex. 2 the line is spoken of as Jivided by the 
conies ; hence without any explicit statement it is known that the oonics 
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by two conies is a conic, passing through the eight points 
of contact of the common tangents to the two conies. 
Determine the point equation of this conic, the two given 
conies being referred to their common self-conjugate triangle. 
Find also the line equation. (Von Staudt. Salmon.) 

Curves with Singular Points and Lines. 

97. The process given for finding the tangent to any cur\"e 
at a point (§ 64) involves the tiicit assumption that only one 
line can be drawn to meet the curve in two indefinitely near 
points. And as a matter of fact, the process leads to an 
equation 

?>F ^F dF ^ 

which is determinate unless ^-, -, _ vanish together. 

OdC-t ^^Jj\ OZ-t 

This same possibility presents itself as a source of disturbance 
in the determination of the reciprocal to a curve. The mean- 
ing of this will now be briefly considered. 

98. Suppose that the assumption as to there being only one 
line through a point, meeting the curve in two consecutive 
points there, is not justified. Let there be two such lines, 
u = 0, t' = 0. Then since u meets the curve in two points 
on ?;, the equation must be of the form 

Also t;=0 is to give u* = 0, hence 

u^ = u^^'\'UvQy 

and the equation of the curve F is 

u^X+uvQ +1^-^ = (1). 

But this being the equation, every line through uv^ viz., 
i6 + \v = 0, meets the curve in two points at uv. Hence if 
more than one line through a point meet the curve in two 
points there, then every line through the point has this 
property; the point is a double point. In the ecjuation 
u-fXi; = 0, \ is still undetennined ; it is therefore possible to 
make the line meet the curve in tliree points at uv\ tlie 

are regarded as point systems, i.e, as loci. In Ex. 5 the point might be 

rken of as "harmonically divided by two conies"; the point being 
ided, th> implied element is the line ; the conies are regarded as line 
systems, and each has two line elements in common with the point. 
Tims there are two pairs of lines through the point, and these paii-s are 
to be harmonic. But as these lines are tangents to the conic, the same 
idea may be conveyed by the phraseology adopted in the text. 
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equation for X, exactly as in Cartesians, is a quadratic, ami 
there are therefore two tangents at the double point. For 
example, if the equation of the curve be of the form 

u = {) ^ves 7?^ = 0, and therefore u = is one tangent at the 
double ix)int uv : and if the e(|uation be of the form 

u^X-{'UvY+i^Z=0, 

u = ^ves i;* = 0, and '?; = gives u^ = 0: hence the lines 
u = 0, v = are the two tangente at the double point uv. 

The general principles of § Gl can be applied to the case 
of double points. The e(|uation 

can be regarded as the final form of 

uu'X + ui^ + vv'ir = 0, 

when u, u' coincide, and also v, v\ Hence two of the points 
common to -F, u coincide, or else are consecutive on v ; and 
two of the points common to F, v coincide, or else are con- 
secutive on u. These conditions are harmonized bv the 
double point at uv. 

In this argument it is not assumed that u, v are linear ; 
they may be expressions of any degree, and what has just 
been proved is that eveiy intersection of the curves u = (>, 
v = is a double point on the curve 

u^X + uve + v^^ = {). 
Ex. The curve 

has a double point at every intersection oi y'^ — x — 0^ .r-jy=0 ; that is, at 
0,0 and at 1,1. 

Similarly there is a triple point at uv if the equation be 
reducible to 

u3* -f- uH^ + uv'-X + v^ = 0, 

for every line u + \v = now meets the curve in three points 
at uv ; the tangents are defined as lines that meet the curve 
in four points, and are determined by a cubic equation in \ ; 
there are therefore three tangents at the ti-iple point. 

99. Since the double point makes itself felt in the course 
of tlie work by rendering the process for finding the tangent 
nugatory, this must be by causing the equation 

dF , dF dF ^ 

^^1 ^1 ^^i 
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to become illusory. The conditions for a double point at 
X, y, z are therefore 

1^=0 ^^=0 ?-^=0 
3a; ' -by ^' dz ' 

If ate. These are essentially the same as the ordinary Cartesian con- 
ditions. For let the Cartesian equation be/(.r, ,y)=0 ; the conditions for 
a double point are 

/=«' li=<>' !=«• 

Let the equation made homogeneous as directed in § 30 be F\x, y^ r)=0. 
Then the condition /=0 gives ^=0 ; 

^ = 0, made homogeneous, gives ^^=0 ; 

>^=0, made homogeneous, gives --^ =0. 

Also, by Euler's theorem of homogeneous functions, 

jdF^ dF^ dF ^j^ 



hence the condition ^^=0, with the help of X— =0, ~ =0, is reduced to 

ar oy 

?^=0 

The elimination of x:y:z from these three homogeneous 
equations leaves one condition to be satisfied by the co- 
efficients. Hence the general curve of any assigned order 
has not any double points (nodes or cusps); the presence 
of even one double point requires the equation to be 
specialized; a certain function of the coefficients must 
vanish. 

Reciprocally, the general curve of any assigned class has 
not any double lines (double tangents or inflexional tangents); 
for the existence of these the equation must be specialized by 
the vanishing of a certain function of the coefficients. 

Xote. In this connection it may be remarked that if the reciprocal to 
the general curve of order /» be of order 7i (the assigned general curve 
being of class n), it is not the general curve of order n. For example, the 
reciprocal to the general cubic is a sextic ; now the general equation of a 
cubic involves 9 disposable constants ; and the coenicients of the recip- 
rocal sextic are expressed in terms of these 9 quantities. But in the 
general equation of a sextic there are 28 terms, and consequently 27 
arbitrary constants. Thus the sextic is specialized ; the 27 independent 
constants that belong to the genei-al sextic are expressed in terms 
of 9 quantities, and oy eliminating these 9 quantities in the various 
possible ways from the 27 equations, it is seen that certain fuTictions of 
the coefficients of the sextic vanish. 

The discussion of the tangents from a point (§§ 70, 92) 
shows that their points of contact are determined as inter- 
na, o 
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sections of the curve and the first polar of the point, with the 

proviso that points at which ;^ , ^ , and _ - vanish are not 

ox oy oz 

to be counted; the effect of these points is therefore to 
diminish the number of tangents that can be drawn from 
a point. These singular points have now been found to 
be double points; hence the presence of double points 
(nodes or cusps) on a cui-ve of given order causes a 
diminution in the class; and the presence of double lines 
(double tangents or inflexional tangents) on a curve of 
given class causes a diminution in the order. For example, 
in § 68 two order-cubics were found to be, the one of 
class 6, the other of class 3 ; and it was shown in § 69 
that one of these has a cusp. The investigation of the 
law of diminution belongs however to the theory of Higher 
Plane Curves. 

100. The effect of an inflexion on the point equation, 
and reciprocally of a cuspidal tangent on the line equation, 
must be noticed. An inflexional tangent meets the curve 
in three points, instead of two; hence by the process of 
S§ 61, 98, if u = be an inflexional tangent whase point of 
contact is on v = 0, the equation of the curve F must be 

101. As an example of the direct processes that can be 
employed consider a quartic. 

This has a double point at A if the equation be of the 
form 

y^<l>+yz\fr+z\ = 0, 

where 0, ^, x are general expressions of the second degree ; 
hence there is a double point at A if the terms 

be absent from the general equation of a quartic. Similarly 
there is a double point at £ if the terms 

be absent ; and at C if the terms 

^y XT?, y^ 

be abvsent. Hence the most general equation of a quartic 
with double points at ^, £, is 

ayH^ + hzh? + cx?-y^ + 2fa?yz + 2gxyH + 2hxyz^ = 0. 

To determine the tangents at -4, X is chosen so that y = \z 
meets the curve in three points at A. The equation for 
intersections is 

a\^z'+2(g\^+h\)xz^+(c\^+2f\+byz^=:0. 
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showing that for all values of X, two intersections are given 
by 5 = 0. To make 7? a factor, \ must satisfy 

Hence the tangents at A are determined by this equation ; 
the equation of the tangents themselves is obtained by 

A^nriting X = -; hence the tangents ^i A, B, and G are 

cy^+yyz +6^2=0, 

ciT^ 4- 2gzx -f cx^ = 0, 

hx^ -f ^hxy + ay^ = 0. 

Tlie way in which the coefficients occur in these equations 
shows that these six lines are not independent; for the six 
ratios 

c:f:b, a:g:c, b:h:a, 

are connected by a relation 

c :b X a: cxb: a = l. 

There are however five independent ratios. Now five 
independent lines suggest a conic, and it will be found that 
the sixth line belongs to the same conic ; this is mast easily 
shown by determining a conic to touch all six lines. 

Let the lines cy^'\'2/yz-{-bz^ = be my + 712; = 0, etc. Then 
the coordinates of either line are 0, tti, n: and since 

-= , 771, n are determined by 

n — m 

cn^ — 2fmn + bm^ = 0. 
Hence using line coordinates, the three pairs of elements are 

^=0, bn'-2M+4'=^o (I) 

,,,=0. «f2 -2g^^+af-=0 (2) 

f=0, a^2-2A^,+V =0 (3) 

and the question is, to determine a quadratic relation satisfied 
by these. 

By (1), ^=0 is to reduce the equation to 

hence it must be ^<f>+ brj^ — 2/i;f + c^^ = 0, 

where the degree being 2, <f> must be linear; therefore tlie 
equation is 

i(A i+ Bn + Cf ) + 6,« - 2M+ c^ = 0. 

By the substitution of 1; = 0, this is reduced to 
which by (2) must be the same thing as 
Hence A = a,C=—2g. One quantity B in left, wherewith to 
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« 

satisfy (3). But (3) simply requires that A^^ + B^rj + bpj^ be 
the same as a^^ — 2h^rf + hif, where A is alre^y known to be 
the same as a ; hence taking £ = — 2A, all the conditions are 
satisfied. The conclusion i§ therefore : — 

The quartic 

ayh^ + hzh?- + cxhf^ + 2fa^yz + 2gxyh + 2hxyz^ = 

has nodes at A, B, C; and the six nodal tangents touch the 
conic 

af + V+cf2-.2/,;f-2grff-2A^,; = 0. 



Examples. 

1. Writing the general equation of a cubic in the form 

aaj3 + by^ +C2^+ 3a xh/ + 36' yh + 3c' z^x 

+ 3a"aJ2/2 + Sb^yz^ + ^c^zx^ + Gdxyz = 0, 

show that the conditions for a double point at C are c = 0, 
c' = 0, 6" = 0; and that CA, CB will be the tangents at this 
double point if 6' = 0, c" = 0. 

2. Show that the conditions for a cusp at C are c = 0, c' = 0, 
b" = 0, d^ = bY] and that if aj — y = be the tangent at the 
cusp, c" = b\ d= — 6'. 

3. Find the equation of a cubic, touching the lines u = 0, 
'y = 0, 1^ = on the line 8 = 0. Hence show that, P, Q, R being 
collinear points on a cubic, the points P', Q', R in which the 
tangents at P, Q, R meet the cubic again are collinear. 

4. Find the equation of a cubic having 2/ = 0, = 0, as in- 
flexional tangents at points lying on the line x+y+z = Q. 
Show that this cubic has a third inflexion, also on the line 

x-\-y + z = 0. 

5. Find the equation of a cubic with a cusp at vw, tangent 
to t<; = 0, and an inflexion at uv, tangent to ^t = 0. 

6. Show that a quartic can be found having cusps at 
A, By C; and that the cuspidal tangents are concurrent. 



CHAPTER VI. 

METRIC PfiOPERTIES OF CURVES; THE LINE 

INFINITY. 

IntrodvAitoi^, 

102. Tho fimdamenial identical relation in point coordi- 
nates leads us to consider a certain straight line lying 
entirely at infinity. In considering therefore properties of 
curves that depend on the actual values of the coordinates, 
that is, on the identical relation in point coordinates, we 
naturally consider the relation of the curve to this special 
line. This line being specialized only in position, not in 
nature, all general investigations on the relation of a 
curve to a line are applicable. 

Points at Infinity, Asymptotes. 

103. In the first place let the curve considered be a 
conic. The only specialization in the relation of a conic 
to a line is that expressed by contact ; the two points of 
intersection coincide. Hence a classification of conies pre- 
sents itself, according as the line infinity is or is not a 
tangent. One division of conies into species has already 
been found, viz., into proper and degenerate; that how- 
ever is simply a cross-division; two straight lines, not 
parallel, give distinct points at infinity; parallel straight 
lines give coincident points. But as regards the points at 
infinity, the eye introduces another distinction, that between 
real and imaginary; this division is in a sense accidental, 
but is recognized in the classification of conies. 

These fall therefore into three species: — 

I. (i.) The points at infinity being coincident, the conic 
is a parabola, 
' (ii.) The points at infinity being real and distinct, die 
jj conic is a hyperbola, 

(iii.) The points at infinity being imaginary, the conic 
is an ellipse. 
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Hence a line-pair comes under the heading parabola, 
hyperbola, ellipse, according as the lines are parallel, real 
and distinct, or imaginary. 

Ex. Using triliiiears, the conies represented by 

ft/z-^gzx-hhan/ = 0, 
are distinguished by means of 

The intersections are given by 

bhy^ + {bg + ch - af)yz + cgr — 
hence the conic is a hyperbola, a parabola, or an ellipse, according as 

a^p + l^Y + ^U^ _ 2%A - 2caA/- ^ahfg 
is + , 0, or - . 

Ex. Using areals, the nature of the conic depends on 

PArg'->rK'-^gh-%hf-^fg. 

104. Hence to be told that a conic is a parabola is to 
be given one simple condition; for one tangent is given. 
Consequently (§ 83) four more tangents determine the conic 
uniquely, four points determine it as one of two; thus 
one parabola can be drawn to touch four lines; two para- 
bolas can be drawn to pass through four points. 

Ex. 1. The line infinity being ao.r+6Qy+C(^=0, find the condition that 
the conic 

ri.r^ + fr/ + ('2^-f2/^2 + 2^2j'-f 2Ajy=0 

be a parabola. Deduce the ordinary condition in Cartesians. 

Ex. 2. Using actual perjiendiculara for line coordinates, find the con- 
dition that the general envelope of the second class be a parabola. 

105. Any curve of order n cuts the line infinity in n 
points; some may be real, some imaginary; and there 
may be coincidences. The position of any point on the 
line infinity is indicated by its direction, all lines in this 
direction passing through the point. If the curve touclt 
the line infinity at P, no one of these parallel lines (lines 
through P) has any special relation to the curve; but if 
the curve cut the line infinity at P, the tangent is a line 
through P, distinct from the line infinity, and is therefore 
one of the system of parallel lines, that is, it is an ordinary 
line. Such a line is called an asymptote to the curve ; an 
asymptote is therefore defined as a tangent ivhose point of 
contact is at infinity^ the tangent itself not lying entirely 
at infinity. Thus the definition excludes the line infinity 
from the asymptotes. A parabola has no asymptotes, there 
are no points where the curve simply cuts the line infinity; 
a hyperbola and an ellipse have each two asymptotes, respec- 
tively real and imaginary. A curve of order n may have 
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n asymptotes; but this number is diminished by contacts 
with the line infinity. If k points be used in accounting 
for these contacts, the number of asymptotes is n--k, 

106. Let 8=0 be the line infinity, and let x\ y\ z' be 
its pole with regard to a conic i^=0; by § 74 the equation 
of the asymptotes of the conic is 

If now « be a tangent, the pole is on «, and also on F, 
hence ^' = 0, and the equation reduces to 8- = 0, the line 
infinity counted twice, but not to be counted as an 
asymptote. 

Ex, Using areals, find the asymptotes of 

22^2 + 22^+2^*^=0 (1). 

Tlie line infinity is ^+y+z=0 (2). 

The polar of a ))oiut x\ y, z' is 

%'+2')+y(^+-^')+'K-!p'+y')=o» 

and this is the same as (2) if 

y+y=/+j/=a;'+y' = l, 
whence a/=y'=^z'—\. 

Hence the asymptotes are 

(2y2+22jr+2jryX2.i.i + 2.i.H2.i.i)-(^-+y + ^y-==0, 
that is, (j7 +^ + zY — ^{yz + z,v + xy) = 0, 

that is, x^-\'y^-\'z'^—yz — zx-xy=^0. 

But in any particular example it is generally more con- 
venient to adopt the other process of § 74, and simply 
express that ^4.^8^ = 

is a pair of straight lines. 

Ex. k{x-\-y-\-zf-{'2{yz-k-zx-\-xy)=^0 

is a line-pair if abc + %fgh - ap - hg- - cK' = 0, 

that is, if F+ 2(/r+ ly - 3/r(/:+ 1)-^=0, 

which gives simply 3)& + 2 = 0. 

Hence the asymptotes are, as before, 

x^-\-y'^-\-z^—yz — zx — xy = Oj 
^hich may be written 

(j? + (i>y + t3}^z){x + tjcry + (az) = 0, 

where (d is an imaginary cube root of unity. 

If then the conic be not a parabola, it has a pair of 
asymptotes, real or imaginary, u, u\ and the ecjuation of 

when k is properly determined. 
Hence F = uu' — k^. 



^^ 
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When this is expressed in Cartesians, the term h^ is a, 
constant; hence, as is known, the eqvAitioii of a conic, 
F=Oy differs from the equation of its asymptotes, uu'=0, 
only by a (xmstant 

107. Similarly for curves of higher order. Let F=0 be 
a cubic, having its three points at infinity distinct; there 
are therefore three asymptotes, ^^ = 0, ^2 = ^> ^3 = ^- ^y ^^^® 

Erinciple of § GI a cubic touching these three lines on the 
ne 8 = has an equation of the fonn 

F=t^t^t^+s^l = 0, 

where Ms a Unear function. In passing to Cartesians, s be- 
comes a constant, and the equation is 

^=^^^2^3 -ha linear function = 0. 

Hence the equation of the cubic F=0 differs from the 
equation of its asymptotes ^^^2^3 = ^ only in the terms of 
degree > 1. Moreover, t^, t^, t^ meet the cubic again where 
i = 0; that is, the (finite) points in which the asymptotes of 
a cubic cut the cui-ve lie on a straight line 1 = 0. (Compare 
Ex. 3 at the end of Ch. V.) 

A quartic with all four points at infinity distinct has for 
its equation 

showing that the intei-sections of the curve and its asymptotes 
lie on a conic u^ = 0; and that the Cartesian equation of the 
quartic differs from that of its asymptotes only in the terms 
of degree >2. And in general Fn = t^tJ^,,,tn'\'i^^n-2 = ^ is 
the equation of a curve of order n with n distinct points 
at infijiity; hence the remaining intei*sections of the cur\'e 
and its asymptotes lie on a curve of order n — 2, u„-2 = 0; 
and the Cartesian equations of the curve and its asymptotes 
are alike as to the terms of the two highest degrees. 

108. From the general principles liere used (§i 61, 98, 107) 
the ordinary rules for the determination of asymptotes in 
Cartesian coordinates follow at once. Let the triangle of 
reference be that made by the Caiiiesian axes, a; = 0, ^ = 0, 
and the line infinity, z = 0. Let the equation be arranged 
according to powers of z; denote the terms of degree n in 
X, y by u„, etc. Then tlic equation of the curve ^=0 is 

Un + ZlLn^l + Z-U,n.2+ '"+Z''Uq = 0, 

Since Un is a homogeneous expression in cc, y, it splits up 
into n factors, Z^, ^2) • • • > ^n ; now the lines joining xy to the 
intersections of F=0 and z = are given by ttn = 0; that is, 
by ^1 = 0, ^2 = 0, ...,i„ = 0. 
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I. Let 2^ be a non-repeated factor of it„, and let the point 
l^z be Xj. There is therefore through L^ an asymptote, whose 
equation is 

where /i is to be determined so that the line shall be a 
tangent with its point of contact on z = 0. The equation 
F= must therefore be of the form 

(l^+juiZ)V+z^W=0. 

(tt) If now ^^ be a factor in u«_i, the equation is at once 
expressible in this form; for u^ and u^-i contain Zj, and 
the remaining terms contain z^; hence the equation of the 
curve is 

l^V+z^W=0, 

and consequently the line 1^ = is itself the asymptote. 
Hence the rule : — A non-repeated factor of u^, if also a factor 
of ti-»_i, gives an asymptote when equated to zero. 

(6) If however l^ be not a factor in itn-i, ^t must be deter- 
mined by substitution, as in the oixiinary Cartesian process. 

II. But if any factor in it„ be repeated, I suppose, so that 
tt,4 is l^Vn-2j the equation is 

F=PVn-2 + Ziln-l + ^^yn-2+'"+Z*'Uo=0. 

(a) If /. be not a factor in Un-i, this equation is of the fonn 

l^V+zW=0. 

showing that 2; = is the tangent at the point Izy that is, 
the line infinity is itself the tangent. Hence a repeated 
factor of Un, which is not a factor of Un-i, indicates 
contact with the line infinity in the direction determined 
by equating the factor to zero. 

(6) If £ be a factor in Un-i, the equation is of the fonu 

l^V+zlU+z'W=0, 

showing that there is a double point at Iz. There are 
therefore two lines through Iz to be determined, l+/jL^z = Oy 
Z+ 112^ = 0: and these are to be detenu ined so as to have 
three points in common with the curve. 

Thus the rules for determining asymptotes in Cartesians 
are : — 

(i.) Any non-repeated factor I of it^ Indicates an 
asymptote 1+ijl = 0; this ^o^iU pass throihgh the origin C, 
(i.e. At = 0) if I he a factor in xl,^^\. 

(ii.) Any repeated factor I of u„, if not a factor of t^n-i, 
indicates contact xoith infinity in the direction 1 = 0. 

(iii.) Any repeated factor I of Un, if o, fa^ctor of Un-i 
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indicates a double point at infinity in the direction 1=0; 
and there are tioo parallel asymptotes to be determined. 

Similarly a three-fold factor in Un is accounted for in dif- 
ferent ways according as it occurs or not in Un-i, Un-2] Mid 
in general the explanation is more easily seen when the 
equation is thrown into the homogeneous fonn. 

Diameters and Centre of a Conic, 

109. From a line and a conic a particular point is derived, 
viz., the pole of the line with respect to the conic. We have 
therefore to consider with respect to a conic a special point, 
the pole of the line infinity; and in connection with this, 
the polars of all points at infinity, these polars being 
concurrent in the special point. 

Let P be any point at infinity, and consider chords KK' 

?assing through P. If any such chord meet the polar of 
^ in P\ we know that KK' is harmonically divided in PP". 
Hence P being at infinity, KK' is bisected at P' ; that is, the 
hcas of the bisections of parallel chords is a straight litie, 
the polar of the point at infinity through which the chords 
pass. Any such line is called a diameter; and as diameters 
are the polars of points at infinity, that is of collinear points, 
all diameters are concurrent in R, the pole of the line 
infinity. Here two cases must be distinguished according 
as the line infinity (1) is, (2) is not, a tangent to the conic, 

(1) ii is on the line infinity; all diameters of a parabola 
are parallel. 

(2) ^ is at a finite distance; all diameters of an ellipse 
or hyperbola meet in a point li. The defining pix^peity 
of diameters shows that every chord through R is bisected 
there; the point U is called the centre of the conic. Thus 
the classification of conies based on their position with 
regard to the line infinity is exactly indicated by the 
terms central (ellipse and hyperbola) and non-central (para- 
bola). 

To determine the centre of a conic it is necessary simply to 
find the pole of the line infinity. If this line be 

comparison with the equation of the polar of x\ y\ z' with 
respect to the conic 

OX' + by'^ + cz- -f 2/2/2; + tijzx 4- Dixy = 0, 
viz., with 

a:(auj' + hy +yz) + y(lix' + by' +fz') + z(gx +fy + cz') = 0, 
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shows that the coordinates of the centre are given by the 
equations 

ax+hy+gz ^ hx + by+fz ^ g^fy^cz 

«o ^0 ^0 

hence the centre is uniquely determined. 

For the transition to Cartesians, the line infinity is z = 0, 

that is, 0.x+0.y+z = 0] 

hence ao = 0, 6o = ^i *^^ ^h® equations found become 

ax+hy+g=0, 

hx + hy+f=0, 

the ordinary Cartesian equations for the centre of a conic. 

110. The conjugate relation of points (or lines) leads to 
the theory of conjugate diameters. In the general theorem 
(§ 73) "if the polar of P pass through Q, the polar of Q 
passes through P,'* let P, Q oe at infinity ; their polars p, q 
become diameters intersecting in Ji; since j) passes through 
Q, it is the line RQ, and q is the line RP ; hence RP bisects 
chords parallel to RQ, and RQ bisects chords parallel to RP. 




Fio. 27. 



Thus the diameters are arranged in pairs of conjugate 
diameters (Fig. 27). Let j^ (^•^- ^Q) nieet the conic in 
Z, Z', then the tangents at Z, Z pass through P, that is, 
they are parallel k) the chords bi.sected. Thus all the 
ordinary properties of conjugate diameters follow from the 
theory of poles and polars. 

111. /2PQ is a self -conjugate triangle; hence taking it as 
triangle of reference, the conic is 

where 2; = is the line PQ, that is, the line infinity. The 
transition to Cartesians is therefore accomplished by writing 
z — \\ the equation becomes 
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hence the equation of a central conic referred to any pair 
of conjugate diameters as Cartesian axes is 

px^ + qy^ = constant. 

Now the two central conies, ellipse and hyperbola, are 
discriminated by means of the points at infinity ; these are 
given by 

= 0, px^ + qy^+rz^ = 0: 

that is, by pji?+qy^ = 0. 

They are therefore imaginary, that is, the conic is an ellipse, 
if p and q have the same sign ; and the conic is a hj^rbola if 
p and q have opposite signs. Hence by taking any pair of 
conjugate diameters of an ellipse as axes the equation is 
reduced to 

a form wliich shows that all diameters meet the ellipse in 
real points; and by taking any pair of conjugate diameters 
of a hyperbola as axes, the equation becomes 

showing that conjugate diameters meet the curve, one in real 
points, one in imaginary points. 

This reduction of the ecjuation, depending on the ix)int i?, 
is inapplicable to the parabola. But in this case taking for 
x = any tangent, and for y = i) the line joining the point of 
contact of this tangent to the point of contact of the line 
infinity (i.e. of 2^ = 0), the equation becomes 

y^ = kxz ; 

hence the Cartesian eijuation of the parabola, with any 
diameter and the tangent at its vertex as axes, is 

Examples. 

1. An imaginary conic can have real points in number 4, 2, 
orO. 

2. Write down the equation of 

(i.) an imaginary ellipse ; 
(ii.) an imaginary parabola : 
(iii.) an imaginary hyperbola. 

3. Determine the locus of the centre of a conic through 
four points (i.e. the centre-locus of a pencil of conies). 



THE LINE INFINITY. 109 

4. Determine the centre-locus of a range of conies. 

5. Show that to be given the centre of a conic amounts 
to two conditions. 

6. From the general condition for conjugate lines deduce 
the ordinary Cartesian condition for conjugate diameters, the 
centre being origin. 

7. Show that in the esse of a pencil of conies through four 
real points, two of the three sets must neceasarily be composed 
of hyperbolas. 

8. Show how (a) the three line-pairs, 

(b) the two parabolas, 
present themselves in the pencil whose fundamental points are 

(1) imaginary, 

(2) real ; noticing especially the case of the points forming 

a parallelogram. 




CHAPTER VII. 

METRIC PROPERTIES OF CURVES; THE CIRCULAR 

POINTS. 

T%oo Special Imaginary Points at Infinity. 

112. Before entering on the discussion of properties of 
curves that depend on the fundamental identical relation 
in line coordinates, the investigation of the significance of 
this relation referred to in § 29 must be given. 

In dealing with point coordinates it was found that 
although in general x, y, z are subject to a condition of 
inequality which in trilinears is 

003 + 6^+00 4=0, 

yet there are points not conditioned by this, viz., all points 
lying on a certain straight line. Similarly f, j;, f are 
subject to a condition of inequality which may be written 

f+';Hf^-2,;fcos^-2f^cos£-2fj7Cos(7=|=0; 

but certainly one line exists not conditioned by this, viz., 
aa; + />2/ + c2^ = 0, for which ^, >/, f=a, 6, c. 

Note. Using areala this line i.s .r+y+z=0, whence ^, iy, f=l, 1, 1, 
vahien which similarly do not Hatisfv the corresponding couditiou of 
inequality, 

a'-f- + l^rf + c^f 2 _ o^if, cos A.-qi" 2ca cos B.(^ - 2ab cos a$yj #= 0. 

Since then at any rate one line exists not subject to the 
ordinary condition, the course that naturally suggests itself 
is to consider all the lines that escape this condition ; that is, 
the lines whose coordinates make 

^2+^+^2_ 2i;f cos ^ - 2f^cos J5- 2^17 cos (7= 0. 

This equation being of the second degree, all the lines 
now considered form a particular system of the second 
class. But the expression on the left splits up into linear 
factors; the system therefore degenerates into two of the 
first class, and the envelope is a pair of points. Consequentl}' 
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the exceptional lines under consideration pass through one or 
other of two fixed points, a) = 0, a)' = 0, where o). cd' are the 
linear factors of the expression on the left. These factors 
being imaginary, the points are conjugate imaginary points; 
the line joining them is real, and its coordinates, being 
given by 

^ — cos (7 . >7 — cos J5 . f = , 

— cos(7.^+>7— cos-4.f=0, 

(see § 71, and Ex. 4, after § 74) are 

^: i; : f = sin A : sin B : sin C=a :b:c; 

the line is therefore ax + by + cz = 0, the special line at in- 
finity ; the two imaginary points o), cd' are at infinity. Since 
only one real line can pass through an imaginary point, 
all lines through w, w', other than the line infinity, are 
imaginary ; through any real point p two of these lines pass, 
viz., po), and pay ; and these are conjugate imaginary lines. 

Thus corresponding to the statement of § 27 relating to 
point coordinates, the conclusion here arrived at may be 
.stated as follows: — 

In general the coordinates of a line are subject to a 
quadratic inequality, 

^ + ^ + f2_2,;f cos ^ - 2f^C08 £-2^1; COS C =\= 0, 

but there are lines at vaidance ivith this condition ; these 
are the totality of lines passing through one or otliev of 
two fixed imaginary points at infinity ; through every point 
in the plane there pass two of these exceptional lines. 

Note. A remark analogous to that in the Note to § 27 may here 
be made ; but the result is better stated in a more {general form with 
reference to any quadratic expression in line coordinates, not necessarily 
a product of linear factors. If this expression be <f>, taking any line p 
at random, this does not touch the conic <f> ; that is, in general the 
coordinates of a line in the plane make <^4=0 ; but there are lines for 
which <^=0, viz., the totality of lines touching the conic <f>. The 
importance of this extension will appear in Cliapter XII. 

113. The coordinates of the two exceptional lines through 
any point p are obtained by combining the equations 

p = 0, that is, Xi+M + ^t-^^ 

and ^ + i;2 + f2_2i;fcOS^-2f^CO8ii~2^,7CO8 6'=0. 

Thus the two lines through G are obtained from the last 
equation combined with f=0; that is, from 

f=0, and ^2_2f,;cosC+i;2 = (1). 

Solving these, we have the coordinates of the lines; if 
however their equations be required, either one is ^+i;y = 0, 
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where ^, i;, are determined from (1); the equation of the 
two is therefore found by writing 

i:rf = y:-x in (1): 
hence it is 

x^+2xycoHG+y- = (2). 

As a special case, let (7 be a right angle; equation (2) 
becomes x^+y^^O, Hence in rectangular Cartesians, the 
lines joining the origin to w, w are x^+y^ = 0. 

If we attempt to treat these exceptional lines as ordinarj- 

lines, and I'egard them as having direction, we are led to 

a paradoxical result. The angle made by a line y = kx 

, k ~— iw. 

with y = inx being Q, the ordinary formula gives tan = ^ y-, — 

If now y = kx he one of the lines x^+y^ = 0, so that i=i, 
this becomes 

l+^7?i ^— m 

Thus m does not appear in the expression for tand. 

If we interpret this result without considering the mean- 
ing of the symbols, it is tan = constant ; that is, the excep- 
tional element makes the same angle with all lines; with 
reference to this interpretation of the result tan0 = i, the 
exceptional lines are called isotrojAc. Thus an isotropic 
line is any line through either of the points lo, a>\ 

But considering the meaning of the symbols, the question 
arises, Can we regard the angle as in any way defined 
by the equation tan0 = i? We shall not enter on the 
question here suggested, and shall avoid the necessity of 
this by refraining from associating the idea of direction 
with these lines, though the name isotropic will be used. 

Note. The meaning of this indeterminateuess appears in § 275. * 

114. By means of the expression 

2A(xi+yfj+zO 




(aaj + 62/ + c^X^H i;* + f ^ - 2,;^ cos i4 - 2f^ cos ii - 2^ COB (7)* 

for the distance from the point x, y, z to the line f, J7, f, 
it was proved in § 28 that the distance from any point 
to the special line infinity is a constant, infinite in value. 

Similarly the product of the distances to any line from 
the special points o). w is a constant, infinite in value. The 
point X, y, z being regarded as fixed, and the line ^, j;, f 
as variable, the factor 

2A _ 

{jiX-\-hy-\'CZ 
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in the above expression is a constant, k. Hence the distance 
from « to f, 17, f is 

y. ^ . 

(^+i;Hf*- 2i;f cos A - 2^^ cos B-^fi cos (7)* ' 

and the distance from ta to ^, >/, f is 



h'- 



w 



(^H J7H f 2 - 2i7^ cos ^ - 2f^ cas 5 - 2^^ cos 0)4 * 
The product of these distances is therefore 

'^^2^.^2^.f2_2,;^co8^-2f^cosi^-2^^casa* 

Now the linear expressions cd, w are by definition the 
factors of 

^+'7*+f*-2i;fcos'j-2f^cos 5-2^1; cos C; 

hence the numerator and denominator of the fraction in- 
volved in the expression just written are identically the 
same. The product of the distances is therefore kk\ which 
does not involve the coordinates of the variable line, and 
is therefore an absolute constant. It is infinite, for aj, y, z 
referring to cw, make iix+hy + cz = 0\ hence k is infinite, as 
also k\ 

Condition of Perpendicularity. 

115. The fact that there are two exceptional lines through 
any point shows that a pair of ordinary lines may have a 
special relation. For the ordinary lines and the excep- 
tional lines form two pairs; and these may be harmonic. 
Thus, for example, using rectangular Cartesians, the lines 
aa:^-|-2fcry + 6y*=0 are harmonic with regard to the isotropic 
lines through their intersection, x^+y^==Oy if (§ 47) a-hfc = 0; 
but this is the Cartesian condition of perpendicularity. 
We have used the conception of perpendicularity at intervals 
in the preceding pages, chiefly in illustrative examples, but 
have not hitherto formulated this conception, nor given 
any systematic discussion of properties dependent on it. 
It now however presents itself naturally as expressing the 
special relation that a pair of lines may hold with regard 
to the exceptional elements, and we are lead to the defini- 
tion : — 

Lines harrmmic with renjyect to the isotropic lines through 
their intersection are said to he perpendicular. 

Considering the pencil formed by these two pairs of 
lines as cut by the line infinity, this may be otherwise 
stated: — Lines that divide ww harmonically are perpen- 

&0. II 
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dicular. Or again, remembering that w, w present them- 
selves as a degenerate conic, and recalling the harmonic 
properties of conjugate points and lines (§ 78) : — Lines 
conjugate with regard to 

^2+^2^^_2i7fcosil-2f^co8 £-2^17 cos (7=0 

are said to be perpendicular. 

Hence the lines l^x + m^y + ifiiZ = 0, 

where the point coordinates are trilinears, that is, the lines 
l^y mj, Tij ; l^, m^, n^ ; are perpendicular if 

l^l^ + m^mj -H n^n^ — {m^n^ + rrion^) cos A 

— (n^l^ + rigii) cos B — {lim^ + l^^^i) cas C = 0. 

Ea:. Find the condition that two lines whose equations are given in 
areals be perpendicular. 

Relation of a Conic to the Special Points. 

116. Just as conies were differentiated by their relation 
to the line infinity, they may be further differentiated by 
their relation to o), w\ These being conjugate imaginary 
points, a real conic through one passes through the other 
also. The principal distinction is therefore that the conic 

(1) passes through o), w'; 

(2) does not pass through 10, to ; 

but since there are two pairs of points at infinity to be 
considered (viz., o), o)', and the intersections of the line 
infinity and the conic) taking into account the special rela- 
tion that may be held by these two pairs, we have to 
consider that the conic may divide coco harmonically. 

The Circle, 

117. Since the points 10, co' are imaginary, a conic through 
0), CO is an ellipse, by the broad claasitication of § 103. It is 
a special ellipse, and we are now considering sub-divisiona 
Any conic through o), co' has a line equation of the form 

p^ = Jccoco\ 

where p = is the pole of the line cow (that is, the line in- 
finity), and is therefore the centre of the conic. Substitut- 
ing for p, coco' their expressions in terms of ^, ^, f this becomes 

Here /, g, h are the point coordinates of the centre p ; the 
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equation can be made homogeneous in /, g, h by means of 
the identical relation 

it is then 

^^X/e+grf+Hf __, 

Writing r^ for k, this expresses that the distance from the 

e>int /, gr, h to the line f, i;, f is coiLstant ami equal to r. 
ence the conic through o), co' is characterized by the pro- 
perty that all its tangents are at the same distance r from 
the centre. It is therefore a circle ; and the conclusion is : — 
Every conic through coy to is a circle; and the work being 
reversible: — Every circle is a conic through w, ta. The line 
equation of a circle with centre p = 0, radius ?', is therefore 

p^ = r^uxa. 

Two special cases suggest themselves : — 

(i.) Let r be indefinitely small ; the equation reduces to 
p^ = {); that is, the indefinitely small circle regarded as an 
envelope of the second class is simply the point p counted 
twice; it has therefore no particular bearing on tlrfe present 
invastiration. 

(ii.) Let r be indefinitely great ; the equation reduces to 
(aw' = 0] that is, the infinitely great circle regarded as an 
envelope breaks up into a pair of imaginary points at in- 
finity. Hence the degenerate envelope 

^Hi;Hf2-2i7fcos^-2f^cos£-2^i7Cos(7=0 

may be regarded as a circle of infinite radius. 

118. The points w, co' which have now been shown to lie 
on every circle are called the circular points, and the iso- 
tropic fines are often called circular lines. The circular 
points are frequently referred to as /, J. 

To be told that a conic is a circle amounts therefore to 
two conditions ; for two points on the conic are given. Hence, 
as in § 83, three points determine a circle uniquely ; three 
tangents determine the circle as one of four. 

'file form of the line equation 

.shows that po), pocf are tangents at «, w\ Hence concentric 
circles, p^=^hjm\ p^==k'(aa)\ 

have double contact at infinity (viz. at lo, a/), 

119. The trilinear coordinates of w, to are at once found 
from their equations. Writing 

(^+f^+^^-2fj^coaA-mcoaB--2^^cosC 
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in the fonii ( — ^+ jy cos C+ f cas By + (jy sin (7— f sin J?)*, 
these equations are seen to be 

— ^+iy(cas C+i sin (7) + f(cas B—i sin J?) = 0, 

— ^+ j;(cos (7 — i sin (7) + ^cos 5 + i sin J5) = ; 

that is, -i+fje'^ +f«"**=0, 

«£+^e-*^+fe»^ =0; 
hence the coordinates of the circular points are 

(-1, e'c^ 6--^), (-1, e-^, e*«), 
which may also be written in either of the forms 

(6-^, -1, e*^), (6'^, -1,6-'^); 
(e»^ c-»^, -1), (c-^^ e»^, -1). 

120. From the fact that all circles pass through the same 
two points at infinity, it follows that the equation of a circle 
in point coordinates is of a special form. Let s = be the line 
infinity, and let 8=0 be any one circle; any conic through 
the intersections of 8 and a has an equation of the form 

where v is linear ; hence the equation of any circle is 

S+8V = 0, 

where fif=0 is any particular circle. Thus all that is neces- 
sary is to find the equation of some one circle ; for example, 
the circumscribing circle. 

Any conic through -4 , jB, (7 is 

fyz+gzx+hxy=0., 

this is a circle if it pass through the points o», u>\ whose 
coordinates were found in the last section. Writing the 
equation in the form 

X y z 
these conditions give 

-f+ge-'^+Iie^'' =0, 

therefore g(e'^ — e- *^) = h(e*^ —e~ **j, 

that is, g sin C=h sin B; 

whence f:g:h = HmA : sin 2?: sin (7=rt:6:c, 

and the equation in trilinears of the circumscribing circle is 

ayz+bzx+cxy=0; 
giving, for the equation of any circle, 

ayz + bzx + vxy + {ax +hy + cz)(lx + my + 7i«) = 0. 
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121. All these results can be obtained by point coordinates. The 
equation of the circumscribing circle can be found by means of the 

Property that the angle in a semicircle is a right angle. Drawing 
U', CA' perpendicular to BAy CA, their intersection A' is on the circle ; 
the coordinates of A' are connected by the relations 

-a=yco8 5, -a=/? cos C (from Fig. 28), 

and are therefore —1, --^ -. 

cos 6 cos B 

The circumscribing conic 

that is, 

X y z 

goes through A' if -f-^g cos C+ A cos j?=0, 

and through B if /cos C-g+h cos ^ =0. 

These give f : g : h=9,m A : sin ^ : sin C= a : 6 : c, 

and the trilinear e<iuation of the circumscribing circle is 

ayz-\-bzx-\-cxy—0. 



•^+2+*=0, 





Fio. 28. 



Fio. 21). 



122. To find the equation of any circle, describe in it a triangle having 




sides of the second triangle be a', b\ c\ then a':a = 6':6 = c/:c=A:l. 
Let X, V, z denote coordinates (actual rierpendiculars) referred to ABC ; 
y,y, /coordinates referred to A'BC (Fig. 29). 
The equation of the circle through A'BC is 

ay2f + b'2^x' + c\xfy'=0y 
that is, dividing by X, 

ay^z' + hz'x' + cx^y' = 0. 

Now OB = XOB; therefore A' = M, and the distance from BC to BC, 

i.e. A - A', is A(l - A). Hence 

x^ = z-h{\ -X) = x-fihy 

y' = y-^-(l-X) = y-/iX-, 
2f = z -/(I - \) = z - filj where /x=l - A. 
Making these substitutions, the equation of the circle A'BC* becomes 

«(y - M)(^ -f^) + H- - f^)(^' - M) + c(« - M)(y - M') =^ o> 

that is, 
€yf2+6zr+ca:y-;i{a(;y4-ifrz)+K^+ijr)+(<X.r4-%)}+/xW^+&^+c^^ 
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which niay be written 

ayz + bzz + cxy = fiL^ + yfi L^, 

where the suffixes of the Z's denote the degree in the coordinates. 
Making this equation homogeneous by means of the unit multiplier 

ax+hy+cz 

x^ y, z are no longer restricted to be actual perpendiculars ; they are 
now proportioned to the perpendiculars, that is, they are general trilinear 
coordinates, and the trilinear equation of any circle is 

ayz + hzx 4- cxy = M^s + M^^ 

that is, ayz + hzx + cxy = « x a linear expression, 

which may be written 

oyr + fo.r + cry + (flw; + 6^ + csX^ + my + 712) = 0. 

This form of the equation shows that all circles meet infinity in the 
same two points, viz., those given by 

a^+6y+c2=0, 

ayz-\-hzx-\-cxy—^. 

Solving these equations, the points are found to be (- 1, c'*', «'**), 
(-1, c-*^, c**) as before. 

123. Comparing with this result that obtained in rectangular Car- 
tesians, viz., that any circle is 

it is seen that this amounts to 

where ^=0 is the line infinity. Hence the result is the same ; all circles 
have two points in common at infinity, and the lines joining the origin to 
these points are 

ar*+y2^0. 

124. Since the equations of any two circles can be thrown 
into the form 

one of the three line-pairs determined by their four inter- 
sections is 8V = 0; s = joins cd, o/, hence v = joins the finite 
intersections a-, cr\ these being real or else conjugate imaginary 

Eoints. The line v is certainly real, hence any two circles 
ave a real chord of intersection which is distinct from the 
line infinity unless the circles are concentric. This real line 
V is called the radical axis of the circles. 

In a pencil of conies determined by two circles, since all 
the conies pass through o), a)', all are circles; and since all 
pass through cr, tr', the line v is the radical axis for every 
pair of circles in the pencil; on this account the circles 
are called coaxal. The properties of a coaxal system are 
at once derived from the investigation in §§ 79-82 on pencils 
of conies. There is a common self-conjugate triangle of 

hich one vertex, ^, is at at;, and therefore at infinity. The 
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line BCy being the polar of A with respect to every circle, 
is a diameter of every circle ; the centres of the circles of the 
pencil are consequently collinear ; and the haniionic properties 
of the complete quadrangle a-tr cow' show that this line of 
centres, 5(7, oisects a-a (§ 39), and is perpendicular to o-tr' (S 1 1 5) ; 
this line BC is in any case real (§ 51). If o-or' be real, the 
points B, C are imaginary; but if arc/ be imaginary, the 
pencil is as represented in Fig. 24 (6), but with the conies 
all circles; the points jB, C are real, and the circles are in 
two nests about jB, C. Now the line-pair i^o), Bw' is a conic 
of the pencil, and is a circle; but it is a degenerate circle; 
being degenerate in point coordinates, it must be regarded 
as an infinitely small circle (compare §§48, 117); it is the 
innermost circle of the nest about jB; similarly the nest 
about C is limited by the degenerate circle Cw, Gw. These 
two points By C, which are the limits of the system, are 
called the liviiting points. (Poncelet. See Salmon's Conic 
Sections, ^ 109-112.) Since they are vertices of the self- 
conjugate triangle, the polar of B with regard to any circle 
of the system is CA, and the polar of G* is ^J5; since A 
is at infinity on the radical axis v, this may be stated: — 
The polar of either limiting point with respect to any circle 
of the system is a line through the other limiting point, 
parallel to the radical axis. 

2^he Rectangular Hyperbola. 

125. Let the points in which the conic meets infinity be 
harmonic with respect to w, w \ the conic, if real, is a 
hyperbola. For the lines joining C to w, w are, by § 113, 

x^+^xy cos C-h 2/^ = ; 

let the lines joining C to the points at infinity on the conic be 

aa?+ihxy + hy'^ = 0\ 

these pairs are barmonic if 

a+6-2AcosC=0, 
that is, if 4^2 cos2C= (a + hf, 

which gives Mh? - ah) = ^h? sin^C + (a - 6)^, 

hence a, 6, h being real, h^ — ab is positive, and the points 
at infinity on the conic are real. The conic is therefore a 
hyperbola; its asymptotes divide ww harmonically, and are 
therefore at right angles, in consequence of which the curve 
is called a rectangular hyperbola. 

To be told that a conic is a rectangular hyperbola is to 
be given one condition; for one pair of conjugate points. 
w, « , is given. 
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126. In general, the condition for a rectangular hyperbola 
is found by expressing that the lines joining any point to 
the points at infinity on the conic are at right angles. 

For example, the coordinates being trilinears, 

is a rectangular hyperbola if 

f+g+h^O. 

For the line infinity is (ix+by + cz = 0; the elimination of 
z gives the lines joining G to the points in which the conic 
cuts the line infinity. Expressing that these lines 

x\c^f+ a% + 2xyabh + y\c^g + h^k) = 

are harmonic with respect to 

ic2+2a;2/ cos (7+2^2=0, 

the condition is found to be 

cV+ aVi + c^g + hVi - 2ahh cos C = 0, 
that is, /+ gr + A = 0. 

Hence any conic through the intersections of two rect- 
angular hyperbolas is a rectangular hyperbola. For taking 
the common self-conjugate triangle as triangle of reference, 
the given hyperbolas are 

S'^fx^+gy+Kz'^O, 
with the conditions 

Hence for the general conic of the pencil, 
the sum of the coefficients, which is 

W+9+^^)+W+g+h;), =0. 

In this pencil of conies three line-pairs are included; and 
since all the conies of the pencil are rectangular hyperbolas, 
each pair must be composed of lines at right angles. Hence 
calling the four points P, Q, R, S, it is seen that 

PQ is pei-pendicular to RS, 
PR is pei-pendicular to QS, 
PS is perpendicular to QR, (Fig. 30); 

considering the triangle PQR, this shows that lines through 
the vertices perpendicular to the oppasite sides are concurrent 
in S ; S is the oiihocentre of the triangle PQR ; and similarly 
any other of the four points is the orthocentre of the triangle 
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formed by the remaining three. Here we have proved two 
theorems : — 

(i.) The lines through the vertices of a triangle perpendic- 
ular to the opposite sides are concurrent ; 

(ii.) If a rectangular hyperbola circumscribe a triangle, it 
passes through the orthocentre. 

127. The centre locus for any pencil is known to be a conic ; 
if the pencil be the one just considered, this conic is of special 
interest. 

The line infinity is ax + by+cz = 0. The pole of this with 
respect to 

, fx ay hz 

IS given by •'-=^y^=— . 

Now/+gr+A = 0, hence the locus of the pole is 

X y z 
that is, ayz + hzx + cxy = 0, 

which is the circle circumscribing the triangle of reference. 
Fig. 30 shows that the three points A, B,G are the " centres " 
for the three line-pairs PQ, RS ; PR, QS ; PS, QR. Let the 
circle cut PQ again in A\ Since some particular conic of the 
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Eencil has A' for its centre, A' must bisect PQ ; similarly the 
isections of the remaining five segments, R, C on PR, QR ; 
A\ Pr, C on SR, SQ, SP, lie on the circle. Stating these 
relations with reference to the triangle PQR, we have the 
two theorems : — 

(i.) The bisections of the sides of a triangle, the feet of the 
perpendiculars from the vertices, and the bisections of the 
lines joining the veraces to the orthocentre (nine points in 
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all) He on a circle, called the Nine Points Circle (n.p.c.) of 
the triangle ; 

(ii.) If a rectan^lar hyperbola circumscribe a triangle, the 
locus of its centre is the N.P.c. 

yote. All these theorems relate properly not to a triangle PQRj but to 
a ])articular coiifigiiratiou of four points J'QRS, which may be called an 
ortliocentric quadrangle ; this is determined by two pairs of perpendicu- 
lar lines. The theorems may be stated with reference to any one of the 
four triangles determined by the four ix)intH. 

1 28. The equation of the N.P.c. of the triangle of reference 
is at once found from the fact that it passes through the 

bisections of the sides. These in triKnears are f 0, r^, -J etc., 

hence the circle being 

{Ix + viy + nzXax + 63/ + cz) — ^ayz + hzx + cxy) = 0, 
ly iriy n iimst satisfy 

therefore the equations for I, m, 01 are 

mca+n(ib = a^y 
Ibc +nab = b'^, 

Ibc+mca =c*; 

these give I, rti, n = coHA, cosB, cosC, and the N.P.c. is 

{X cos ^ +y cos B+z cos G)(ax+by+cz)-'2{ayz+bzx+cxy)=0, 

that is, 

(x cos A+y cos B+z cos C)(x sin ^ + ^ sin jB+0 sin (7) 

— 2(yz sin A+zxsmB+ xy sin C) = 0. 

Foci. 

129. Having found that there are cei-tain exceptional lines, 
a (juestion naturally presents itself with regard to any line 
system, viz.. What exceptional lines are included in the 
system i A curve being given, this regarded as an envelope 
gives a singly infinite system of lines : we have to determine 
how many of these are isotropic, and how they ai*e situated. 

The class of the curve being 7? , there are n tangents from w 
and n from w : these are all imaginary, but they are in conju- 
gate pairs, and have therefore n real intersections, 7?^ii — 1) 
imaginary intei'sections. Though these exceptional line ele- 
ments belonging to the system cannot be directly represented 
in the diagram, being imaginary, yet they can be exactly 
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indicated by means of their real intersections. Similarly the 
exceptional point elements of a curve cannot be marked on 
the diagram, for being at infinity they are beyond the limits ; 
but they can be indicated by means of the asymptotes. The 
points thus used to mark the exceptional line elements be- 
longing to a system are called foci ; in general a focus of a 
curve 18 the intersection of an ta-tangent and an w' -tangent ; 
that is, of two isotropic tangents (Pliicker). It is not neces- 
sary that the tangents be conjugate, the name focus is 
properly applied to the n(n— 1) imaginary intersections as 
well as to the n real intersections ; but practically the former 
are very rarely taken into account (^131, 270). 

130. Let the curve be a conic ; the four isotropic tangents 
determine a complete quadrilateral. This has one pair oi real 
vertices, p, p', and two pairs of conjugate imaginary vertices, 
(T, cTj «, 0)'. The lines pp\ crcr, cow' are real, and form a self- 
conjugate triangle ; the intersection of pp , (t(t\ is conse- 
quently the pole of coco', that is, is the centre of the conic, 
and pp\ (T(T are conjugate diameters. The harmonic pro- 
perties of the complete quadrilateral show that />/>', (t(t divide 
coco' harmonically, and are therefore at right angles ; hence the 
conic has a pair of conjugate diameters at right angles ; these 
are coiled the axes, 

Sote, If the conic be a parabola, the conception of conjugate dia- 
metei*8 is not applicable ; if it be a circle, every pair of conjugate 
diameters is harmonic with respect to oxu", and therefore at right aiigles ; 
hence any pair of conjugate diameters may be regarded as axes. These 
two conies are excluded from the present discussion. 

The real foci, /}, p\ are on one axis, and the harmonic pro- 
perties of the quadrilateral show that pp' is bisected at ; the 
imaginary foci o-, cr' are on the other axis, and a-cr is bisected 
at 0. 

The conception of foci here presented agrees with the 
definition adopted in Cartesians. For the Cartesian equation 
of the locus of a point P whose distance from a fixed point, 
the origin, is in a constant ratio to its distance from a fixed 
line, 

lx + my + n = Oj 

is x^ + y^ = k{lx + my -\- n)^ '• 

but this simply expresses that the isotropic lines x±iy = are 
tangents, and that lx+my + n = is their chord of contact. 
Adopting the general definition of a focus given in § 12 J), the 
directrix is defined for a conic as the polar of a focus, and the 
Cartesian equation follows at once. 
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131. A curve of class n has ordinarily 71^ foci, of which n 
are real. If the curve be circular, that is, if it pass through 
(0, 0)', the tangent at either of these points takes the place of 
two of the tangents from the point ; hence four foci, two real 
and two imaginary, coincide to form what is properly a 
quadruple focus, though it is frequently called a double focus, 
being the repi'esentative of two real foci. Thus a circle has 
no focus distinct from its centre. 

Again, if the curve have a parabolw branch, that is, a 
branch having contact with the line infinity, the number of 
foci is affected. Let the point of contact be t; the line 
infinity counts as an w-tangent and as an co'-tangent, whose 
intersection is at t ; thus one of the intersections of conjugate 
isotropic tangents is at t. Also a certain number of the 
intersections of non-conjugate isotropic tangents are now at 
ft), w'. For the line infinity, qui «)'-tangent, meets the -u — 1 
remaining ft)-tangents at «>. Thus the foci ordinarily enumer- 
ated as n real, 7i(7i— 1) imaginary are now ti— 1 real; one 
real at t; 2(ri — 1) imaginary at ft), ft)', (n — 2)(7i — 1) imaginary 
not at ft), ft)'. The four foci of a conic, for instance, when the 
conic becomes a parabola, are 

one real, in the finite part of the plane ; 

one real, the point of contact with infinity ; 

two imaginary, one each at ft), w (not counted as foci). 

There is here a difference of opinion as to the number of 
foci to be counted. The foci are to be distinct from ft), w, that 
is agreed ; but the divergence of opinion is as to the way of 
regarding those that come at infinity, but not at co, ft)'. Has 
the parabola one focus, or has it tivo foci, one being at in- 
finity? Either view expresses the truth, when properly 
understood. Professor Cayley's view is that only those iso- 
tropic tangents are to be taken into account that are distinct 
from the Tine infinity ; hence if there be contact with the line 
infinity, there are n — l pairs of conjugate isotropic tangents 
to be considered, giving (n — 1)^ foci, of which n — l are real. 
Adopting this view, the parabola has only one focus. A 
higher degree of specialization in the relation of the curve to 
the line infinity or to the circular points interferes still 
further with the number of foci. (Salmon, Higher Plane 
Curves, ^ISH). 

132. The line e([uation of a conic touching the lines pa>, pw, 
/>'ft), />V is known to be 

pp' = ift)ft)' ; 

this is therefore the equation of a conic having p, p' aa foci. 
Recalling the significance of an expression p, linear in ^, j;, f 
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(viz., a multiple of the distance from the point p = to the 
line ^, tj, f ), and bearing in mind that mo is a constant, we see 
that this equation simply states a theorem : — 

The product of the perpendiculars from the foci of a conic 
to any tangent is constant. 

133. PlUcker's conception of foci affords simple proofs of the focal 
properties of couics, reducing these to depend on poles and polars. 

Ex. 1. Let F, T he conjugate points. /T, FZ, TP tangents ; then 
by poles and polars (Fig. 31 (a)), FT^ FP are harmonic with respect 
to FY, FZ. Referring this to Fig. 31 (^>),.let Z' be a focus, then FY, FZ 





Fio. 81. 

are the isotropic lines through F\ FT, FP, harmonic with respect to 
these are therefore perpendicular. The line TYZ is the polar of F, 
therefore in (6) it is tne directrix ; and the theorem becomes : — 

The part of a tangent between the point of contact and the directrix 
Bubtenos a right angle at the focus. 

Ex. 2. Let the polars of two points F^ T meet in L, then FJ^ is the 
TOlar of L (Fig. 32) ; FT, FL are harmonic with respect to FY, FZ. 
Placing /* at a focus, T at infinity, the line YZL is the directrix, and 




the polar of T becomes the diameter bisecting chords through T, i.e. 
bisecting chords parallel to FT ; FT, FL become perpendicular Tinea. 

Hence the locus of the bisections of parallel chords of a conic is a 
straight Hue meeting the directrix where it is met by a line through the 
focus perpendicular to the chords. 

134. To be given a focus of a conic is a double condition, 
for two tangents are given. Hence the two foci amount 
to four simple conditions, and one point or tangent deter- 
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mines the conic ; one point determines the conic as one 
of two, one tangent determines it uniquely. A system of 
conies with the same foci, that is, a system of confocals, Is 
what was called in g 61 a range; the conies are all in the 
same imaginary quadrilateral. The investigation of ^ 79-82 
applies, hence confocals fall into two " nests " ; no two 
members of a set have any real intersections (Fig. 25 (5) ), 
but two from different sets have four real intersections. 
All the members of a set meet the line tjiioii in points of 
the same nature, and the nature is different for the two 
sets; that is, all of one set are ellipses, and all of the 
other set are hyperbolas. Hence given the foci, through 
any point two conies can be drawn, an ellipse and a 
hyperbola; and in connection with Desargues' Theorem it 
will be shown that these are orthogonal (§ 184). 

135. Ex. If the centre of the inscribed conic describe a fixed line, 
the foci describe a cubic circumscribing the triangle of reference. 

Using trilinears and the associated line system, the line equation of 
an inscribed conic is 

M+5rf^ + /t^'?=0 (1). 

The pole with re8i)ect to this of the line ax-{-hy-{-cz=0^ that is, of a, 6, c, is 

that is, gc-\-hbf ha-\-fc^ fb+ga. 

Writing the equation of the straight line described by the centre in 
the form 

IcLv + mb^ + ncz = 0, 

the substitution of the coordinates just found gives the condition 

la{g€ + A6) + mb{ha +fc) + nc(fb -\-ga) = 0, 

that is, /(w + w) + ?(w + + -(^ + m) = 0, 

a c 

which may be written 

fl'Jfgm'Jfhn'^O (2). 

If a jMiir of foci be py p\ the line equation of the conic is 

iioa =hpp\ 

which, if p = A^ + ft7; + vf, ^' = V^ + ^'^4.v'f, is 

^- + r + f^-2>;fcosvl-2f^cos5-2^7yco8C-(A^+ftiy + vf)(A'^+fi'i? + v'0=0. 

Comparing this with (1), which is the known line equation for the 
conic, we find 

AA' = 1, /ift'=l, vv'=l; 

that is, if one focus of the inscribed conic be A,, /a, v, the other is 

111. 



s 



and ' 



A' 

- + - + 2 cos il =/, etc. ; 
1' /x y> » 
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therefore, taking x^ y, z for either focus, 

/•/T • A__y*+2y2«)s^+0^ . z^+2zxcosB-\-x^ . Ji^ -\-2xi/ cos C -^v^ 

y • y • '* — — — • • ' ) 

1/z zx xy 

whence 

/: g : A=:r(y*+2y^co8 A'\-z^) :y(2* + a^orcos^+^r*) : «(ar2 + 2jry cos C^y^\ 

It has been found that /, .9, h satisfy a linear relation (2) ; hence 
substituting these values for f^ g^ A, the locus of any focus of the conic 
(that is, the locus of the foci) is found to be 

Vxi^y^-k- 2yzcoaA+3F)+m'y{z^'k'2zxQos B+ji^) + 'n!z{x'^-\-2xy cos C+y'^) = Oy 

a cubic circumscribing the triangle of reference. 



Examples. 

1. Find (a) the point equation, {h) the line equation, of the 
circle with respect to which the triangle of reference is 
self-conjugate. 

2. Hence show that the point equation of every circle can 
be thrown into the form 

a? sin 24 + y^ sin 2B+z^ sin 2C 

+(a3 sin A+y sin B+z sin G)(lx-\'7)iy + nz) = 0. 

3. Show that the equation of the n.p.c:. can be written 

;r2 sin 2il +y2sin 2^+2* sin 2(7— 2(2/3: sin il+s^a; sin 5+aJ2/sin (7) = 0. 

4. Find the line equation and the point equation of the 
inscribed circle. 

5. Find the line equation of the circumscribing circle. 

6. Show that the n.p.c, the circumscribing circle, and the 
circle with respect to which the triangle of reference is self- 
conjugate, have a common radical axis. 

7. The three radical axes of three circles taken in pairs 
are concurrent. 

8. The polars of a fixed point with regard to a coaxal 
system are concurrent. 

How are the poles of a fixed line arranged ? 

9. State with regard to a confocal system the results 
corresponding to those in Ex. 8. 

10. Every conic that passes through all the foci of a 
conic is a rectangular hyperbola. 

11. Show how to determine the foci of a conic in trilineai-s. 

12. What sort of (a) pencil, (6) range, is detennined by 
two conies, these being both 

(1) circles, (2) parabolas, (3) rectangular hyperbolas ? 
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13. How many (1) circles, (2) parabolas, (3) rectangular 
hyperbolas, must be contained in 

(a) a pencil, (6) a range ? 

What is the effect, in every case, of there being vim'e than 
this neceasary number ? 

14. If the circle circumscribing the triangle formed by 
three tangents to a conic pass through a focus, the conic 
is a parabola. 

1 5. Find the equation of the line infinity if the quadrangle 
1, ±1, ±1, be orthocentric. Also the equation if/, ±g, ±A, 
be orthocentric. 

IG. Find the envelope of the asymptotes of a rectangular 
hyperbola through three fixed points. 




CHAPTER VIII. 

UNICURSAL CURVES. TRACING OF CURVES. 

136. The parametric expression of the coordinates of a 
point on a curve depends on the fact that considering 
the points of the curve as elements, the curve itself as the 
space, we are dealing with one-dimensional space, this being 
selected out of the general two-dimensional space, the plane ; 
that is, the statement that the point lies on the curve de- 
stroys one degree of freedom. Thus for example in polar 
coordinates, r being given, the point is restricted to lie on 
a certain circle whose centre is the origin; it is limited to 
this one-dimensional space ; and its position in this space is 
determined by one more coordinate, for example, the vec- 
torial angle Q. 

Thus the two general independent coordinates of a point 
are involved in the two statements " the point lies on a 
certain curve," "the point has a particular position on this 
curve " ; hence the homogeneous coordinates x, y, z and 
these implied coordinates must be expressible in terms of 
one another. Must he expressible ; that is, theoretically ; 
the two sets of quantities depend on one another, but it 
does not follow that this dependence can be actually 
expressed with any convenience or simplicity. 

137. Now suppose that a*, y, z are expressed in terms 
of the implied coordinates <f>, ^, where = constant limits 
the point to lie on the particular curve, and [j. determines 
its position on that curve ; e.g. taking the above example, 

a; = r cos 0, 2/ = ?'sin0, 

r^a limits the point to lie on a particular circle. If then 
the point be limited to a circle of radius a, whose centre is 
the origin, the coordinates of the point are 

ic = acos 0, 7/ = asin Q\ 
they are expressed in terms of 0, the one coordinate required 

S.O. I 
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in the one-dimensional space to which the point is limited ; 
the constraint by which the point is kept to the curve is 
exhibited by the form of the expressions of x, y in terms 
of ft 

In the more general case, the relations being 

so long BA if>, JUL are susceptible of any arbitrary values, 
the point has two degrees of freedom, it can range all over 
the plane. But if a constant value, a, be given to 0, one 
degree of freedom is destroyed, the point is confined to the 
curve = a, its position on that curve is determined by 
the one coordinate /jl; thus the two coordinates of the 
point are involved in the form of the expressions for the 
coordinates, and the value of the parameter fj. ; 

x:y:z =-fi(fi) : fM : fM- 

The elimination of fi from these equations leaves the 
position of the point on the curve undetermined, but does 
not interfere with the fact that the point is on the curve; 
that is, the elimination of /m gives the equation of the 
curve. Thus, for example, the elimination of 6 from the 
equations a; = acos0, y = a sin 6, gives x^+y^ = a^, the equa- 
tion of the circle to which the point is confined by the 
form of the expressions for x, y in terms of 6. 

Unicursal Curves. 

138. We now consider exclusively the case when /^ /g, f^ 
are rational integral algebraic expressions in fi. Let the 
degree be not greater than n; then 

or writing these in the homogeneous form, 

We thus discriminate a special family of curves, charac- 
terized by the property that the coordinates of any point 
can be expressed rationally in terms of a single parameter 
/JL ; any such curve is said to be unicursal. Similarly a 
curve may be unicursal quk envelope. (Compare §140). 

In considering the intersections of two curves, one of 
which is unicursal, the method explained in § 90 is appli- 
cable ; Xy y, z for a point on the one curve are expressed 
in terms of ^i; for a point on the other curve they are 
connected by an equation F,„{Xy y, z) = 0. Combining these 
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two, the intersections are determined by means of the 
values of ij. given by an equation of degree mn. 

The order of the unieursal curve is at once determined 
by means of an arbitrary line 

fx+gy+hz = 0. 
The equation giving the values of [j. at the common points is 

which is of degree n. Hence an arbitrary line meets the 
curve in precisely n points, and the locus is of order n. 

Similarly if the coordinates of a line, and therefore also 
the equation of the line, involve an indeterminate /x, this 
entering in the w'** degree, the envelope is of class n, and 
is, by definition, unieursal. 

The converse does not hold; it is not true in general 
that the coordinates of a point on a curve of order n are 
algebraic expressions of degree n in a single variable. We 
shall prove (§§ 14-1, 142) that for ti = l or 2 the curve is 
unieursal; a single example will show that the general n-ic 
is not unieursal. 

139. One property of unieursal curves is at once apparent; 
all the real points of any such curve are arranged in a 
single series. 

For the two independent coordinates x:y:z being rational 
integral algebraic functions of )u, we obtain all points by 
giving [J. all vaJuas. Now a^, a^, etc. being real, a(j/x'*+ ... +an 
etc. cannot be imaginary for a real ix\ consequently the 
real )u s from through x to give a series of points, 
ending where it began, that is, a single circuit. This may 
pass through infinity, but that does not interfere with the 
continuous description of the circuit by a point. Thus for 
example an ellipse or a hyperbola equally consists of a 
single circuit. As to imaginary ^'s, aQij,^+,..-\-an may 
possibly assume a real value for fi = a+^it but then it 
assumes the same value for fi^a — ^i] now there can only 
be a finite number of such pairs of values fi = a±/3i that 
will make x:y :z real, and these will exist only under 
certain conditions ; that is, there may be a finite number of 
real intersections of imaginary branches; these are simply 
isolated points (acnodes, conjugate points) that cannot be 
included in the description of the curve by a real tracing 
point. Hence the unieursal curve consists of a single cir- 
cuit: it is unipartite. 

Note. If any of the coefficients Oq, a^, etc. be imaginary, real values 
of x'.y.t can be given only by special imaginary values of fx ; the curve 
ooDflists entirely of a finite number of isolated points. 
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Now the cubic — x^+a; — 2/^ = 0, which can easily be drawn 
by points obtained by taking a sufficient number of arbitrary 
values for x, is seen to consist of two parts, one included 
between ic— 1 = and aj = 0, the other between a;+l=0 and 
infinity ; it is bipartite, and hence it is not unicursal. 
Thus the statement of § 138 that the general w-ic is not 
unicursal is proved. 

But further, a unipartite curve is not necessarily unicursal 
The truth of this statement is made evident by a comparison 
of the cubic a^^+o; — 2/^ = (which, drawn by points, is at 
once seen to be unipartite) with the cubic — or +a; — 3/^ = 0, 
just discussed and shown not to be unicursal. Writing in 
the homogeneous form, the two cubics to be compared are 

If Qi?'\-xz^—yH=^^ were unicursal, there would be expres- 
sions for 03, 2/i z of the form 

y = 6o)ti« + 6,Xm2 + fe^XV + 6s^' ^U 
^ = ^oM* + ^i^M^ + CgX V + CgX* =/» ; 
and the elimination of X, m fix)m these would give the result 

This is a purely algebraic statement as to the expreasibility 
of certain connected quantities in a certain form, and has 
no concern with the reality or otherwise of the quantities 
involved. Hence writing a?', sjiy', iz' for x, y, z, we see that 
the elimination of X, ix from 

would give x'^+x'(:izy"'{s/iyy{iz') = 0, 

that is - x^ + a; V2 - j/ V = 0, 

and thus the coordinates of a point on the curve — a^^+a; — 2/^ = 
would be rational integral algebraic expressions involving a 
single parameter )u : X ; this cui*ve would therefore be uni- 
cursal. But it has been shown to be bipartite, and therefore 
not unicursal ; hence the curve 

though unipartite, is not unicursal. 

The term unipartite has reference simply to the appearance 
of the curve, and relates to the distinction between real and 
imaginary; the term unicursal relates to the algebraic law 
of being of the curve, and does not refer to the distinction 
between real and imaginary; there is this much connection 
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between the two, that if the unicursal curve have any real 
part other than isolated points (p. 181), it is composed of a 
single circuit ; the unicursal curve is unipartite. 

14pO. If a curve be unicursal qui locus, it is also imicursal 
qui envelope. For the coordinates of a point are given by 

and an adjacent point is 

Hence the line joining the two is 

X 

/i 



y 

fi + S/JL.fi 



that is, 



z 
= 0, 



= 0, 



X y z 

f\ Ji /a 
/i /2 /s 
and the coordinates of the tangent are therefore 

that is, they are rational integral algebraic expressions in 
/x, and the curve, qui envelope, is unicursal. 

Ex. Show that the degree to which /i occurs in the coordinates of the 
tangeut cannot exceed 2(w - 1), and may fall short of this number ; and 
that hence the class of a unicursal curve of order m is not greater than 
2(m - 1 ), and the order of a imicursal curve of class n is not greater than 
2(n-l). 

141. Special examples of these principles are familiar. The 
point /i+i/g, Qi+kg^, h^+kh^ lies on the line 

X y z =0; 

/i /7i K 
h 92 K 
the line/i+i/j, flfi + %2' fh'^^K Passes through the point 

^ ^ f =0; 

/i 9i K 

h di K 

the line u+A;i; = 0, that is 

passes through the point i^ = 0, t; = 0. 

Moreover, the coordinates of any point on the line joining 
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^v Vv ^1 ^ ^2' 2/2' ^2 ^^^ ^^ expressed in the form x^+kx^, 
etc., and similarly for lines. Thus if n = l, the locus ^ or 
envelope is necessarily unicursal. 

142. Taking the case 7i = 2, the direct theorem is proved 
(for the general value of 7i) in § 1 38 ; viz., if the coordinates 
of a point (line) involve an indeterminate in the second 
degree, the locus of the point (envelope of the line) is a conic. 
This may be presented in a slightly different form, using 
equations instead of coordinates; if the equation of a line 
involve an indeterminate in the second degree, the envelope 
of the line is a conic. The direct special proof is the follow- 
ing (Salmon, Conic Sections, p. 248). Consider the line 

IJLhi+2ijLW+v = 0, 

where u, v, w are linear functions of x, y, z; and find the 
point equation of the envelope, that is, the locus of the inter- 
section of consecutive lines. The consecutive line is 

whence {2ijlSijl + Sfi^)u + ^S/jlw = 0, 

and therefore jmu +w=0: 

that is, the line fi^u + 2/jiW + v = has contact with its 
envelope on fiit + iv=^0. Eliminating fi, the required envelope 
is found to be the conic 

Conversely, every conic is unicursal. For uv^iu^ is simply 
the equation referred to two tangents and their chord of con- 
tact. Hence the equation of any conic can be thrown into 
this form, and that in a doubly infinite number of ways. 

u 
Writing /m for , the equation gives /xt; = m Hence a:, y, z 

are determined by 

u — |JL^v = Oy w — ijlv = 0: 
that is, by Ix +Vy +l"z '-fi{nx +ny +n''z) = 0, 

nx+n'y + n"Z'-/ji(7nx+7n/y+7rb"z) = 0; 
whence expressions for x, y, z are obtained of the form 
(U - iuLn)(7i" - Mm") - (n - iiim'){l" - ^^O, etc., 

whence x:y:z = a^ij? + ^i/x + «2 • ^oM"^ + ^iM + ^2 ' ^'oA^" + ^iM + ^V 

The ordinary expressions for a point on an ellipse or hyper- 
bola by means of the eccentric angle can be exhibited in an 
algebraic form. For the ellipse 

x=^a cos 0, y = h sin 0. 
Write = 20, tan0=m; 
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then x=acos26 = a^ , . ^z = a« . - s* 

l + tan^0 1+m^ 

, . ^^ , 2 tan 6 , 2?n 
^ l + tan^© 1+m^ 



Examples. 

1. Express the coordinates of a point on the hyperbola 
a: = a.sec^, y = 6tan0, algebraically. 

2. Express x, y, z in the equation 

Z^x- + m^y *^ — v?z^ = 

as algebraic functions of a single variable. Deduce the 
eccentric angle expressions for the ellipse and hyperbola. 

(Jb 

3. Find the line equation of the envelope of 3/ = mccH 

Find also the point equation, and the coordinates of the point 
of contact. 

4. Folding a leaf of a book so that the corner moves along 
an opposite edge, the crease will envelope a parabola. 

5. Apply the process of § 138 to show that a conic meets a 
curve of order roi in 2?^ points. Hence show that the general 
cubic is of class 6. 

6. A line of constant length slides with its extremities on 
two fixed lines at right angles. Express the coordinates of 
the line rationally in terms of a single parameter, and hence 
show that the curve enveloped is of class 4 and order G. 

Find the line equation of this envelope. 

The Deficiency of a Curve. 

143. It has been shown that a curve of assigned order 
(or class) may or may not be unicursal. A few words 
may now be added as to the conditions for this, though no 
proofs can be given for the general case, the question 
belonging properly to the theory of Higher Plane Curves, 
where it is proved that the necessary and sufficient con- 
dition for a curve of assigned order to be unicursal is that 
it have its maximum number of double points. Thus, for 
example, a cubic can have one dp (double point), but not 
more ; for if it had two, the line joining them would meet 
the cubic in four points. It is shown in J^ 101 that a 
quartic can have three dps ; if a (juartic have four dps, 
A, Bf (7, D, take these four points and any other point F 
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on the curve as determining points for a conic; this meets 
the quartic in exactly eight points. But it meets the 
quartic in two points at A, B, C, D, and in one point at P, 
therefore in nine points, which is impossible. Consequently 
the assumption as to the possibility of four dps on a 
quartic is incorrect ; a quartic cannot have more than 
three dps. We shall show by examples how to express 
algebraically in terms of a single variable the coordinates 
of a point on a cubic with one dp or on a quartic with 
three dps. Note that some of the dps may come together; 
thus iB*+aj^i/— 2/^ = is a quartic having at the origin a 
triple point caused by the crossing of three branches, 
tangent to y = 0, x + y = Of cc— y = 0. Geometrically this is 
equivalent to three crossings of branches, and therefore to 
three dps ; and it uses up all the dps that the quartic 
can have, for a line joining the triple point to a double 
point would meet the quartic in five points. 

The number by which the actual number of dps (nodes 
or cusps, separate or in composition) possessed by a given 
curve falls short of the possible maximum for curves of 
that order is called the deficiency of the xsurve; and the 
theorem above stated without proof is that the necessary 
and sufficient condition for a curve to be unicursal is that 
the deficiency be zero. It is proved in § 140 that a curve 
if unicursal (jui locus is unicursal quit envelope; combining 
these two, the conclusion is : — // the point deficiency be 
zerOy the line deficiency is also zero ; that is, if a curve 
have all the double points possible for a curve of that 
order, it has also all the double lines possible for a curve 
of that class. 

Note. Tliis does not mean that the presence of the double points 
causes the double lines to appear, for the effect is exactly the reverse ; 
a curve of any specified order with a double point has fewer double 
lines than a curve of that order without a double j>oint But the 
presence of the maximum luimber of double points on a curve of any 
specified onler reduces the class to such an extent that the possible 
number of double lines is thereby diminished and made the same as 
the actual numljer. Similarly if the class be given the occurrence of 
the maximum numl^er of double lines reduces the order to such an 
extent that the jwssible number of double |)oints is made the same 
as the actual number. 

Thus we have found that the non-singular cubic is of class 6 (Ex. 5, 
§ 142) ; now a curve of order 6 can have a certain number of double 
points, and a curve of class 6 can have a certain number of double 
lines. But if the cubic be the one considered in § 68, Ex. 2, and 
again in j^ 69, that is, one with a cusp and an inflexion, the reciprocal 
is of class 3. The cubic has point deficiency zero, for it has one dp, 
the cusp ; and its line deficiency is also zero, for being only of 
class 3, it can have only one double line, and that presents itself as 
the inflexional tangent. 
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This theorem is a particular ease of the more general 
theorem that for any curve the point deficiency and the 
line deficiency are the same ; and this again is but a 
special case of a much more general theorem (§ 288). 
These theorems are here referred to, — though the proofs, 
depending on the theory of Higher Plane Curves, cannot 
be given, — for the sake of drawing attention to the import- 
ance of the conception of the deficiency, a characteristic 
number p which applies equally* to the point system and 
the line system derived from the curve of o^der ni and 
class n. Curves may be classified by order, class, and 
deficiency (m, n; p); and the special family of curves 
considered in § 138 and the following sections is the family 
p = OA For cubics p = or 1 ; for quartics, /:J = 0, 1, 2, or 3. 

144. As an example, consider the cubic 

^ + 2/^ — 3a^ = 0, 
which in the homogeneous form is 

This has a dp at xy ; take a line through xy, 

x = Xy; 

of the three intersections of this and the cubic we know two, 
for two come at the dp. Hence the third must be given 
by a linear equation. The equation for intersections is 

(X8+i)y3_3X2/20 = O, 

that is, 2/^=0, referring to the two intersections at xy^ 

and (X3+1)2/-3X2: = 0. 

Hence for the variable intersection 

x:y = \'At and y:z = SX:\^+l, 

therefore x : y :z = S\^ : 3X : X^+ 1 ; 

and returning to Cartesians, 

_ 3X2 _ 3X 

^""x^+r y~\^+i' 

Ex, 1. Find the coordinates of the tangent in terms of A ; hence show 
that thii) cubic is of class 4, and find the reciprocal equation. 

From the fact that the line deficiency is the same as the point deficiency, 
show that this cubic must liave three inflexional tangents. 

£jc. 2. Express the coordinates of a point on the quartic 

jc*-^x^t/ — 1/^ = 
by the same process ; determine the coonlinates of the tangent, and hence 
find the class of this quartic. 



♦See Clifibrd, Synthetic Proof of Miquel's Theorem ; Mathematical 
Papersy pp. 39-41. 

f Curves of deficiency are of "genre ^ = 0," "Geschlecht j9=0." 
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As another example, consider the tricuspidal quartic, which 
by a proper choice of coordinates can be written 

2/ V + 0^jc^ + x^y- — 2xh)z — IxyH — 2xyz^ = 0, 

or more conveniently 

1112 2 2 

X- y 2;- yz zx xy 

Comparing this with the conic 

Z2+FHZ^-2yZ-2ZX-2Zr=0, 

it is seen that the expression of X, F, Z in terms of a single 
parameter /x gives the desired expression of x, y, Zy by means 
of the relations 

_ 1 I 1 

•^j y* ^ — 'y> y* y 

This conic is (4Z+ Y-'Zf = XY\ 

and writing 2/xX = .Y + F- Z, 

we have /i(Z + T- Z) = 2 F, 

therefore Z : 7 : Z= 1 : /x* : (1 -/xX-. 

Hence a: : v ^ 2?= 1 : — « : ;, w, 

that is, x:y: 2; = /x-(l — /x)* : (1 — /x)- : /x^. 

j^.r. 3. Show tliat the tricuspidal quartic is of class 3, and iiiid its line 
equation. 

145. The special process here applied to the quartic is not 
universally applicable. The general process is analogous to 
that adopted for the cubic, where a pencil of lines through 
the double point was used. In the case of the quartic, a 
pencil of conies is retjuired ; the three dps give three base 
points, and for the fourth any point whatever on the quartic 
may be taken ; then of the eight intersections of the quartic 
and a conic of the pencil, seven are known; consequently 
there must be a linear equation giving the remaining 
intersection in terms of the parameter of the pencil. 

For the tricuspidal quartic, we take the fourth point 
adjacent to A, that is, we take the conies of the pencil to 
touch the tangent to the quartic at A. This tangent is 
2/ — js = 0; hence the equation of any conic is 

(?/ - 2;)(aa; + 6^ + c) + 7/2 = 0, 

with the conditions that x — must give yz = Ot since the 
conic is to go through B, C; hence 6+1=0, c = 0, and the 
conic is 

(y-z){ax-y)+y' = 0, 

that is, x{y-z)-\yz (1). 
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The intersections of this and the quartie 

1 + 1+^---^-- =0 

^ y^ ^^ y^ 2?aj xy ' 

which can be written 

X- yH" x\y z) 

are given by 2^+^'^^'-? 2M^^ = 0, 

^ ^ x^yH- X yz 

that is, by {\+\^)yz^2x{y+z) (2); 

(1) and (2) give 

{l+\fyz^^xy, {l-\fyz = 'kcz, 

therefore ^^y^^=\^ ^^^ ^^l^ 

= (1-X2)2:4<1+X)2:4<1-X)^ 

which can be reduced to the form first found by writing 
1 - it^jL for X. 

Curve-tracing in Homogeneouus Point Coordinates, 

146. When we wish to trace a curve whose equation is 
given in Cartesian coordinates, we determine the points in 
which it meets the axes, and the shape at the origin if this be 
a point on the curve, not because these points are specially im- 
portant, but because their determination involves less algebraic 
work than for any other points. Here one advantage of 
homogeneous coordinates shows itself; we have three lines 
instead of two, and we have three points, any one of which 
may lie on the curve ; hence the form of the equation gives 
more information than in Cartesians. On the other hand 
there is the disadvantage that homogeneous coordinates are 
not well adapted to the measurement of actual lengths, 
though this can be overcome by the process of § 46. 

Ex. 1. a^-xyh-ii^z^^i). 

Since a:=0 gives vV=0, the curve jmsses through B and C. 

Every term of tne equation is of the second degree in or, z combined, 
therefore there is a dp at xz^ %.e. at B ; and similarly there is a dp at C, 

Since y=0 gives ar = 0, all four j)oints on AC are at C \ and similarly 
all four points on AB are at /?. 

To determine the shape at C, we have to deal with points in the 
immediate vicinity of (7, hence x^ y are infinitesimal ; z is finite, subject 
to changes which are infinitesimal and therefore negligible in com})arison 
with 2, hence z may be regarded as a constant. Since no attempt is 
made to determine actual lengths in finding the shape of a curve at 
a point, we ma^ take any value we please for this constant ; we there- 
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The ordinary process showa that these are x*-ff\ And that therefore 
the curve approximates to jH-y'=Oj hence there are two brauches 
jfl + jf^O, forming a tacnoiie (S 00). 

Suiiilarly to find the shape at B, put ^ = 1( and select terms from 
jf* — xz-:*=0. The two tangents at the origin are * = 0, ar+: = 0; and 
the shape of the branch that touches z=0 is given by *'-j = 0. The 
shape of the other brniich may be foiintl by continuing the expansion 
i= -.V ; but we can see at once that there must be inflexional contact, 
for j~+i=0 meets the ctin-e in four points at B ; one is accounted for 
by cutting the other brancli ; three are to be accounted for by contact 
with its own branch. Moreover, 

i{x+z)=x*, 
hence t and x+i must have the same sign in the immediate neighbour- 
hood of S. 

Considering tlie curve as a whole, 

hence the curve can be only in certain divisions of the plane, viz., those 
in which z and x+i have the same sign. 




Collecting these results in a diagram, shading parts of the plane iu 
which the curve cannot lie (Fig. 33), and noting that the curve cannot 
crosH any of the lines 

x=0, y=0, z=0, x+2=0, 
except at B, O, it is at once cviilent tliat the partH of the curve are 
joined as imlicated by the dotted lines, the two ends P joining through 
iiittuity, and similarly for the two ends (J. If it be required to determine 
more exactly how this junction is effected, the asymptotes must be 
found by means of the equation of tlie line infinity. 

Ji.r. 2. r* + . 1^^1-^3=0. 

TliiB i«88eB through S, C. 

For the shajje at B, y = l| ■r* + J^i-i=0; hence i = 3*, and there is a 
point of undulation at 3, with BA as tangent. 

For the sliape at 0, ;=1, j7*+,r'^-^=0; hence there is a triple 
point at C, the tangents being ^=0, x ±^=aO. 
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Writiug the whole equatiou in the form 

it ia seen that so lonj; as t is poeitive, s(.!/^~^) luiut be positive, hence 
the three tangenta si the triple point divide the plane into regions, from 
the alternate ones of which the curve is excluded. 

To obuin more information as to the curve, take lines through any 
vertex of the triangle, for example, A. Any auch line y=fU meets the 
curve where 

x*+/i.j^i*-fiV=0. 
If /I be poBitive, this gives two real values for x : z, positive and negative ; 
if fi be negative, =-v, the equation is 

This gives four real values for x:z, if t^— 4v^ be positive; tliat is, 
if v<i. For v-i, the equation is (a^s- J2')*=0; hence y=-iz is a 
double tangent, whose points of contact are ou the lines 

Z=±X-J&. 

If V > li the four points in which the line g= - w meets the curve are 
imaginary. 




The curve is therefore as represented in Fig, 34, where as in Fig, 33 
the shaded portions are. those that are obviously excluded by the form 
of the ee^uation. For an accurate diagram, the lines i=-4y, z=±:r\'s 
must be inserted bj the process of § 46. 

Er. 3. The curve j:(j:'-4i')=y(v'-i') is easily drawn when the lines 
jr* — 4i> = 0, y'-j'sO, are insertecl. Drawing any line through A for 
=0, y+t=0 is known, tor j'— 1'=0 are harmonic with respect to 
' ' ' '- ■' rough Bfor J^- 3i = 0,1+ 2j=0 is known, 

point 2, I, I) has here been deterniineil, 
« can be marked in by f '" 
ide the plane into parti 

xix-iiX-'^+m and y(!f-z)(ff+z) 



K^O ; and drawing any line through 11 !or x-2i = 0, x+Zz-- 
The point j'''2f, y = i (we. the point 2, I, I) liaa here bee: 
and therefore all points and lines can be marked in by % 4S. 

TTie lines already drawn divide the plane into parts, the curve being 
excluded from the alternate divisions, xiiice 



niust have the si 
Writing the equation in the form 

that ia, «^ir-i') = (r-yX^-uiyX-P-<u^?X 

we Bee that the curve meets 2=0 in one real point, and that the tangent 
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there is .r-y = ; and since xy ia oil tlie curve, writiug z=\ we find 
that the tangent nt xy i% Ax~y = ii, and that this is an inflexional 
tangent, for it meets the curve in tliree points at .ry. 

For the Hake of deamess, the line 4r-^=0 is not indicated in Fig. 35, 
but all the other linen used are there shown. 




147. If an equation be given in Cartesian coordinates, it can be made 
homogeneous by uaing the line inflnity for the third side of the triangle 

of reference. TIiub, for example, 



n be discUBsed under the form 



a form which exhibits the inflexion at infinity on the line ^=0, liaving 
z=0, that is, the line infinity, for itn tangent. 
But the distinct Cartesian equation 

^-* 

written in the homogeneous form is 

.^=yz\ 
and is therefore the same, with y, z interchanged. The cusp is now 
at infinity, and the line infinity is the tangent there. 
And finally the third equation 

written in the liomogeueoua form being 
xy*=^, 
is still essentially the same, though now both cusp and inflexion are at 
infinity, the tangents being respectively y=0 and .r=0. 
Similarly Ex. 1, in S Ht5, gives information regarding 

(1) ,r*-x^'-y-0; (2) jr*-;iy-/=Oi (3) 1 - V" ■^^' = 0. 
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Examples. 

1. Draw the following curves, and in every case give the 
three Cartesian equations derived from the homogeneous form. 
Draw these curves referred to Cartesian axes. 

(1) a^+xh/^y^z'^O, 

(2) ix^-xh/ -i/V = 0. 

(3) ix^-cfz -yH =0. 

2. Express in terms of a single parameter the coordinates 
of a point on the following curves. 

(1) y^ = x^'-xy'^, 

(2) x^-xy-y^^O. 

(3) l-xy^-xY^O. 

(4) y'^ = x*+a^y\ 

(5) 2/2 = aj2(a:-l). 

3. By means of the expressions for x, y in terms of a single 
parameter, draw the curves in Ex. 2 by points. 

4. Determine the coordinates of the tangent to the curves 
in Ex. 2 ; hence find the class of these curves. 

5. Find the equation of the reciprocal to (5) in Ex. 2 ; draw 
the curve either from its equation or from the expression 
of the coordinates in terms of a single parameter. 



J 




CHAPTER IX. 

CROSS-RATIO, HOMOGRAPHY, AND INVOLUTION. 

Projection, 

148. In the preceding chapters on properties of cui-ves 
an algebraic classification has presented itself, depending on 
whether the algebraic work involved has or has not reference 
to the actual values of the coordinates, the properties being 
in the two cases metric and descriptive. The geometrical 
significance of this claasification is now to be considered; 
it is» found by means of the theory of Projection. 

149. Given any plane figure, take any point V not in 
the plane; draw lines from V to all points of the given 
figure, and cut the conical surface so obtained by a second 
plane. To a point P in the first figure corresponds in the 
second the point P' determined by the cutting plane and 
the line VP ; to a line AB in the first figure corresponds 
the line A'B" determined by the cutting plane and the plane 
VAB ; collinear points A, B, C give collinear points A\ R, C; 
concurrent lines a, h, c give concurrent lines a\ b\ c; a 
curve cut by a straight line in vi points gives a curve cut 
by a straight line in m points ; and so on. Thus the second 
figure has a certain general resemblance to the first figure. 

150. The conical surface obtained by joining the points 
of the given figure to V is called by the Germans the 
"Schein" of the figure (Reye, Geometric der Lage); the 
second figure, the section of the "Schein" by the second 
plane, is what .we call the " Projection " of the first figure ; 
in German this is often called the "Schnitt"; the point 
V is the centre or vertex of projection. Thus a figure has 
any number of projections, since any point can be taken 
as vertex, and from this the figure can be projected on to 
any plane. It is at once evident that these projections may 

itfer considerably in appearance from one another and 
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from the original; though the persistence of properties of 
collinearity and concurrence sKows that a certain general 
resemblance will be maintained. Geometrical properties are 
therefore divided into projective and non-projective according 
as they remain imaltered or not by projection. We proceed 
to investigate the nature of the properties that fall under 
these headings. 

Alteration of Magnitudes by Projection, 

151. It is at once apparent that lengths of lines and 
magnitudes of angles (Figs. 36, 37) can be altered by pro- 
jection ; and yet there must be some connection, for the one 
figure does depend on the other. 

The first thing to notice is that any segment XA can be 
projected so as to have any desired length. From X draw 
any line not in the plane (1), measure on this the desired 
length XA'\ take any point V on the line AA\ and project 
from F on to any plane (2) containing XA\ The projections 
of X, A being X, A\ the segment XA becomes XA\ which 
is of the desired length. 

Note, Tlie plaiies (1), (2) are not really needed here ; the whole con- 
struction is in the one plane that contains VXAA' ; in general, when the 
points to be projected are all in one straight line AU^ the plane VAB 
contains the whole figure. 

Evidently the degree of choice here allowed enables us 
to project XA, AB, two contiguous segments on a line, so 
as to have desired lengths. For if XA\ A'S be taken of 
the desired lengths, the point V is the intersection of AA\ 
BR. This shows that not only are the lengths of lines 
altered by projection, but also the ratio of these lengths is 
altered, for it can be made to assume any desired value ; 
and we have to determine what it is that controls the 
alteration in this ratio, this being evidently not the same 
for all pairs of lines. 

Instead of measuring XAB, XA'R from the point of 
intersection of the lines AB, A'B\ the more general question 
will be considered, as to the relation of AB : BC to A'B' : B'C 
(Fig. 36 (a)). 

The whole diagram is in one plane, as represented in 
Fig. 36 (6). Draw AM, ON, A'M, CN' pefpendicular to 
VB\ then 

AB:BC=AM:NC, A'B' : RC=A'M' -.N'd ; 

therefore 

AB A^_AJ^ A'M'_AM NC _VA VC _VA VA' 

BC' RC~~NC' WC'A'M' '• iV'C'~ VA' ' V(J~ VC ' VCf' 

8.0. K 
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Thus the relation of the two ratios can be expressed in 
terms of the distances froni F to A, C, A\ (7. If now a 
fourth point D be taken, also on the line AC, and VD be 
produced to meet A'(7 in ZX, 

AD A'ly VA VA' 





DC 


DC VC VC" 


therefore 


AB 
Be' 


A'R AD A'U 
EO DC ■ DTC" 


that Ls, 


AB 
BC 


AD A'R A:U 
DC ~ EC • UC 




Fin. 3«. 



Thus although the relative position of three points on a 
line can be altered by projection to any desired extent, the 
position of any fourth point D is regulated by the fact that 

tic* ' T)r ^ unalterable by projection. This is a combination 

of lengths AB, etc. and therefore depends on metric quan- 
tities ; but it is a projective metric combination. 

152. Similarly the angles determined by concurrent lines 
a, 6, c, can be altered to a certain extent, viz., the two angles 
aby be can be made to assume any desired magnitudes in the 
projection ; but then the position of any fourth line d is 
determined. 

For let a, 6, c, d meet in ; their projections meet in (X, 
the projection of 0. Take any transversal ABGD in the 
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first plane; its projection gives a trmnsTersal A' BCD' in 
the second plane (Fig. 37). We know that 

AB ADA^ JZ/y 
BC' DC^ KC' UC 




Pio. 37. 



Let h be the perpendicular from to A BCD. Then as in § 36 

OA . OB , sin ab = AB . A, etc. 
sinab sinaci AB AD 



whence 



Therefore 



sin be ' sin dc BC ' DC 



sin ab sin ad 



. , . . -J- is unalterable by projection ; it is a 
sm oc sin oc j r j 

projective metHc combvnation. 

153. It appears now that aU descriptive jiroperties and 

some metric properties are projective. Projective metric 

properties are those that depend on tRe combinations just 

. , , -^ 1 . X. -42? AD sin ab sin ad 

considered. These combinations Tirr • ni-, , -^—rr • • — :> " 

BG DC sm be sin dc 

are what were defined in §§ 35, 36 as the cross- ratios of the 

range and of the pencil ; the importance of the conception 

of cross-ratio consists in what has just been proved, viz., 

that cross-ratio is unalterable by projection. Theorems 

stated with reference to cross-ratio are metric theorems 

stated in projective form. 
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Compare the remark in § 40, * Siuce I : m does not appear in the result, 
it is immaterial what values the multipliers may have ' ; that is, cross- 
ratio does not depend on the nature of the coordinates. 

Hence the difference in the properties of curves, first noticed 
in the algebraic work, is the difference between projective and 
non-projective ; and in determining to which division to assign 
a property that does not appear to be purely descriptive, 
it is necessary to consider it from the point of view of cross- 
ratio. 

A^ote. Though the conception of cross-ratio is here defined by means 
of metric quantities, which are combined in such a way that the metric 
quality is eliminated, the conception itself is descriptive, not metric, and 
in pure geometrical reasoning it ought to be defined accordingly. See 
Von Staudt, Beitrdge zur Qeometrie der Lage^ pp. 131 etc. ; 1866-1860. 

The Oroup of Six Cross-ratios, Algebraically considered. 

154. Since the four elements considered may be taken in 
any order, they afford a number of cross-ratios. It was 
shown in § 37 that the 24 different ordera give G different 

cross-ratios, viz., , — y, eta, where l + m + n^O; that 

is, the different cross-ratios are 

^' 1-ik' ^ k' 
1 1 , -^i 

where the product of members of a column is 4-1, and the 
product of members of a row is —1. 

One set of values is inadmissible, except in special cases, 
viz., ^=1, 0, X, for these values indicate the coincidence 
of some of the points considered. If for example 

AB AD_ ABAD 

BC ' DC ' BG " DC 

and therefore D coincides with B. 

Again, at any rate one of the set of six, if real, is positive 
and less than unity. For if k be negative, 1— Aj is positive; 
and if 1— A;, being positive, be found greater than unity, its 
reciprocal which is also positive is less than unity. Let 
therefore k be one of the group that is positive and less 
than unity. The six values are now 

-f<l, -f>l, -. 

-f>l, -f<l, -. 

Hence for a real value of k, there cannot be equalities between 
embers of the same row. 
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But there can be equalities between members of the two 
rows. If then k=l—k,k = ^y and the scheme of values is 

h 2, -1, 

2, h -1, 

accounting for all possible equalities -when the cross-ratios 
are real. The fact that the value —1 is included in the 
scheme shows that the division is harmonic. For 

AB 4P__ 
BG' DC 

shows that AB : BG= - AD : DC. 

K now we wish A:'s from the same row to be equal, the 
cross-ratios must be imaginary. 

Let ^ = :r3Ti therefore 4^—^+1=0, that is, k is either 

imaginary cube root of —1; hence A= — w, where w is an 
imaginary cube root of +1. The scheme now becomes 

— ft), —ft), —ft), 

2 2 *> 

— ft) , — ft)*, — ft)\ 

The arrangement of points that gives this scheme of cross- 
ratios is called equianharmonic. 

155. If the four points be given by a quartic equation, it is 
not possible to distinguish among the six cross-ratios, for 
there is no way of specifying any order among the points. 
Hence any equation found for one of the cross-ratios will give 
all the others, that is, the cross-ratios will be given by a sextic 
equation. This sextic is most easily constructed when the 
conditions that the points be (i.) harmonic, (ii.) equianhar- 
monic, are known. 

(L) It was shown in § 47 that the pairs of points given by 

ax^+2bx+c=0, ax^+2bx+c=0, 
are harmonic if ac' + (t/c — 266' = 0. 

Hence the points given by 

are harmonic if the expression on the left-hand side of the 
equation contain factors 

x^+ipx+q, x^+2p'x+q\ 

connected by the relation 

q + q'-2pp'^0 (1). 

Writing a^^l for the present, and restoring it iinally by 



d 
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considerations of homogeneity, a comparison of coefficients 
gives 

2>+p' = 2ai (2), 

W+q+q'=^^2 (3)> 

2>g'+p'(7 = 2a3 (4), 

??'= ^4 (5); 

from (1) and (3), I^'= «2 (^)» 

q+q' = 2ao (7). 

From (2) and (6), p = a^± s/di — «2, 

from (7) and (5), q = a^± ^^2* "" ^4 5 

substituting these in (4), 

Rationalizing, we find that the roots are harmonic if 

a^a^ + 2a^a^a^ — a^ — a^a^ — a^ = 0. 

Restoring a^, the condition that the roots be harmonic is 

where g^ = %a^a^ + 2aja2a3 — a^Og^ — a^a^ — ttg*. 

(ii.) The roots are equianharmonic if one of the cross- 
ratios = — ft), where o)- + ft> + 1 = 0. Hence the condition is 



^3 '^2 ^8 "" **'4 



ft>i 



vnau IS, JCiCCq ^- iCa^C J -"" «/7^3/« ""■ iCjiC J -— "~ft)l«*^i»*'o"i *Ca3/4""»C|3/9"~»C«3/j^, 

that is, (l + ft)X^i^3+iC2a;4) — ft)(a;ia;2 + a;3aj4) — (a?ia:4+iC2a:3) = 0, 

whence ^\^\^z + ^2^4) + K^r'Co + iKjja:^) + (0^054 + x^jc^ = 0, 

where ft>--|-ft)+l=0. 

The elimination of ft) from these two equations gives 

"T V'^i»^2 ' "^3*^4 '^V^Z '^2^4X*^1'^'2 ' '''3^4 X")*^^ "^ '^2^/ ^^ ^> 
Lnav IS, *Bj it/o "i •^'o '*^4**'i **'l **'4 "i *'^2 8 "• *^l •^2" "• *^8"^4 "r" ^*^i*^2''^3*^4 

— A (ajj X^4 + X^X^^ -+■ ^^2^8 ' •^1*^2^4 / 

— (•^^2 ' '^8^4X*^1*^3 ' *^2*^4 1 XyC^ + X^^) 

"t* ^1 ****'3**'4 l" Xtf X^Xja T" XyJCieSOti "^ JCr-yMjefluA ~~ vff 

that is, ^h^Xk^ + i)X^x^^^ — ^h^XtXi = 0. 

Now Ijx^xi? = (SoJ/iXit)^ — 22iC4*a;*aJz — dx^x^^^, 
therefore the condition is 

(6a2)2-32a;A2iBifca;f = 0; 



CROSS-RATIO, HOMOGRAPHY, AND INVOLUTION. 151 

and as ^i^x^coi = 'Lxh^k^iXi — ^^x^^^ = ( — ^c^X " ^^s) " ^4» 
this reduces to SGa^^ — ^^a^a^ -f 1 2a4 = 0, 
that is, to Sog^ — ^n^a^ + a^ = 0. 

Hence the roots are equianharmonic if 

where g^ = a^a^ — ^a^a^ + Sttg^. 

156. Iiet the sextic whose roots are the six values of a 
group of cross-ratios be 

If be any root, - is also a root ; therefore 

u = l, ^=p, 8=17, 

and the equation is of the form 

0®-:P0H?0*-r0H?0*^-:P0+l=O (1). 

Again, 1 — is a root, therefore 

(l-0)«>p(l-0)s+g(l-0)*-r(l>0)«+g(l>0)2-^(l-0)+l = O(2) 

is to be the same as (1). Comparing the coeflBcients in (1) and 
(2), we find that 

2> = 3, r=2g— 5; 

hence the equation reduces to 

0«-30'^+?0*+(5-2(/)03+902-30+l = O (3), 

a form involving only the one quantity ^, agreeing with what 
is already known, that the six cross-ratios are all determined 
when one is known. 

But equation (3) can be written in a better form. One 

Possible set of roots is ( — 1, 2, J)^; another is ( — w, — cd^)^. 
[ence some value of the one quantity involved must throw 
(3) into the form 

{(0+lX0~2X 0-i)P=O, 

that is, into {(0+lX0~2X20-l)P = O; 

and some other value must give the form 

{(^+a)X^ + (oW=0; 

hence (3) must be reducible to 

X{(0+l)(0-2)(20-l)}2+;.{(0 + a,X0 + a)*-^)}' = O....(4). 
Comparing coefficients, we find 

4X+M = 1, -3X+6/it = ^, 
hence X and ^ are linearly determinable, and the form (4) 
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may be adopted instead of (3). We have now to determine 
X, /it so that the group of cross-ratios given by (4) shall be the 
group belonging to tne quartic 

a^aj* + ^a^oi? + ^a^^ + 4ia^ + a^ = 0. 

Since /it = gives the harmonic group, the vanishing of fx 
must imply 5^3 = 0, and nothing else; hence /uL=nig^K Again, 
X = gives the equianharmonic group, hence the vanishing 
of X must imply g^^O, and nothing else; therefore X = ^2'- 
Now g^ is of degree 3, g^ of degree 2 in the coefficients; 
equation (4) must be homogeneous in the coefficients 
a^, 04, etc., therefore 

3i = 2i; 

hence i = 3A, j = 2h, 

and writing for the numerical multiplier — -. the single 

letter Jf, equation (4) becomes 

S'2'*{(0 + lX0-2X20-ip = ifflr3)2*{(0+a,X0+«')}^..(5), 
where g^ = a^a^ — 4ta^a^ + Sa^, 

To determine h and M, take a special quartic, having roots 

0, 1, l—k, 00. 

One cross-ratio is >, — r- " —a — --, that is, fc. 

— 1 — 00 

The quartic is a;(x.— l)(ic — 1 + Aj) = 0, 

that is, 0.ic*-ha:^-(2-^>H(l-^>c = 0. 

Writing this as 

. a;* -h 12cc3 - 1 2(2 - i)xH 1 2(1 - A;)a; = 0, 

we have ao = 0, ai = 3, 03=- 2(2 — A:), a3 = 3(l— A;), a4 = 0; 

therefore r/g = 1 2(Aj^ - A; + 1 ), 

and (73= -4(A;-|-1XA:-2X2^-1). 

The cross-ratio sextic is to be satisfied by <l> = k; hence, 
identically, 

123\A;2-A;+1)»^{(A:-HXA:-2X2A;-1)}2 

= if.42A{(^-+lX^'-2X2A;-l)}2*{(^+a,XA;+a)')}^ 
that is, 

128'*(A;2-A;-hl)^{(A;-hlX^-2X2A;-l)}2 

= ilf.42*{(A;-hlX^-2X2i--l)}^A;2_^+l)8. 

therefore /i = l, l2^ = Mx4^, 

whence if = 4 x 27, 
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and consequently the cross-ratio sextic (5) is 

9i{<<t> + IX* - 2X2* - 1)}* = 4 X 27flr3«{(^ + «)(^ + u?)Y, 
that is, £/j'{(*+lX*-2X*-i)F=27flf3^{(^+«,)(*+«,*)}''. 

The Group of Six Grosa-ratios, Oeovietrically considered. 

157. The twenty-four orders for the four letters A, B,G, D 
were obtained in § 37 by associating the points in pairs 
AB, CD; AC, BD\ AD, BC, thus obte,ining three groups of 
eight; the eight different orders in a group were found to 
give two different cross-ratios, these being reciprocal, and 
thus six values were obtained. The same result might be 
arrived at by considering (1) the arrangements in which A 
stands first, six in number; (2), (3), (4), similar groups in 
which B, C, D occupy the first place. The six members of 
the first group, viz., 

(1) ABCD, (2) ADBC, (3) ACDB, 

(ly ADCB, (2/ ACBD, (3)' ABDC, 

give the six different values, corresponding to the scheme 
in § 154. Thus, in general, if we keep A in the first place, 
no change in the or^r of the remaining letters is admissible, 
agreeing with the rule : — Any two letters may he interchanged 
if cU the same time the other two be interchanged. It may 
however happen that in special cases other interchanges are 
admissible. 

I. Suppose that (1) is unaltered by the interchange of 
(7, D. This interchange rearranges the six orders as 
follows : — 

(3)', (2)'. (ly, 

(3), (2). (1). 

Hence we must have (3y = (l); and therefore also (iy = (3), 
and hence (2y = (2); thus the group is now the harmonic 
group, and the interchangeable letters determine one of the 

Eair of segments with regard to which the harmonic relation 
olds. In the case supposed, C, D being interchangeable, the 
segments AB, CD are narmonic. 

II. Suppose that (1) is unaltered by a cyclic interchange 
of B, C, jD, that is, 

{ABCD} = {ADBC} (i.). 

If then we interchange the letters occupying any two 
positions in the left-hand member of this, and make the 
same interchange on the right, the results will be the same ; 
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therefore {ADGB} = {ACBD} (ii).. 

{ACDB} = {ABCD} (iii.), 

and ' {ABDC) = {ADCB} (iv.). 

From (i.) and (iii.), {ABCD} = {ADBG} = {ACDB}, 
from (ii.) and (iv.), {ADCB) = {ACBD} = [ABDC] ; 
that is, (l)=(2)=(3), 

(1)'=(2)'=(3)'. 

The group is now the equianharmonic group already con- 
sidered ; and as we have considered all possible interchanges 
of letters, there are no more special cases to consider. 

Thus the distinguishing characteristic of the harmonic 
arrangement is that a single interchange is permissible ; while 
for the equianharmonic arrangement a cyclic interchange of 
three letters is permissible. 

Sote. The symbol {ABCI)} meaiiH properly the ^roup of six cross- 
ratios ; now this group is the same in whatever order the points may 
be taken, and consequently {ABCD} and {ACBD\ contain the same six 
values. But we do not write 

{ABCD}=^{ACBD}, 

unless the interchange of B, C is admissible, that is, unless the segments 
AD^ BC are harmonic. 

Homographic Ranges and Pencils, 

158. The projection of a range has been shown to be an 
'equal' range, the ranges being estimated quantitatively by 
cross-ratios. 

This second range can now be moved in space, so that the 
two are no longer in projective position; but they remain 
equal. Instead of speaking of the i-anges as equal, which 
suggests metric determinations, they may be spoken of in 
all positions as projectivey a term which has no metric 
reference; a special term is then required for the ranges in 
projective position, and for this perspective is used. Thus 
projective ranges in space of three dimensions are in per- 
spective when the joins of corresponding points are con- 
current; and projective pencils are in perspective when the 
intersections of corresponding rays are collinear. (From 
§ 152, with the help of the fact that any line and its pro- 
jection meet on the line of intersection of the planes.) 

Considering the limiting case, when the two planes are 
coincident, and the point V lies on them, this gives us ranges 
and pencils in perspective in a plane ; but the double idea 
here involved is simply what can be derived by the principle 
of duality from the idea of I'anges in perspective in a plane. 
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Thus there is no necessity to appeal to three-dimensional 
geometry for the idea of perspective, though a gain in clear- 
ness is thereby obtained. 

159. The ranges must now be considered as comprising 
an indefinite number of points; and from the fact that the 
two ranges are projective it follows that the cross-ratio of 
any four points in the one is equal to the cross-ratio of their 
correspondents in the other ; this is expressed by the notation 

{ABCD^...}=={A'RC'iyE\,.}; 

another notation is frequently used, especially when the 
purely descriptive view of the subject is adopted, the ranges 
being regarded as projective, viz., 

ABODE.. .-KA'RC'D'ir..., 

(Reye, GeoTnetrie der Lage.) 

Projective ranges are in perspective if three joins of corre- 
sponding points be concurrent. For if AA\ BR, CC meet 
in F, the ranges are necessarily in one plane, the plane VAB ; 
and if DD' do not pass through F, let VD meet A'R in U\ 
Then, by projection from F, 

[ABCD] = {A'EG'D") ; 
and by the given relation of the ranges, 

{ABGD} = {A'EG'D' } ; 
therefore {A'RC'D"] = [A'RCDy , 

whence A'U' : D^R -^A'R: RR, 

that is, the segment A'R is divided in the same ratio by the 
two points Ry R* \ hence R' is the same as R. Thus the 
line joining any two correspondents /), R passes through F. 

A particular case of this is the theorem : — 

If one pair of correspondents in two projective ranges co- 
incide, the joins of corresponding points are concurrent ; and 
similarly, if one pair of corresponding rays in two projective 
pencils coincide, the intersections of corresponding rays are 
collinear. 

160. Projective ranges or pencils are also called homo- 
graphic ; that is, two ranges or pencils are homographic 
when the cross-ratio of any four elements of the one is 
equal to the corresponding cross-ratio formed from the 
other. And this definition applies also to the case of two 
different configurations; a range and a pencil can be homo- 
graphic. 
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But homography can be considered from an entirely 
different point of view. Tlce one-divien&iondl figures we 
are concerned with are Iioviographic when there is a one- 
one corresjxmdence between their elements. When we say 
that there is a (1, 1) correspondence between the elements 
of two configurations, we mean that there is a construction, 
geometrical or algebraic, by means of which an element 
of one configuration can be derived from an element of 
the other configuration; and that this construction is of 
such a nature that to one element in the one configuration 
there corresponds one element in the other configuration. 
Thus, for example, there is a (1, 1) correspondence between 
two ranges in perspective, and the construction is by 
means of lines through V, But if we take a straight line 
and a conic in a plane, and a point V not on either locus, 
though the points of the two can be connected — made to 
correspond — by means of lines through V, the correspond- 
ence is not (1, 1) ; one point on the line now gives two 
points on the conic, while one point on the conic leads to 
one point on the line; the correspondence thus instituted 
between the straight line and the conic is therefore a 
(1, 2) correspondence. 

Note. This does not assert that there caDiiot be a (1, I) correspond- 
ence between the line and the conic ; such a correspondence can in 
fact be instituted, for example, by taking the point V on the conic. 

161. This second definition of homography is now to be 
proved equivalent to the one first adopted. For simplicity, 
the proof is worded so as to apply to the case of two 
ranges ; but as it depends only on the determination of 
the elements of the configuration by a single coordinate, 
it can be at once applied to the other cases. 

Let the points of one range be given by their distances, 
X, from a fixed origin on the line ; and let y, 0' belong 
to the second range. Then since there is a correspondence, 
X is a function of y, and y is a function of x. But x 
must be a direct function of y, for an inverse function 
(sin"^, VjS etc.) is not one- valued; and y must be a 
direct function of x. The only po&sible way of satisfying 
these two conditions is to have 

a; = one linear function of y divided by another ; 

that is, x^P^-p. 

ry+8 

from which jy= — J 

^ rx—p 



CKOSS-RATIO, HOMOGRAPHY, AND INVOLUTION. 157 
hence the relation between aj, y is of the form 

linear in x, y separately. 

Let ajj, x^, x^y x^ be four points of the first range, j/p y^, y^^ y^ 
their correspondents. To show that 

^1-^2 . ^"^4 ^ 2/1-2/2 . 2/1-2/4^ 

^2""^ ^4'"^8 Vi'^Vz Va^Vs 

express (a?j— argXiC^— Xj) in terms of y. We have 

^ ( P.Vi + g )(^7/2 + ^) " ( VVz + ?)(^i + ^) 
07/i + «Xn/2+«) 

^( p8-9 rXyi-yo) 

(''7/i+«)(n/2 + «)' 
therefore 

:^. ^' '^"(ry^+sX'^l/.+^Xry.+sX^^.+s)' 
and similarly 

(J. ^Yx x)=^ ^^^ "" ^"^^'^^^ " '^^^y^ - '^^^ • 
dividing one by the other, 

(^ - ^i X ^A " ^ s) ^ (2/1 - 2/2 X2/4 - 2/ 3) . 

(aJ2-a^3X^i-«4) (2/2-2/3X2/1-2/4)' 

that is, (1, 1) correspondence of otie-dinienaional figures 
implies equality of corresponding cross-ratios. 

162. The correspondents to any three points can be 
chosen arbitrarily; but the correspondent to any other 
point is thereby determined. 

For from the first definition, 

{ABCD} = {A'B'CrL'}; 

hence if A\ R, C be chosen arbitrarily to correspond to 
At B, C, the correspondent to i) is known. 

From the second definition, the two parameters x, y are 
connected by a relation 

axy+fix + yy + S = 0; 

here there are three quantities to be determined, 

a: l3:y:S, 

and three sets of values for x, y determine these ; hence 
any fourth y is known in terms of x. 
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In the linear relation between x, y the origins for the 
two systems are any points 0, (/; these can be changed 
to any other points without altering the fcymi of the rela- 
tion, though the values of a:fi:y:S will be altered. 

Homographic Systems with tJie same Base. 

1G3. Since the relative position of projective ranges can 
be altered to any extent, the two lines on which they are 
marked can be supposed to coincide; and since either 
origin can be changed to any desired point, the same 
origin can be adopted for the two systems ; let the para- 
meters of the two systems be now denoted by x, x' ; these 
are connected by a relation 

axx'+^ + yx'+S=0. 

At any point of the line there is a point of the first 
range, P, and also a point of the second range, Q' ; this 
can be expressed by saying that every point of the line is 
counted twice, once for each range. Let the point of 
the second range that corresponds to P be P' ; and similarly 
let Q in the first range correspond to (^ in the second. 
Let 0P=\. 

Since ,,'==«^, and a:=->^t 

ax + y ax+p 

therefore QF^-^^-p, and 0Q=-^,^^; 

aA-hy aA + p 

and thus P' and Q do not come together ; that is, the 
correspondent to any point of the line is difterent accord- 
ing as the point is regarded as belonging to the first range 
or to the second. 

164. A question that naturally occurs is: — Can a point 
correspond to itself { 

This requires x=x: the equation connecting x, x' 
becomes 

showing that there are two such points, real or imaginary; 
these are the double points of the system. Whether these 
are real or imaginary, the point midway between them is 
real ; if this be taken as origin, 

i8+y = 0, 

and the homographic relation between the two systems is 
ressed by 
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Calling the double points F^ F^, we have, since each 
corresponds to itself, 

{ABC...F^F^)=:{A'RC\.,F^F,). 

Similarly homographic pencils with a common vertex 
form a system with two double lines. 

Homographic Systems with different Bases. 

165. From the second definition of homography it is at 
once evident that if u, v be elements of the same nature, 
as also u\ v\ the two systems u + \v, u+\v are homo- 
graphic. (Compare §§ 40, 41, where it is shown that the 
cross-ratio of the configuration (t/, v\ u+Jcv, u+k'v) is k:h'.) 
Hence the locus of the intersection of corresponding rays 
of two homographic pencils is obtained by eliminating X 
from the equations 

it is therefore the conic 

that is, the locus of the intersection of corresponding 
rays .of two homographic pencils is a conic through the 
vertices of the pencils. And by the same algebraic work, 
the envelope of the line joining corresponding points of 
two homographic ranges is a conic, touching the lines on 
which the ranges are marked. (Compare with Chasles' two 
fundamental properties, § 88.) 

166. The purely geometrical proof is interesting, for it is by means 
of projective pencils and ranges in non-projective position that conies 
are introduced into descriptive geometry. 

The intersections of corresponding rays of the pencils form a singly 
infinite series of points in a determinate order, that is, a curve ; to 
determine the order of this cui've, consider any transversal ; this cuts 

the two pencils in projective ranges, ABCJ)...y A'EC'jy Now a 

point in which the transversal meets the curve is an intersection of 
corresponding ravs, and is therefore a point which coincides with its 
correspondent. Hence the transversiil meets the curve in the double 
points of the system ABC ,.. AWC ... \ that is, in two points. The 
locus is therefore of the second order. (Reye, Oeometrie der Lage.) 

Involution, 

167. The correspondence considered in §§ 163, 164 is 
between the points on a line taken in one way and the 
points on that line taken in another way ; it is not 
strictly a correspondence between points of the line. For 
a point A, regarded as P, gives a certain correspondent P' ; 
regarded as Q', this same point A gives a different corre- 



^ 
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spondent Q. A (1, 1) correspondence between points of 
the line would associate them in pairs AA\ so that A 
corresponds to A\ and A' to A ; when the elements of a 
one'dimensional apace are thus associated hi pairs of 
correspondents, they are said to form an Involution ; 
and any finite number of these pairs of elements are 
spoken of as being in involution. 

Counting all the points of the line twice, as is done 
when two homograpnic ranges are marked on one line, 
the arrangement just defined as an involution appears to 
be a special case of homography; it is a (I, 1) correspond- 
ence between the two linear aggregates of points, the 
ordinary equation expressing the homographic relation, viz., 

axx+/3x + yx+S = (1), 

being specialized so that the correspondent to a point A is 
the same whether A is regarded as P or as Q'. Hence (§ 163) 

^^+•5 and 5^±^ 
a\ + y aX + j8 

must be the same for all values of X. This requires )8 = y, 
and (1) becomes 

axx'+fi{x+x') + S = (2). 

But although this reduction of involution to a special case 
of homography by the device of counting all points of the 
line (all elements of the one-dimensional space) twice is 
often convenient, it yet entirely disguises the real difference 
between the two conceptions. Homography is a (1, 1) cor» 
respondence. between the elements of two different spa>ces ; 
involution is a (1, 1) correspondence between pairs of eU- 
ments of one space. 

168. Applying the conclusions already obtained for homo- 
graphic systems on a line to the case of involution, or working 
them out afresh from equation (2) of the last section, it is 
.seen that the cross-ratio of any four points on the line is 
equal to that of their correspondents. Stated with reference 
to points A, B, and their correspondents A\ R, this tells 
us nothing about the points. For 

{ABA']r} = {A'RAB} 

identically, whether the points are regarded as belonging 
to an involution or not. But if three points A, B, C and 
their correspondents enter into the relation it becomes 

{ABGA'}r={A'RCrA}, 

and thus the correspondent to C is determined when two 
pairs of correspondents A, A': B, R are known. Hence 
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±;wo pairs of points, or two segments, determine an involu- 
l;ion ; three pairs of points are not in involution unless they 
satisfy a certain condition. 

169. If in two homographic ranges on a line one point, 
other than a double point, can be found that has the same 
correspondent whether regarded as belonging to the first 
range or the second, then the ranges are in involution. 

For if the point be X, and its correspondent /x, where X =!= /x, 

u;=X is to give a;' = /x, 
and a; = /Lt is to give x—X. 

Hence from the general homographic equation, X, /x must 
satisfy the two equations 

from which, by subtraction, 

CQ-y)(X-M) = 0, 

that is, /3 = y, 

and therefore the equation is the equation expressing in- 
volution. 

Any two homographic ranges can be placed so as to be 
in involution; and this can be done in two ways. 

For let 0^ in the first correspond to infinity in the second, 
and let Og in the second correspond to infinity in the first. 
Bring the bases of the two ranges together, placing 0^ and 
Og together, at 0. Then the point 0, whether considered 
as belonging to the first range or the second, has the same 
correspondent, viz., the point at infinity ; the ranges are 
therefore in involution ; and as the required placing of the 
bases can be accomplished in two ways, the second part 
of the statement follows. 

Double Elements of an Involution. 

170. If an element coincide with its correspondent, there 
is a double element of the involution. The condition x=x 
reduces the equation 

axx'+l3{x + x') + S = 

to ax^ + 2l3x+S = 0, 

showing that there are two double elements, real or imagin- 
ary ; that is, the involution of lines through a point contains 
two double lines, the involution of points on a line contains 
two double points. Dealing wnth this last case, the point 

8.0. L 



\ 



162 CROSS-RATIO, flOMOGRAPHY, AND INVOLUTIOX. 

mi'lway between the two double points Ls real: taking it 
an origin, ^=0, and the involution is expressed by 

axx'+S = 0, 

that is, by xx' =■ k, 

and the double points are given by 

This special point, the centre, corresponds to the point at 
infinity on the line ; for x = gives a:' = ac . Two cases arise 
according as k is (i.) positive, (ii.) negative. 

(i.) If A; be positive, the double points are real ; x, x' have 
the same sign, and therefore corresponding points are on 
the same side of the centre. 

(ii.) If i be negative, the double points are imaginary; 
flj, oi have different signs, and therefore corresponding points 
are on opposite sides of the centre. 

Note, luia^ne a point P to describe the line, then its correspondent 
i" also describes the line. Let P start from 0, the centre, P* tnerefore 
starts from infinity ; let P move in the positive direction from through 
infinity to 0. 

In case (i) since P and P' are on the same side of 0, P* travels to meet 
P ; the two coincide somewhere between and infinity, at /\ ; /\ is a 
double p)int. Similarly P liaving passed through infinity, and simul- 
taneously P' through 6, P^ P' are now to the left of 0, and are travelling 
towards one another ; they meet at F^ the second double point. 

In case (ii.) since P and P' are to be on op)>osite sides of 0, they pursue 
each other alon^ the line, but do not coincide in real points ; they remain 
in the two distinct segments bounded by and infinity ; as P changes 
from the first of these to the second, P' changes from the second to 
the first. 

Similarly in an involution of lines with real double lines, correspond- 
ents revolve in opposite directions ; in an involution with imaginary 
double lines, corres{X)udent8 revolve in the same direction, and do not 
overtake each other. 

The double points (or lines) are sometimes called foci (or 
focal lines). When these are real, the involution is hyper- 
bolic ; when imaginary, the involution is elliptic. An elliptic 
involution is overlapping; a hyperbolic involution is non- 
overlapping. In Fig. 38, the involution determined on the 
lower transversal by the overlapping segments AA\ BR is 
elliptic; the involution determined on the upper transversal 
by the non-overlapping segments AA\ BR is hyperbolic, and 
in this there are segments such as CG\ which is entirely 
contained by BE\ GO' and BE are also non-overlapping. 

171. In the involution AA\ BR, let the centre be 0; this 
corresponds to infinity, therefore 

{AA'BO} = {A'ARcxi}, 
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that is, 



therefore 



AA' AO_A'A A^ 
BA'' BW'B'A B'oo' 
AO AF 



BO^BA'' 
whence is determined. 

But a construction that is practically more convenient than 
this equation can be obtained by means of circles. Take any 
point G off the line (Fig. 38) and describe circles AA'G, BRO ; 




Fio. 38. 

these have one real intersection 0, and they have therefore 
another real intersection G'; let GG' meet the base in 0. 
By the properties of circles, 

OA.OA'=OG.OG' = OB.OB\ 

therefore is the centre of the involution. 

If now be not between A, A\ it is outside the circles 
GAA\ GBR (Fig. 38, upper part) ; draw a tangent OT, then 

OT' = OB.OR=OA,OA\ 
therefore marking off on the line 

OF^ = OT, and OF^ = OT, 
/\, F^ are the double points of the involution. 




Fic. 39. 



If be between A, A\ that is, inside the circle, no real 
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tangents can be drawn, and the double points are imaginarj'. 
In this case, describing a circle on -d 4 as diameter, let the 
double ordinate through be S^S^ (Fig. 39). The two points 
*S\, 8^ are of service in constructions.* From the circle we 
have 

05^1.0^2=0^.0^1', and 08^= -08^, 

therefore OF^^ = OA . 0^1' = - 08^\ 

Note. The conatnictions here given, while practically convenient, are 
open to an important theoretical objection. The idea of an involution 
with its double elements is purely descriptive ; and though the centre 
cannot be determined by purelv descriptive constructions, yet it depends 
only on the line infinity ; out tliese constructions depend on the circular 
points. A purely descriptive construction is given in § 195. 

172. Any number of pairs of coiTespondents can be inserted 
when one pair and the centre are known. For if any line 
through meet any circle through AA* \\\ JJ\ points P, P' 
on the base determined so that 

OP = OJ, QF=OJ\ 

give OP ,OF=OJ. or = OA . 0A\ 

and are therefore correspondents in the involution. This 
construction is available for an involution of either kind ; 
if however the involution be elliptic, a special construction 
can be used which is interesting as illiLsti'ating the relation of 
involution and homography. In Fig. 39, 

P0.0P' = 0fifi2, 

therefore P8^P' is a right angle. 

Hence if a right angle revolve about its vertex, the two 
legs describe an involution on any transversal ; pairs of corre- 
spondents can be^ inserted by means of perpendicular lines 
through 8y 

Now suppose any constant angle P8P' to revolve about its 
fixed vertex 8 (Fig. 40) ; the two legs describe homographic 
ranges on any transversal, but these are not in involution. 

For when the first leg passes through P, the position of the 
second leg is determined by taking 

^FSq=^P8F, 

* If, however, we adopt the ordinary two-dimensional representation 
of imaginary values, and represent a + ^i' by the ))oint a, ^, the double 
points are represented by *S'i, S.y. Tlie whole subject of the cross-ratios 
of points given by a binary equation is most satisfactorily treated by 
means of tlie complex variable ; the ]>oints real or imaginary can then 
be represented on the plane. For examples, see Harkness and Morlev, 
Theory of Fu,nction9, §§ :29-45. 
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and Q does not come at P unless this constant angle is a right 
angle ; but this being so, ^(^ is along PS produced, and there- 
fore Q' is at P. In this case the legs of the constant angle 
describe an involution. 

Note, The involution of perpendicular lines through a point is some- 
times called circular ; and what has just been proved shows that any 
elliptic involution on a line is a section of a circular involution. 




173. Since the cross-ratio of any four points is equal to 
that of their correspondents, 

therefore the pairs AA\ F^F^ are harmonic; that is, the 
double elements of an involution are Jiai^ionic with resj)ect 
to any pair of con^espondents. Hence an involution is 
determined by its double elements; it consists of all pairs 
of elements that are harmonic conjugates with respect to the 
double elements ; for this reason the paira of correspondents 
are called conjugates. Hence one pair of points can be found 
harmonic with respect to each of two given pairs on a line ; 
they are the double elements of the involution determined by 
the given pairs, and are real or imaginary according as this 
involution is hyperbolic or elliptic. As a particular case, if 
the given pairs, being real, be themselves harmonic, the pair 
harmonic with respect to these will be imaginary. 

£x. 1. Discuss this question algebraically, and show that of the three 
segments an odd number must be imaginary. 

Ex. 2. Show that the double lines of a circular involution are 
Isotropic. 

Involutions determined Algebraically. 

174. The pairs of points in an involution may be con- 
veniently given by quadratic equations 

u = ax^ + 2aX'\-a" = 0, 

v = hx^ + 'Ih'x + h" = 0, 

w = cx^ +2c'x +c" =0, etc., 
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subject to some condition; this can be found from the relations 

OA . 0A'= OB,Oir = OC, 0G\ 

where is the centre ; let this be the point k ; changing the 
origin to 0, the equations become 

ax^+2ax + a' = 0, etc., 

where a' = aJ(?+2a'k+a'\ etc., 



and Oil.Oil'=". 

a 

Therefore 

a^+ 2a'k+ar ^ bk^ + 2Uk + h" ^ ck^+2ck+c " 
a b c ' 

hence 2a'k+a Jlb'k+b" ^ ^c'k-^-c" ^ j^ 

a b c * 

that is, ah + 2aX- + a" = 0, 

6A+26'ik + 6''=0, 
c/i+2cX- + c''=0. 

Eliminating h, k, the condition that the three pairs be in 
involution is 

I a a a" | = 0. 

6 6' 6" ! 
c c' c"" \ 

This shows that c =la +m6, 

c' =la' +mb\ 

and hence that the third quadi'atic is expressible in the form 

fxx^+2a'x+a''+\{bx^+2b'x+b'') = (1), 

that is, u+\v = 0; 

and different values of X give the quadratics that furnish all 
pairs of correspondents. 

The values of X that give the double elements make (1) 
a perfect square ; hence they are the roots of 

(a' + b'Xf - (a + 6X)(a" + 6"X) = 0. 

The expression (1) can then be written, after multiplication 
by a + 6X, as the square of 

(a+feX)aj+(a'+fe'X) = 0, 

or similarly, as the square of 

(a'+6'X>c+(a" + 6"X)«0. 
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Eliminating X from these/ a quadratic in x is obtained 
whose two roots give the two double elements, viz., 

ax+a' _a'x+a'' 

that is, (a6'-a'6)a?+(a6"-a"6)a;+(a'6"-a"60 = O. 

The value of X that reduces the quadratic to a linear 
equation gives infinity and its correspondent, that is, the 
centre. Hence for the centre. 



X-^Ti 



1 a"b-a6" 

2 ab'-^aV 



175. The two quadratics u = 0, t; = 0, determine an involu- 
tion u-^\v = whether their roots be real or imaginary; and 
this involution certainly contains real pairs. Some real 
values of X will give imaginary pairs, but this can happen 
only if the involution be hyperbolic. For let the centre be 
origin, then 

icx' = k, 

therefore the quadratics are reducible to the form 

x^+2a'x+k = 0, 

x^+2b'x+k=0, 
and u+Xt; = is then 

that is, x^+2px+k = 0. 

Hence if A: be negative, so that the involution is elliptic, 
a real p, which impUes a real X, gives real points. This can 
be stated : — 

Pairs of imaginaries can occur only in a hyperbolic involu- 
tion; the imaginaries that occur in an elliptic involution are 
not pairs, in the special sense of § 50. 

Hence the involution determined by the quadratics u = 0, 
v = will be hyperbolic unless both quadratics have real 
roots ; in this case it may be hyperbolic or it may be elliptic. 

Com/mon Elements of two Involutions. 

176. Two involutions on a common base have necessarily 
one pair of common elements, determined as the pair har- 
monic to each of the two pairs of double elements. Reference 
to § 175 shows that these common elements will certainly be 



168 CROSS-HATIO, HOMOGRAPHY, AND INVOLUTION. 

real unless both the given involutions are hyperbolic, in 
which case they may be real or they may be imaginary. 

Considering this case first, let the two pairs of double 
elements be F^, F^ ; *i, *2- These are real, by hypothesis ; 
hence the required points are determined as the double points 
of the involution F^F^y *;*2' ^^^Y ^^® imaginary or real 
according as the segments (F), ($) do or do not overlap. 

Now let the first involution be elliptic, F^, F^ are imaginary, 
and the construction just given is inapplicable. 

Let the centres of the two involutions be 0, Q, and let a 
pair of conjugates in each be D, D" ; A, A'. Let K, K' be the 
common elements, therefore 

OK,OK' = OD.OU, and Q.K ,Q.K' = Q.^.Q^\ 

By hypothesis, is between D, U\ therefore a circle on 
DU as diameter contains ; draw the double ordinate S^OS^ 
Join fiiSp and take on this a point S^ such that 

QSi.QS( = fiA.fi A'. 

The circle SiS^S'i cuts Ofi in the required points Ky K' \ 
these are in every case real, since S^, S^ are on opposite 
sides of the line. 

This construction applies whether the second involution 
is hyperbolic or elliptic. If it be elliptic, drawing the double 
ordinate S^fiSg, the circle S^S2^i^2 ^^ ^^® ^^^ required in 
the construction. 

y^ote. Tliis construction, like those in § 171, is open to the theoretical 
objection that it uses circles in a purely descriptive problem. It is 
however a simple })ractical construction. A purely descriptive con- 
struction is given in § 195. 

Involution determined by a Quadrangle. 

177. The simplest purely descriptive construction for cor- 
respondents in an involution is aflforded by the theorem : — 

The three pairs of aides of a comjylets quadrangle are 
cut in involution by any tixinsversal. 

Let the transversal cut the sides in XX\ YT, ZZ (Fig. 41). 

Then {A . BGBZ) = {(7 . BGBZ], 

and as equal pencils determine equal ranges on any line, 
the ranges detennined on the transversal are equal ; therefore 

{YZX'Z)^{XZYZ], 

that is, {X'YZZ\ = {XYZZ}, 

therefore the cross-ratio of four points is equal to that of 
their conjugates, which shows that the three segments XX\ 
YY, ZZ are in involution. 
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Taking for the transversal the special position EF, the 
points Xy X' come together at E, and the points F, Y' at 
F\ these are therefore the double points of the involution 
on EF\ they are harmonic with respect to the points in 
which EF is met by BD, AG, agreeing with what we already 
know as to the harmonic properties of the figure. 




Fig. 41. 



Hence to construct iT, the conjugate to Z in the involution 
determined by XX\ YY, it is necessary to construct a 
complete quadrangle whose sides shall pass through the points. 
For this the lines through Z, F, F' may be taken arbitrarily, 
but then the points i?, D are known, and these must be 
joined to X, X' (in either order). Thus the points A, C are 
found, and the line AC passes through Z", The construction 
can be differently arranged, and in any special problem the 
lines of the figure should be utilized as far as possible ; the 
essential thing is to get the three pairs of sides of a complete 
quadrangle associating the points in pairs as assigned. 

178. This theorem shows clearly that the conception of 
involution is purely descriptive ; it depends simply on con- 
structions with collinear points and concurrent lines, and 
requires no metric determination. The conception of har- 
monic division is also purely descriptive, as was pointed out 
in § 45 ; and harmonic division might oe defined accordingly : — 
If four collinear points be such that a quadrilateral can be 
described with vertices at two of them, and two diagonals 

Cing through the other two, the points are said to be 
Qonic. 
It is then shown (e.g. by means of triangles in perspective) 
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that this determines uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Geometric (lev Lage.) 

179. Tliat equianhannonic division is also purely descriptive 
appeal's from a construction now to be given. 

Let 1, 2, 3 be any three collinear points ; determine 1', 2', 3' 
so that 11' may be harmonic with respect to 23, etc.; then 

(a) H'are harmonic with respect to 2'3', etc. ; 

(6) 11', 22', 33' are in involution: 

(c) either triad of points and either double point of this 
involution form an equianhannonic system. 

The analytical proof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is harmonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
determining the corresponding points on the right. 

Let {1231'2'} = {2132'A'} ; for the determination of X there 
is any equation made from corresponding cross-ratios on the 
two sides ; 
therefore {1232'} = {213Z}, 

that is, (22', 13) = (IZ, 23), 

hence (l-ST, 23) is harmonic, and X is 1'; 

therefore {1231'2'} = {21321'} (ii.). 

Note. If (i.) be written {1231'} = {231 2'}, 

which is permissible by harmonic properties, the point X in 

{123r2'} = {2312'2r} 

is determined b*v { 1232'} = {231 Z}, 

and is therefore 3'. 

Hence {1231'2'} = {2312'3'} ; 

and similarly a number of other relations can be found. 

(Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore {1233'} = {213F}, 

that is, (12,33') = (21,3F), 

but (12, 33') =(21, 33'), being harmonic, 
and therefore (21, 33') = (21, 3F), 

showing that F is 3' ; hence 

{1231'2'3'}=»{2132'1'3'} (iii.). 
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(a) From (iii.), {31'2'y} = {32'r3'}, 

therefore (33', 1'2') is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
construction leads to 1, 2, 3 ; that is, the two triads of points 
are symmetrically involved. 

(h) Since (11', 23) and (11', 2'3') are harmonic, 

{123r} = {r2'3'l}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points are in 
involution. 

(c) Let a?p x^ be the double points of this involution, they 
are therefore haimonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also haniionic with respect to 33', therefore 
x^X2y 12, 1'2' are in involution. Hence 

{12ra:J = {212'a;2} 

= {2^1} (iv.X 

by permissible interchanges. Therefore 

{121'a;,a;J = {2'a;,2l2/}. 
where y is determined by 

{11V*} = {2'212/}, 
that is, by (11', x^x^ = (2'2, It/). 

The left haoid is harmonic, hence y must be 3, showing that 

{121\x^} = {2\2n} (v.). 

From (v.), {121'a;ia;23} = {2\2.1Sz), 

where ' {121'3} = {2'a;j2«}, 

that is, (ir, 23) = (2'2,a!sj0;. 

The left hand is harmonic, hence z is x^, and therefore 

{121'a;ia;j3) = {2'a;g213a;i} (vi.); 

and similarly it can be shown that 

{2U'xjX^d} = {Vx^USx,} (vii.). 

From (vi.), {a;,123} = {12'a;ja;i} (viii.); 

from (vii.), {u;,123} = {2x^Vxj), 

that is, {2xil3} = {l'2a;isa;i} (ix.). 

Now since x^, x^ are the double points of the involution 
11', 22', 

{12'a!^} = {l'^^i}; 

hence (viii.) and (ix.) give 

{x^US} = {2x^13} 

= {a;i231} 

(by permissible interchanges), which proves that {a;il23} is 
equianharmonic, where x^ is either double point. 
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that this determines uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Oeometrie der Lage,) 

179. That equianhamionic division is also purely descriptive 
appears from a construction now to be given. 

Let 1, 2, 3 be any three collinear points; determine 1', 2', 3' 
so that 11' may be harmonic with respect to 23, etc.; then 

(a) ir are harmonic with respect to 2'3', etc.; 

(6) 11', 22', 33' are in involution; 

(c) either triad of points and either double point of this 
involution form an equianharmonic system. 

The analytical proof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is hanuonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
detennining the corresponding points on the right. 

Let {1231'2'} = {2132'A'} ; for the determination of X there 
is any equation made from corresponding cross-ratios on the 
two sides ; 
therefore { 1232'} = {213Z}, 

that is, (22', 13) = (IZ, 23), 

hence {\X, 23) is harmonic, and X is 1'; 

therefore {1231'2'} = {21321'} (ii.). 

Note. If (i.) be written {123r} = {2312'}, 

which is permissible by Iiarmonic properties, the point X in 

{123r2'} = {2312'Z} 

is determined by {1232'} = {231 A'}, 

and is therefore 3'. 

Hence {123r2'} = {2312'3'} ; 

an<l similarly a number of other relations can be found. 

Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore {1233'} = {213F}, 

that is, (12, 33') = (21, 3F), 

but (12, 33') = (21,33'), being harmonic, 
and therefore (21, 33') = (21, 310, 

showing that F is 3' ; hence 

{1231'2'3'j = {2132'1'3'} (iii.). 
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(a) From (iii.), {31'2'.y} = {321'3'}, 

therefore (33', V2') is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
constiniction leads to 1, 2, 3; that is, the two triads of points 
are symmetrically involved. 

(b) Since (11', 23) and (11', 2'3') are harmonic, 

{1231'} = {1'2'3'1}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points are in 
involution. 

(c) Let iCj, X2 be the double points of this involution, they 
are therefore harmonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also hannonic with respect to 33', therefore 
ojjiCg, 12, 1'2' are in involution. Hence 

{121'xi} = {212'a;2} 

= {2'a:221} (iv.), 

by permissible interchanges. Therefore 

{12rx,x,} = {2\21y}, 
where y is determined by 

{ll\x^} = {2''2ly), 
that is, by (ir, x^Xi) = {2% It/). 

The left hand is harmonic, hence y must be 3, showing that 

{121'a;ia;2} = {2'a;s213} (v.). 

From (v.), {121'x,a;j3} = {2X2132}, 

where ' {121'3} = {2'a;j2«}. 

that is, (11', 23) = (2'2,a;jS). 

The left hand is harmonic, hence z is x^, and therefore 

{12l'a:ia;23} = {2'x„213a;i} (vi.); 

and similarly it can be shown that 

{212'a;ia;j3} = {lV23a;i} (vii.). 

From (vi.), {a;il23} = {12'a;ja;x} (viii.); 

from (vii.), {a;il23} = {2a;jl'a;J, 

that is, {2*113} = {l'2Xija;i} (ix.). 

Now since x^, x^ are the double points of the involution 
11', 22', 

{\2'x^} = {\'2x^^}; 

hence (viii.) and (ix.) give 

{0^123} = {2a;il3} 

= {a;i231} 

(by pennissible interchanges), which pi-oves that {xil23} is 
equianharmonic, where x^ is either double point. 
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that this (letennines uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Geometrie der Lage.) 

179. That equianhannonic division is also purely descriptive 
appeal's from a construction now to be given. 

Let 1, 2, 3 be any three coUinear points; determine 1', 2', 3' 
so that 11' may be harmonic with respect to 23, etc.; then 

(a) ir are harmonic with respect to 2'3', etc.; 

(b) n\ 22', 33' are in involution; 

(c) either triad of points and either double point of this 

involution form an equianharmonic system. 

The analytical proof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is harmonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
determining the cori'esponding points on the right. 

Let {1231'2'} = {2132'J:} ; for the determination of X there 
is any equation made from corresponding cross-ratios on the 
two sides ; 
therefore { 1232'} = {213Z}, 

that is, (22', 13) = (IZ, 23), 

hence (IX, 23) is harmonic, and X is 1'; 

therefore {1231'2'} = {2132'!'} (ii.). 

Note. If (i.) be written {123r} = {2312'}, 

which is permissible by harmonic proi)ertie8, the point X in 

{123r2'} = {2312'Z} 

is determined by {1232'}={231Z}, 

and is therefore 3'. 

Hence {123r2'}={2312'3'J ; 

and similarly a number of other relations can be found. 

Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore { 1 233'} = { 21 3 F} , 

that is, (12, 33') = (21, 3F), 

but (12, 33') = (21, 33'), being harmonic, 
and therefore (21, 33') = (21, 37), 

showing that F is 3' ; hence 

{1231'2'3'1 = {2132'1'3'} (iii.). 
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(a) From (iii.), {31T3'} = {321'3'}, 

therefore (33', 1'2') is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
construction leads to 1, 2, 3; that is, the two triads of points 
are symmetrically involved. 

(6) Since (11', 23) and (11', 2'3') are harmonic, 

{1231'} = {1'2'3'1}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points are in 
involution. 

(c) Let x^y CTg be the double points of this involution, they 
are therefore harmonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also harmonic with respect to 33', therefore 
x^x^y 12, r2' are in involution. Hence 

{121'aH} = {212'a;,} 

= {2V1} (iv.). 

by permissible interchanges. Therefore 

{12l\x^} = {2\21y}, 
where y is determined by 

{n\x,} = {2'2ly}, 
that is, by (11', XjX^) = {2'2, \y). 

The left hand is hannonic, hence y must be 3, showing that 

{121'a;ia;2} = {2'a!j213} (v.). 

Fi-om (v.), _{ UVXjX^Z} - {2'a;j2132}, 

where ' {121'3} = {2'a!5s22}, 

that is, (11', 23) = (2'2,a;22). 

The left hand is harmonic, hence z is x^, and therefore 

{121'a;iajis3} = {2'a!j213a;,} (vi.); 

and similarly it can be shown that 

{2\2\x^Z} = {Vx^UZx^} (vii.). 

From (vi.), {x^l2Z)=^{\2'x^^} (viii.); 

from (vii.), {xil23} = {2x^\'xi}, 

that is, {2a;il3} = {l'2a;i5a;i) (ix.). 

Now since x^, x^ are the double points of the involution 
11', 22', 

{12'a:yCi} = {l'2a;^J; 

hence (viii.) and (ix.) give 

{04123} = {2a;il3} 

= {a;i231 } 

(by permissible interchanges), which proves that {a;jl23} is 
equianharmonic, where x-^ is cither double point. 
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that this (ietennine« uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Geometric der Lage.) 

179. That equianhanuonic division is also purely descriptive 
appears from a construction now to be given. 

Let 1, 2, 3 be any three collinear points; determine 1', 2', 3' 
so that ir may be harmonic with respect to 23, etc; then 

(a) IV are harmonic with respect to 2'3', etc; 

(b) 11', 22', 33' are in involution; 

(c) either triad of points and either double point of this 

involution form an equianhanuonic system. 

The analytical pi'oof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is harmonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
determining the corresponding points on the right. 

Let {1281'2'} = {2132'.Y} ; for the determination of X there 
is any equation made from cori-esponding cross-ratios on the 
two sides : 
therefore { 1232'} = {213Z}, 

that is, (22M3) = (1-X', 23), 

hence (IX, 23) is harmonic, and X is V; 

therefore {1231'2'} = {2132'1'} (ii.). 

^^ote. If (i.) be written {1231'} = {2312'}, 

which is permissible by harmonic properties, the point X in 

{1231'2'} = {2312'Z} 

is determined by { 1232'} ={231Z}, 

and is therefore 3'. 

Hence {1231'2'} = {2312'3'} ; 

and similarly a nnmber of other relations can be found. 

Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore { 1 233'} = { 21 3 F} , 

that is, (12, 33') = (21, 3F), 

but (12, 33') = (21, 33'), being harmonic, 
and therefore (21, 33') = (21, 3F), 

showing that F is 3' ; hence 

{1231'2'3'; = {2132'1'3'} (iii.). 
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(a) From (iii.), {31'2'3'} = {32'r3'}, 

therefore (33', V2') is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
construction leads to 1, 2, 3 ; that is, the two triads of points 
are symmetrically involved. 

(6) Since (11', 23) and (11', 2'3') are harmonic, 

{1231'} = {r2'3'l}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points are in 
involution. 

(c) Let x^y CTg ^ the double points of this involution, they 
are therefore harmonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also harmonic with respect to 33', therefore 
x^X2y 12, r2' are in involution. Hence 

{121'a;J = {212'aj2} 

= {2x,21} (iv.), 

by permissible interchanges. Therefore 

{l2Vx,x,} = {2'x,2ly}, 
where y is determined by 

{n\x^} = {2'-2ly}, 
that is, by (11', XjO;,,) = {2'2, ly). 

The left hand is harmonic, hence y must be 3, showing that 

{121'a;ia;g} = {2X213} (v.). 

From (v.), _{ 121'a;,a;23} - {2'a;j2130}, 

where ' {121'3} = {2'a;j22}, 

that is, (ir, 23) = (2'2,a;22;. 

The left hand is harmonic, hence z is «j, and therefore 

{121'xiXj3} = {2'a5js213a;i} (vi.); 

and similarly it can be shown that 

{212'a;i«23} = {l'a!jl23a;i} (vii.). 

From(vi.), {a;il23} = {12'a^} (viil); 

from (vii.). {a!il23} = {2x2l'xi}, 

that is, {2xil3} = {l'2xja;i} (ix.). 

Now since x^, x^ are the double points of the involution 
11', 22', 

{I2'x^} = {V2x^,) ; 

hence (viii.) and (ix.) give 

{iBil23} = {2a;il3} 

= {a;i231} 

(by permissible interchanges), which proves that {a;jl23} is 
equianharmonic, where Xi is either double point. 
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that this (letennines uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Geometrie der Lage,) 

179. That equianharmonic division is also purely descriptive 
appears from a constiniction now to be given. 

Let 1, 2, 3 be any three coUinear points; determine 1', 2', 3' 
so that ir may be harmonic with respect to 23, etc; then 

(a) ir are harmonic with respect to 2'3', etc.; 

(6) 11', 22', 33' are in involution: 

(c) either triad of points and either double point of this 
involution form an equianharmonic system. 

The analytical proof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is harmonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
determining the corresponding points on the right. 

Let {1231'2'} = {2132'A'} ; for the determination of X there 
is any equation made from corresponding cross-ratios on the 
two sides ; 
therefore {1232'} = {213Z}, 

that is, (22M3) = (1Z, 23), 

hence (IX, 23) is harmonic, and X mV \ 

therefore {1231'2'} = {2132T} (ii.). 

Note. If (i.) be written {1231'} = {2312'}, 

which ia permissible by harmonic proi)ertie8, the point X in 

{1231'2'} = {2312'Z} 

is determined by {1232'} = {231Z}, 

and is therefore 3'. 

Hence {1231'2'} = {2312'3'} ; 

and similarly a nnmber of other relations can be found. 

Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore {1233'} = {213F}, 

that is, (12, 33') = (21, 37), 

but (12, 33') = (21, 33'), being harmonic, 
and therefore (21, 33') = (21, 37), 

showing that 7 is 3' ; hence 

{1231'2'3'; = {2132'1'3'} (ui.). 
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(a) From (iii.), {31'2'3'} = {321'3'}, 

therefore (33', r2') is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
construction leads to 1, 2, 3 ; that is, the two triads of points 
are symmetrically involved. 

(6) Since (11', 23) and (11', 2'3') are harmonic, 

{1231'} = {1'2'3'1}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points arc in 
involution. 

(c) Let a*!, CTg be the double points of this involution, they 
are therefore harmonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also harmonic with respect to 33', therefore 
x^x^y 12, 1'2' are in involution. Hence 

{121'a;J = {212'a;2} 

= {2^1} (iv.), 

by permissible interchanges. Therefore 

where y is determined by 

{11VJ = {2'212/}. 
that is, by (11', XjX^ = {2% ly). 

The left hand is harmonic, hence y must be 3, showing that 

{121'a;ia;4} = {2'a;j213} (v.). 

From (v.), { 121'a;,u;43} = {2'a;j2132} , 

where {121'3} = {2'a;5j22}, 

that is, (ir, 23)=(2'2,a;j2). 

The left hand is harmonic, hence z isXi, and therefore 

{12l'a;,a!j3} = {2'a;jj213xi} (vi.); 

and similarly it can be shown that 

{2Wx,x^i} = {l\123x^) (vii.). 

From(vi.), {xil23} = {12'a;2Xi} (viii.); 

from (vii.), {a;il23} = {2a;5jl'a:i}, 

that is, {2*113} = {l'2a;ija;i} (ix.). 

Now since x^, x^ are the double points of the involution 
11', 22', 

{12'x^,} = {l'2x^^} ; 

hence (viii.) and (ix.) give 

{ic,123} = {2a;il3} 

= {Xi231 } 

(by permissible interchanges), which proves that {a;il23} is 
equianharmonic, where x^ is either double point. 
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that this determines uniquely the fourth point, associated 
with a specified one of the three; and that the segments 
determined by the two pairs necessarily overlap. (Reye, 
Geometric der Lage,) 

179. That equianharmonic division is also purely descriptive 
appears from a construction now to be given. 

Let 1, 2, 3 be any three coUinear points; determine 1', 2', 3' 
so that ir may be harmonic with respect to 23, etc.; then 

(a) 1 r are harmonic with respect to 2'3', etc. ; 

(b) 11', 22', 33' are in involution; 

(c) either triad of points and either double point of this 

involution form an equianharmonic system. 

The analytical proof of this construction illustrates a 
process of combination that can be used with cross-ratios. 
By hypothesis, (11', 23) is harmonic, as is also (22', 13), 

therefore {1231'} = {2132'} (i.). 

Continue the range {1231'} with 2' and then with 3', 
determining the corresponding points on the right. 

Let {1231'2'} = {2132'J:} ; for the determination of X there 
is any equation made from corresponding cross-ratios on the 
two sides ; 
therefore {1232'} = {213Z}, 

that is, (22', 13) = (1-3:, 23), 

hence (IX, 23) is harmonic, and X is 1' ; 

therefore {1231'2'} = {21321'} (ii.). 

Note. If (i.) be written {1231'} = {2312'}, 

which is permissible by harmonic properties, the point X in 

{1231'2'}={2312'X} 

is determined by {1232'} = {231Z}, 

and is therefore 3'. 

Hence {1231'2'} = {2312'3'} ; 

and similarly a nimiber of other relations can be found. 

Continuing (ii.) with 3' on the left, 

{1231'2'3'} = {2132'1'F}; 
therefore { 1 233'} = { 21 3 F} , 

that is, (12, 33') = (21, 37), 

but (12, 33') = (21,33'), being harmonic, 
and therefore (21, 33') = (21, 3F)» 

showing that F is 3' ; hence 

{1231'2'3'j = {2132'1'3'} (iii.). 
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(tt) From (iii.), {31'2'3'} = {32'r3'}, 
therefore (33', lY) is harmonic; and similarly (11', 2'3'), 
(22', 1'3') are harmonic. Hence starting with 1', 2', 3' the 
construction leads to 1, 2, 3; that is, the two triads of points 
are symmetrically involved. 

(6) Since (11', 23) and (11', 2'3') are harmonic, 

{1231'} = {r2'3'l}; 

that is, the cross-ratio of four of the points is equal to that 
of their conjugates; hence the three pairs of points are in 
involution. 

(c) Let a?i, x^ be the double points of this involution, they 
are therefore harmonic with respect to every pair 11', 22', 33'. 

Now 12, 1'2' are also harmonic with respect to 33', therefore 
x^x^y 12, 1'2' are in involution. Hence 

{121'a;J = {212'ir2} 

= {2^1} (iv.), 

by permissible interchanges. Therefore 

{121'a;ia;,} = {2'a;,21t/}, 

where y is determined by 

{ll\x^} = {2''2ly], 

that is, by (11', x^x^ = (2'2, ly). 

The left hand is harmonic, hence y must be 3, showing that 

{121'a;ia;2} = {2'a;j213} (v.). 

From (v.), {121'a;ia'23} ^ {2'xsi2132J, 

where ' {121'3} = {2'a;222}, 

that is, (ir, 23) = (2'2,a;jS). 

The left hand is harmonic, hence z iax^, and therefore 

{121X3523} = {2'a;2213a;i} (vi.); 

and similarly it can be shown that 

{212'a;iXj3} = {lV23a;i} (vii.). 

From (vi.), {xil23} = { 12'x^^} (viii.) ; 

from (vii.), {xil23} = {2a;5jl'a;i}, 

that is, {2a;il3} = {l'2a;4a;i} (ix.). 

Now since x^, x^ are the double points of the involution 
II', 22', 

{12'a;^i} = {l'2a;.^i}; 

hence (viii.) and (ix.) give 

{Xil23} = {2a^l3} 

= {a;i231} 

(by permissible interchanges), which proves that {a;il23} is 
equianharmonic, where ic^ is either double point. 
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And from the involution IT, 22', 33', whasc double points 

^^^ ^'i' *2» ;;ril28} = {a^il'2';3'}. 

Having found that {.r,r23} is equianhaiinonie, equation 
(viii.) shows tliat {12'x2.rJ is also equianhannonic ; that is, 
tlie two double points witli two non-coiTesponding points 
from the two triads are equianliannonie. 

Hence an equianhannonic range depends on the construc- 
tions for harmonic ranges and the double points of an 
involution ; it is therefore purely descriptive. 

Examples. 

1 . Discuss the contents of this section with reference to the 
range determined on the line infinity by the three sides of an 
equilateral triangle and the lines through the vertices per- 
pendicular to the sides. 

2. Taking three concurrent lines at equal angles, show that 
either isotropic line through their intersection completes the 
equianharmonic pencil. 

3. Show that two lines at an angle of 30° and the two 
isotropic lines through their intersection form an equian- 
harmonic pencil. 

4. If the double lines of a pencil in involution be at right 
angles, tliey arc the bisectors of the angles detennined by any 
pair of conjugates. 

5. Show that every pencil in involution contains one pair of 
orthogonal rays. 

Deaargues' Tliearevi, 

180. The theorem of 5i 177 on tlie involution propei-ties of 
a (juadrangle is a particular case of Desargues* Theorem, 
which was originally stated with refei*ence to a conic and 
two pairs of sides of an inscribed quadrangle, but in its 
general form relates to a pencil of conies. This theorem is : — 

Any tvansveraal is cut in involution by a pencil of conies; 
and recipixxjally, Any point is subtended (p. 94, footnote) 
in involution by a range of conies. 

Using point coordinates, let the base conies be it = 0, t; = 0, 
where the transvei*sal is ;2 = 0, then any conic of the pencil is 

u + \v = 0, 

and the pairs of points in which tliis is met by the transversal 
are given by 

cix^ + 2hxy + 6 ?/2 + x(a'u-2 ^ 2hxy + by) = 0, 
and ara thei-efore by § 174 in involution. 
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If now the conic be chosen to touch the line, the two 
intersections coincide; the point of contact is a double point 
of the involution ; hence as seen in § 83 two conies can be 
drawn to pass through four points and touch one line ; and 
two conies can be drawn to touch four lines and pass through 
one point. 

Since the pencil contains three line-pairs, the involution 
properties of a complete quadrangle are included under 
Desargues' theorem ; and using two of the line-paira and one 
proper conic, the original form of the theorem is obtained. 

Let the transversal meet the conic in XX' , and the line- 
pairs AB, CD ; AC, BD ; in PF, QQ. The fact that the three 
pairs PP', QQj XX' are in involution makes the pasition of 
X' depend on Z, FF , QQ'; that is, on ^, i^, C, D, X, Thus 
Desargues' theorem agrees with Pascal's theorem and Chasles' 
theorem in expressing the dependence of any sixth point of 
a conic on the determining five points; the three theorems 
express the same truth under different aspects, and any one 
can be deduced from any other. 

Rx. 1. Deduce the process for finding the centre of an involution 
(§ 171) from Desargues* theorem. 

Ex. 2. Examine the construction for the common elements of two 
involutions (§ 176) with the help of Desargues' theorem. 

Ex, 3. Two conies are determined by five points each, of which three 
are common. Determine the fourth common j>oint. 

Getieral Idea of Involution, 

181. Though a formal proof of Desargues' theorem lias 
just been given, yet this is not really necessary; for the 
definition of involution (§ 167) makes the theorem intuitive. 
Any conic of the pencil determines a pair of points on the 
line ; and since four points on the conic are known, one point 
of the pair determines the conic, and therefore determines 
the other point; hence the elements of the one-dimensional 
space are associated in pairs, which is the one characteristic 
of an involution. 

The idea here involved has been generalized in various 
directions. Instead of groups of two points each, we may 
imagine the points of the line grouped by nn; in the case 
hitherto considered, two pairs being given by ii = 0, r = (), 
any pair is given by u + \v = ] in this generalization, any 
two groups being given by u = 0, t' = 0, th(» involution consists 
of all groups u + \v = i). Since only one parameter, X, is 
involved, a single point detennines the group. Such a system 
as this, a singly infinite system of groups of n elements 
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linearly determined by two ^i^oups of the system is calle<l 
an involution of degree n. For example, a pencil of cubics, 
U3 + Xv3 = 0, determines on any transversal an involution of 
degree 3. The involution of pairs of points is therefore of 
the second degi'ee. 

Again, the expressions u, v may be of degree n in any 
number of variables ; that is, instead of representing a group 
of n points, u = may represent a curve or a surface of 
order n; or it may be homogeneous in more than four 
variables. Thus the pencil of conies u^ + Xv^^O may be re- 
garded as a system of conies in involution. 

Just as in the simplest involution there are double elements, 
so in an involution of degree n there will be certain groups 
in which some of the elements fall together ; and just as in 
an involution of conies there are three line-pairs, that is, 
three conies that have double points, so in an involution of 
curves of higher order there will be certain curves that have 
double points. 

y^ote. Theue extensions of the theory of involution can 1)6 found in 
Fiedler, Die Darstellende Geojiietrie, t. iii., pp. 218, 256, 261, etc., and in 
Clebscli, Vorlesungeu iiber deometrie^ t. i., pp. 203, 207-210; where other 
references will be found. 

Another extension depends on an increase in the nunil)er of base- 
expressions I/, r, etc. (Cayley, On the Theory of Involution, Trans, Camb. 
Phil. Soc., 1866 ; No. 348 in Collected Papers, vol. v.), the general element 
in the involution is then Xu+fiv + vw-^etc. 

182. There is no very convenient distinctive notation in 
use for involution ; occasionally (u, v) may be advantageously 
used for the involution a + \v. If the involution be deter- 
mined by pairs of points, we may use (AA\ BR, CC) ; and 
the double points being F^, F^, this can be indicated by a 
natural extension of the symbolism, (AA\ ..., F^, FJ); or 
we may denote the whole involution by (jP\^, F^), It may 
occasionally be found convenient to write F=(AA\ BR)^, 
as a symbolic expression of the fact that F is a double 
element. 

Involution Properties of Conies, 

183. The intimate association of the theory of involution 
(of the 2nd degree) with the conic, implied in its definition, 
leads naturally to a series of theorems expressing this 
association. For instance, pairs of conjugate points on a 
line are in involution; this comes from the definition; the 
known symmetric relation of conjugates proves the (1, 1) 
correspondence on which involution depenos; any point on 
a conic has itself for one of its conjugates, hence the double 
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points of the involution are the points in which the trans- 
versal meets the conic. Or the theorem can be proved from 
the fact that conjugate points are harmonic with respect to 
the two points in which the line joining them cuts the 
conic. Similarly pairs of conjugate lines through a fixed 
point form a pencil in involution, and the double lines are 
the tangents from the point to the conic. 

As a particular case of this, conjugate diameters form 
a pencil in involution, of which the asymptotes are the 
double lines; these are real or imaginary, that is, the invo- 
lution is hyperbolic or elliptic, according as the conic is a 
hyperbola or an ellipse. The involution is circular if the 
conic be a circle, in which case every pair of conjugate 
diameters is harmonic with respect to the circular points, 
that is, every pair of conjugate diameters is at right angles 
(see § 172). 

Examples. 

1. From the fact that two involutions with a common base 
have one pair of common elements, prove that every central 
conic has one pair of conjugate diameters at right angles, 
and that these are necessarily real. 

2. Given two pairs of conjugate diameters (in position, not 
in magnitude), construct the axes and the asymptotes, dis- 
tinguishing the two cases that occur. 

3. Apply Desargues' theorem to show that every conic 
through the intersections of two rectangular hyperbolas is 
a rectangular hyperbola. 

4. If a pencil contain a circle, the axes of the two parabolas 
it contains are at right angles ; and the axes of all conies 
of the pencil are in two fixed dii-ections. (Steiner.) 

5. If a circle intersect a conic, the pairs of chords of inter- 
section make equal angles with an axis. 

184. To obtain the focal properties of conies, consider the 
two pairs of tangents from o), w , and use Desargues' theorem 
in the reciprocal form. Two conies with the given tangents 
can be drawn through any point P; their tangents at P 
are the double lines of the involution formed by the tangents 
from P to the conies of the range. One conic (degenerate) 
of the range is the point-pair co, w'; hence the tangents to 
the two conies through P are harmonic with regard to the 
isotropic lines through P, that is, they are at right angles. 
Hence confocal conies are orthogonal (compare § 134). 

Again, another degenerate conic of the range is the point- 
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?air Fy F' (the real foci) ; tlie two perpendicular tangents at 
^ are therefore harmonic with respect to PF, PF, that is, 
they are the bisectoi-s of the angle FPF ; hence the tangent 
at any point is equally inclined to the focal distances. 

Taking a point T not on the conic considered, let TP, TP' 
be tangents; the lines joining T to coo)', FF, PP' are in 
involution ; therefore 

(i.) the double lines of this involution are at right angles, 
and consequently 

(ii.) they bisect the angle FTF and also the angle PTP*, 

therefore l FTP = ^ FTF, 

hence the two tangents that can be drawn fi^om any point 
to a conic are ecjually inclined to the focal distances of the 
point. 

185. If any problem depend on the determination of a 
single point or a single line, we expect to obtain the solution 
by a linear constiniction. Not so if the point to be detenniiieil 
be one of a pair; for this we must expect to need a conic. 
A pair of points, real or imaginary, on a know^n line, can 
always ser\'e as the double points of an involution determined 
by two real pairs, and this is frequently the most convenient 
way of dealing with a pair that may possibly be imaginary ; 
or again the two points may occur as the double points of 
two homogi'aphic ranges. A constiniction of this nature, 
that is, a constiniction for a pair of elements, is a construction 
of the second degree. 

Ex. Find the imints in which a given line meets the conic deteruiine<l 
by the five points J, i?, (', />, E. 

Let one of the required }>ointd he 1\ then by Chasles' tlieoreni 
the pencils 

{A,CDEP), {B,CDEP\ 

are equal. Let AC, AD, AE meet the given line in 1,2,3, and let 
BO, BD, BE meet it in V, 2', 3' ; /* is either double point of the homo- 
graphic ranges 

{1 2 3...}, {r 2'3'...}. 

E.V. 1. Apply Desargues' theorem to this problem. 

Er. 2. Two conies are determined by five points, of which two ai-e 
common. Find the line joining the other two common ix)inta by a linear 
construction, and the i)oints themselves by a quadratic constructiou. 

1S6. A number of relations among segments in involution can be 
found ; these all follow from the two properties, (i.) the cross-ratio of 
any four points is ecpial to that of their correspondents ; (iL) the double 
points are harmonic with respect to every pair of conjugatea 

Similarly relations can he found for the segmeuU determined by 
homographic ranges. 
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For these reference should be made to Chasles, Giometrie Superieure^ 
Chapters IX. to XIII. ; or to Russell, Pure Oeoinetry^ Chapters X. 
aiid XVIL In Cli. XXV. of the latter work there will be found a 
number of interesting constructions 'of tlie second degree. 

Examples. 

1. Construct the polar of a point P with regard to the conic 
determined hy A, B, C\ D, E, 

2. Given a pole and polar, and three points on a conic, 
construct the conic. 

3. Given two poles and polars, and one point on the conic, 
construct the conic. 

4. Given two pairs of conjugates, AA\ BB\ show that the 
two points determined by the intersections of the cross-joins 
are conjugates. (Hesse.) 

5. Show that the conies passing through three points and 
ha\'ing one assigned pair of conjugates form a pencil; and 
find a linear constiniction for the fourth common point. 

6. Given four points on a conic, and one pair of conjugates, 
determine the points in which the conic cuts the join of the 
conjugates ; hence construct the conic. 

7. CJonsider a triangle, and a line-pair ; on any side of the 
triangle there are now two point-pairs, viz., the two vertices, 
and the intersections with the line-pair ; let the double points 
of the involution on BC be A^y A^\ etc. Show that the six 
points A^, A^t B^y B^, C^, C^ lie by threes on four straight 
lines. 

8. Apply Desargues' theorem to a conic and a pair of 
tangents, showing that one double point of the involution 
determined on any transversal is on the chord of contact of 
the tangents. 

9. Three points and two tangents are given for the deter- 
mination of a conic ; show that the chord of contact is one of 
four lines ; hence construct the four possible conies. 

Apply this construction to the case when two of the given 
points are the circular points, discriminating carefully tis to 
real and imaginary in the constiTiction. 

10. Each vertex of a pentagon is the pole of the opposite 
side with respect to a conic ; show that this statement in- 
volves exactly the right number of conditions for determining 
the conic ; and find the construction for the conic. 

Note. Tlie followbig four examples relate to the pencil 
detei'mined by two coxites all of whose intersections are 

8.0. M 
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imaginary. AU depend on ajyplications of Desarguefi 
theoremfis 

11. I)raw the conic of the pencil that pa&ses tlirou^h a 
giveii point. 

12. Draw the conies of the pencil that touch a given line : 

(a) if the line touch one conic, and cut the other in 
(i.) real, (ii.) inia^nary points ; 

{h) if the line cut one conic in i-eal, one in inia^narj- 
points; 

(c) if the line cut both conies in imaginary points. 

13. If the two given conies belong to one " nest," determine 
one conic of the other nest. 

14. Hence construct the common self -conjugate triangle for 
two conies, all of whose common points and connnon tangents 
are imaginary. 

15. Take a fixed conic u, a fixed line p, and a fixed point 0, 
these having no special position with regard to one another. 
Let any variable line through cut the fixed line in (y, and 
the conic in U, U' ; let X, A' be the double elements of the 
involution (00\ UlT) ; the locus of X, X' is a conic, ^, having 
0, p as pole and polar. 

16. Let V be any other conic having 0,p as pole and polar ; 
the intersections of v, <j> lie on two lines through 0. 

17. Hence show that through any point two lines can be 
drawn to be cut haraionically by two conies u, v. 

18. Find the envelope of a line cut harmonically by two 
conies. 

19. Find the locus of a point subtended hannonicallj^ bj- 
two conies. 

20. Find the locus of the intersection of perpendicular 
tangents to a conic. 

21. Any line through a vertex of the self-conjugate triangle 
of a pencil of conies is cut in involution by the pencil. 

22. If the harmonic conic determined by the segments PP", 
QQf divide RR harmonically, then the relation of the three 
segments is symmetrical. (Clifford.) 

23. If P, P' be conjugate with regard to the pencil of conies 
determined by an orthocentric quadrangle, then with P, P' as 
foci a conic can be inscribed in the harmonic triangle of the 
quadrangle. 



CROSS-RATIO, HOMOGRAPHY, AND INVOLUTION. 179 

24. Show that through any point three lines can be drawn 
to be cut in involution by three conica u, v, u\ which do not 
belong to a pencil. 

Determine the lines when the three conies have a common 
self-conjugate triangle. 

26. Show that any line cut in involution by three conies 
u, v, w is cut in involution by every conic of the net 

\u+/jlv+vw = 0. 

26. Hence show that the envelope of a linp cut in involution 
by a net of conies is a curve of the third class. 

Systems of Conies. 

187. A number of the examples and theorems discussed 
have related to special systems of conies ; for example, among 
systems that are singly infinite we have considered a pencil 
and a range ; but there are other singly infinite systems that 
may be considered, systems of conies determined by three 
points and one line, by two points and two lines, by one point 
and three linea The characteristic of the pencil is that the 
point equation of any member is linearly expressible in tenns 
of any two members ; the fundamental idea in the range is 
reciprocal to this ; the line equation of any member is linearly 
expressible in terms of any two members. 

If then we know that the conies considered in any problem 
form a singly infinite system, we cannot therefore infer that 
they form a pencil, or a range. But if the conditions imposed 
be of such a nature that it, v being members of the system, 
u+\v is also a member, then all members of the system are 
given by u+\v. For if there be any one, <f>, not included 
in this, then by the given conditions all conies xf^ + kip are 
included in the system, where \[a is any one of the system 
u+\v; hence the system is not a one-fold infinity, for it 
includes u + \v+k<f>, that is, it depends on two independent 
parameters. Hence we see that all conies of the system are 
given by u+Xv; if therefore u, v he expressed in point 
coordinates, the system considered is a pencil : and if it, v 
be expressed in line coordinates, the system is a range. For 
instance, given four pairs of conjugate points, that is, four 
conditions, the conies are singly infinite in number. I^t u, v 
be any two satisfying these conditions: Desargues' theorem 
shows that all conies u+\v belong to the system; hence all 
conies of the system are included in u + Xv, and the conies 
form a pencil. 

Ex. Show that given four pairs of conjugate linea, the conies fomi 
a range. 
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188. A few words may now titly be said as to the simplest 
doubly infinite sj'stems of conies, viz.. those in which any 
member is expressible in the fonn 

it+Xr+/xtr = 0. 

If u, r, w represent expressions in point coordinates, the 
system Ls a net: the corresponding system with reference 
to line coonlinates has no distinctive name in English, but 
is sometimes called a tangential net ; the name web has been 
suggested. 

Xote. lu French, pencil and range are FaiMreau and Systhne (this 
last not exchisivelv in the sentte of luii^e, but generally introduced with 
an explanation of the meaning intended) ; net is Riteau, and the re- 
ciprocal configuration is lUteau tangenM. 

In German, pencil of lines and range of points are StrahlenbUscAel and 
Punktreihe ; pencil of conies and range of conies are Kegehchnittbuschel 
and Kegelnchnittickaar ; conies passing through 1, 2, 3 fixed points and 
touching 3, 2, 1 fixed lines form a gemisckte AegelscAm'ttschaar^ or simply 
a tSehaar (Steiner) ; net and the reciprocal configuration (web) are Iwetz 
and Oewebe. But usage varies considerably, and in all the word system 
is frequently used, the precise meaning being stated at the time. 

Speaking now only of the net, certain properties are at 
once e\ndent. 

(i.) All conies that jmss through a point fomi a pencil. 
For if the point l)e iTj, ?/i, z^, the parameters X, /x must 
satisfy 

eliminating /x, the equation of any conic of the net through 

+ X>/r = O, 
where 0, y\r are written for 

Hence two points detennine a conic uniquely; the points 
beiiig 1, 2, the conic is 

= 0. 
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(ii.) Any ttvo pencils of tite net have a common cmii^. 

For the pencil detennined by A contains one conic that 
passes through A' ; and the pencil determined by A' contains 
one conic through A ; and since two points detennine a conic 
of the net absolutely and uniquely, these two conies must 
be the same. Moreover, if the ^-pencil pass thix)ugh B, C, D, 
and the ^'-pencil pass through R, C\ 27, the conic A A' passes 
thmugh all these points. Hence by means of the net of 
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conies the points of the plane are grouped in fours, and any 
two groups lie on a conic. 

(iiL) From this, any conic of the net can he constructed 
when three conies not passing through a point are hnown. 
For let the three groups of intersections be 

-^ij -Oj, C'yy D^\ A^i B^, C/g, D^i -^3> -^3> ^3> "^3* 

Take any point P, the three associated points Q, ii, S are 
given by the conies 

and any conic through P, Q, R, 8 belongs to the net. Hence 
the statement that two points determine a conic of the net 
should be: — Two points not belonging to a group determine 
a conic uniquely. 

If it be known that the conies in a doubly infinite system 
are grouped so that all through any point form a pencil, 
then the system is a net. For a conic of the system is 
determined uniquely by two points ; now the general equa- 
tion of a conic of the doubly infinite system contains only 
two parameters ; and since two relations connecting these 
determine them uniquely, they enter separately and in the 
first degree. Hence the general conic or the system is 

and the system is a net. 

189. In Ex. 10 after § 82 it is stated that the locus of 
pairs of points that are conjugate with regard to three 
conies is a curve of order 3. Now points that are conju- 
gate with regard to three conies are conjugate with regard 
to their net. For let the transversal ha z = 0, and let the 
conies be <f>, xjr, x> ^^^ pairs of points in which the join 
of the conjugates meets them are expressed by three quad- 
ratics, u = (), v = 0, IV = 0, obtained by writing z = in ^ = 0, 
>^ = 0, x==^- Since these are by hypothesis in involution, 

w = au + bv. 
Taking any other conic of the net, 

and writing 3^ = 0, the pair of points is given by 

\u + /jLV + vw = 0, 
that is, by lu + mv = 0. 

Hence this pair is in the involution (?(, v), and therefore 
the given conjugates are conjugate witli regard to the conic 

that is, with regaixl to any conic of the net. 
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Hence the locus of the points that are conjugate with 
regard to a net is a certain oi*der-cubic. 

Again, in Ex. 26, after § 186, it is stated 'that the enveloiH? 
of a line cut in involution by a net of conies, that is, of 
a line joining a pair of conjugates, is a class-cubic. Tlius 
associated with the net there is an order-cubic and also a 
class-cubic; and the whole theory of nets of conies is most 
satisfactorily studied in connection with curves of the thinl 
onler or class: not that these higher curves are required 
for the proofs, but because the results obtained with regard 
to the net can by their means be more clearly stated and 
realized. 

The theory of cubics as depending on nets of conies is systematically 
developed geometrically bv Schrbter, in his Theorie der Ebenen Kurven 
driller Ordnung ; it is algebraically treated by Clebsch, Varlesungerij U i., 
pp. 519-527. A detailed account of singly infinite systems of couics, 
and some discussion of doubly infinite systems, is to be found in Steiner's 
SpUhetUche Oeotnetriey t. ii. (Schroter) ; and the paper "On Some Geo- 
metrical Constructions" by H. J. S. Smith (Proc. Lond. Math, <Soc., 
voL ii., pp. 85-100; 1868) is devoted to a discussion of "systems of 
order 1, 2, 3, 4" {i.e. pencil, net, etc.). But this paper presupposes 
some knowledge of the theory of Invariants, as does also the treatment 
adopted by Clebsch. 

190. It has been hitherto assumed that the conies u, v, w 
have not any common points ; they may however have in 
common, one, two, or three fixed points, but not four, for that 
would reduce the net to a pencil, since plainly any conic 

\U + /JLV + l/lV = 

goes through all points common to it, v, and w. The various 
theorems stated still hold, except with regard to the fixed 
points. All conies of the net through any other point form 
a pencil ; but one, two, or three of the base points of the 
pencil are now fixed ; two points, not the fixed points, deter- 
mine a conic uniquely, and so on. 

DeUmiination of a System of Conies by Pairs 

of Conjugates. 

191. We now consider the determination of a conic by 
means of five conditions, of which a certain number are 
supplied by paii>j of conjugates. This is in close connec- 
tion with the theory of pencils and nets, and involves the 
determination of a pencil by four pairs of conjugates, of 
a net by three pairs of conjugates ; and it leaj& to de 
Jonquiferes* solution of Chasles* problem: — To determine a 
conic tliat shall cut Jive given segments ItxtrmonicaUy* 

* Terquem et GeronOy Aimales de Malh^iatiques^ t. xiv., p. 435 ; 1855. 
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The pi-oofs of some of the constinictions are omitted, as they 
can easily be supplied from the principles already discussed. 

I. GUven four points and one pair of conjugates. 

The pencil determined by the four points cuts the join 
of the conjugates in an involution; the given conjugates 
themselves determine on this line a second involution, of 
which they are the double elements ; the common elements 
of these two involutions are points on the required conic, 
and with the given foui* points the determination is complete. 

II. O-iven three points and two pairs of conjugates. 

Let the given points be P, Q, R, and the conjugates AA\ 
BR. Describe conies through F, Q, R to touch A A' At A 
and A' respectively ; let S be the fourth intersection of 
these conies. Any conic of the pencil PQRS has A A' for 
conjugates, and one conic of the pencil has BB' for conjugates. 
Hence the required conic is known. 

It is better to determine ^ by a linear construction. Let 
QR meet AA' in P^, and let Pj be conjugate to P^ with 
respect to AA'\ similarly detennine Q2' ^2- Then Q22, PP2 
is one conic of the pencil ; therefore PP^ passes through S, 
jis do also QQ2, RR2; 

It is here shown that three points and one pair of con- 
jugates determine a pencil. 

IIL Given two points and three pairs of conjugates. 

We first show that two points and two pairs of conjugates 
determine a pencil. Let the points be P, Q, and let the 
conjugates AA\ BB, lie on lines a, h. Let a, h meet in 2 ; 
determine S^, S^ on a, 6, conjugate to 2 with regard to AA\ 
BB. Then the conic PQ'LH-^S^ satisfies the given conditions. 
Let PQ cut a, h in L, M] determine L\ if the conjugates 
to L, M with regartl to AA\ BB \ then the line-pair Py, 
UM' satisfies the given conditions. Let LM' meet the conic 
PQXS^S^ in X, F, then any conic through P, Q, X, Y 
satisfies the given conditions,* and all conies are included in 
this pencil. 

TTie one conic of this pencil that has the third pair of 
conjugates (7(7 is the conic detennined by the five conditions. 

£x. 1. Show how to construct a conic through the intersections of 
two given conies, and having one i)air of conjugates, in the case when 
(1) two, (2) four of the intersections of the given conies are imaginary, 
allowing for the possibility of tlie line joining the given conjugates 
meeting one or both of the given conies in imaginary points. 

Ex. 2. Describe a circle, when three pairs of conjugates are given. 

IV. Oiven one point, and four pairs of conjugates. 
That the four pail's of conjugates detennine a pencil was 
shown in § 187 ; but no construction was given for the 
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pencil. ' Let the pairs of conjugates he AA\ BR, CCy DD'. 
Consider the lines AB, A'R, intersecting in X. Any line- 
pair that is hannonic witli respect to these has AA\ BR 
tor conjugates; one such line-pair can be constructed that 
has CC for conjugates. Similarly one line-pair can be con- 
structed, with its vertex at X' (the intersection of AB*, A'B\ 
that has AA\ BR, CC for conjugates; any conic of the 
pencil determined by these two line-pairs has AA\ BR, CC, 
tor conjugates; and one conic of the pencil has also DR 
for conjugates. Thus one conic is found having the assigned 
four pairs of conjugates. Now grouping the pairs differently, 
another conic is found ; and the pencil detennined by these 
two conies has the assigned four pairs of conjugates; it is 
the i-equired pencil. 

One conic of this pencil passes through any given point: 
hence a conic through one point and having four pairs of 
conjugates is determined; and one conic of this pencil haa 
a given iifth pair of conjugates ; hence 

V. Given Jive pairs of conjugates, the conic is determined. 

The construction just given can be applied to case III. 
The thi*ee pairs of conjugates can be grouped in three w^ays : 
hence three pencils of conies are found having these three 
pairs of conjugates. Now one point and three pairs of 
conjugates determine a pencil ; hence (§ 188) three pairs of 
conjugates determine a net; hence the three pencils just 
found, being three pencils of a net, are not independent, 
but this does not interfere with the construction. We have 
to find the conic of this net that passes through the two 
given points, P, Q. The point P determines one conic of 
the first pencil and one of the second ; these two determine 
the pencil through P; and the required conic is the one 
of this pencil that passes through Q. 

Hence as concerns the determination of a conic, a pencil, 
or a net, a pair of conjugates is a single linear condition, 
equivalent in its effect to a given point. 

Xotv. This is at once apparent algebraically ; the condition that two 
)K)ints be i.x)n jugate vnth respect to the general conic imposes a linear 
condition on the coefficients a, 6, etc. 

Examples. 

I. Apply the linear construction for the fourth base-point 
of the piMieil detennined by three points and one pair of 
conjugate iwints to the case of rectangular hyperbolas through 
tliree fixed points. 

[ 2. Show that the locus of the pole of a fixed line with 
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respect to a pencil of conies is a conic through five known 
points, of which thi'ee are fixed, and two lie on the line. 

3. Apply the result reciprocal to that obtained in Ex. 2 to 
show that four tangents and one pair of conjugate points 
determine a conic as one of two. Construct these conies. 

4. Construct the conies determined by 

(i.) one tangent and four pairs of conjugate points ; 

(ii.) three points, one tangent, and one pair of con- 
jugate points ; 

(Hi.) two points, one tangent, and two pairs of con- 
jugate points ; 

(iv.) one point, one tangent, and three pairs of con- 
jugate points. 

Homograpkic Correspondence on Curves. 

192. The general definition of homography (§ ICO) simply 
I7e<iuire8 the comparison of two one-dimensional spaces ; there 
is to be a (1, 1) correspondence between the elements. Each 
element being indicated rationally by means of a single para- 
meter /x, /x', the correspondence is expressed by a bilinear 
x-elation 

aiJiix+^IJL + yix+S = ^ (1), 

stnd the cross-ratio being estimated by means of the values of 
>u, it follows that the cross-ratio of any four elements is ecjual 
tx> that of their correspondents. This conception is directly 
applicable to any two unicursal one-dimensional spaces. 
Thus for example the cubic 

>vas shown in § 144 to be unicui-sal ; the coordinates of any 
point are 

x:y: z — ^ix^ : ^fj. : ij?+ 1. 

Again, the conic i^ = rj^ is unicursal, the coordinates of any 
tangent are 

A (1, 1) correspondence can be instituted between these two 
one-dimensional i^gregates of elements by means of a relation 
of the form (1). It should be noticed that the bilinear rela- 
tion between the two parameters does not imply a bilinear 
relation between the two sets of coordinates, though there 
may happen to be such a relation. For instance, in the 
example just given, 

y n 
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therefore (1) becomes 

but the relation satisfied by 

y : z and 17 : f 
is of a different form. 

193. The two homogi'aphic systems may be in the same 
one-dimensional space ; for example, we may have homo- 
graphic ranges on a conic, just as we have homographic 
ranges on a line. And instituting a (1, 1) correspondence 
between the points of a conic, we have an involution on 
the conic. 

It was shown in § 142 that the coordinates of a point on a 
conic can be expressed in terms of a single parameter in a 
doubly infinite number of ways. But whatever system of 
expression may be adopted, the cross-ratio of the parameters 
of four points is the same, and is the cross-ratio of the pencil 
determined in the conic. For let the expressions be 

knowing that the pencil determined at any fifth point of the 
conic is the same whatever point be taken, we can take the 
pencil subtended at /x = 0. The ray of this that passes through 
a point fA is 



X y z 

a/j:-+a/jL+a'' V-|-6>-f6" cij,^+c'fi+c 



// 



a 



// 



// 



c 



// 



= 0; 



subtractmg the last row from the second, and then dividing 
the second row by /x, this becomes 



X y z 

u/j.-^-a hfx + h' CjjL + c 



a 



// 



ff 



jt 



= 0. 



Hence any ray of the pencil is u-f/xv, where 

v^xQyc" -V'c) +2/(ca" -c"a) +3(a6" -a"6), 

and the pencil is therefore (/Xi/X2» M«M4)> ^h*^ ^s* ^Y §41, a 
pencil of cross-ratio 

Ml -Ms . M1-M4 

M3-M2 M4-M2 
In dealing with systems of points on a conic, we are there- 
fore at liberty to adopt the most convenient system of para- 
metric expression. For instance, taking two tangents and 
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their chord of contact for the lines x, y, and z, the equation of 
the conic is of the form 

xy = z\ 

and any point on it is 1, fi^, /ul. This form is disciLssed in 
Salmon's Conic SectionSy ^ 270-277. It is there shown, 
among other things, that points ±ix are collinear with C. 
Now lines through G evidently associate the points of the 
conic in pairs, they therefore determine an involution ; and 
since the parameters of the points forming a pair are now 
M» ~M» ^h® relation is 

/x'=— M, that is, /x + /x' = 0, 

a special form of the symmetrical bilinear relation that 
expresses involution. 

194. The fact that concurrent lines determine an involution 
on a conic is here shown to follow at once from the definition 
of involution; and similarly there follows directly the con- 
verse theorem : — The joins of correspondents in an involution 
on a conic are concurrent. For just as in the case of an in- 
volution on a straight line, two pairs determine the arrange- 
ment; let their joins AA\ BR 'meet in 0. Then lines 
through determine an involution in which AA\ BR are 
correspondents, that is, they determine the involution in 
question. Correspondents PP' coincide if the line OP be 
a tangent ; hence in the involution there are two double 
elements I\, F^, these being points of contact of tangents 
from 0. Tne point is called the pole of the involution, and 
jPj/'j, the polar of 0, is the axis. The known properties of 
poles and polars show that AB, A'R, as also An, A'B, meet 
on the axis. Moreover since any chord PP" passes through 
0, it is conjugate to F^F^; therefore (Ex. 7, §89) the points 
(F^F^y PP") are harmonic ; that is to say, the double points 
of the involution are harmonic with respect to any pair of 
correspondents. 

The common elements of two involutions on a conic are 
at once constructed, for they are determined by the line 
that joins the two poles. 

195. The theory of involution on a conic gives purely 
descriptive constructions for the double elements of an in- 
volution on a line, and for the common elements of two 
involutions on a line. It has been shown that the crass-mtio 
of four points on a conic is determined by the cross-ratio of 
the pencil subtended at any point of the conic ; but this 
is also the cross-ratio of the range on any transversal. Hence 
the involution on a line can be projected on to any conic 



188 CROSSRATIO, HOMOGRAPH Y, AND INVOLUTION. 

by means of lines joining its elements to a fixed point on 
the conic. The pole of the involution on the conic is deter- 
mined by two pairs ; by means of the pole the double points 
are known ; and projecting these on to the original line, 
the double elements of the original involution are found. 
Similarly two involutions on a line can be projected on to 
a conic, and their common elements are therefore found. It 
will be seen at once that if one involution be elliptic, the 
pole of the cori'esponding involution on the conic is inside 
the conic ; hence the line joining the two poles certainly cuts 
the conic in real points, that is, the common elements of the 
two involutions are real (§ 176). 

196. Since the cross-ratio of four points on a conic is the 
cross-ratio of the pencil subtended at any fifth point, in 
comparing two ranges, the pencils formed may have different 
vertices; the relation of homographic ranges may therefore 
be stated: — Homographic ranges on a conic subtend homo- 
graphic pencils at any two points of the conic. This is the 
foundation of the geometrical treatment of the topic ; it gives 
the theorem : — 

The intersections of cross-joins of pail's of correspondents 
are collinear. 

Let pairs of correspondents ha AA\ BR, etc. ; then 

{A.A'irC\,.} = {A\ABC..,}, 

These equal pencils have a common ray, AA\ hence inter- 
sections of other correspondents are collinear; that is, the 
intersections of {AB\ A'B), {AC\ A'C), etc., are collinear. 
Thus by means of pencils at A, A\ a certain line a is deter- 
mined ; similarly lines 6, c are detennined ; these are to be 
shown the same. Tlie hexagon ARCA'BC shows that 

(AR.A'Bl {BG\FCl {CA^CA) 

are collinear ; and these three points in twos determine a, fc, c ; 
hence all these lines are the same. The line on which these 
intersections lie is called the homographic axis. 

Most of the properties of homographic systems on a conic 
follow at once from the bilinear relation beween the para- 
meters, exactly as in the case of homographic ranges on a 
line. Three pairs of correspondents determine the system; 
there are two common points ; etc. 

Note. The chapters on homographic rauges on a conic, and on in- 
volution on a conic, in Russell's Pure Geometry (XVI. and XX.) may 
be referred to for examples on these theories. 

For cross-ratio properties of conies, Cliapter XVI. in Salmon's Conic 
Sections should be read. 



CHAPTER X. 

PROJECTION AND LINEAR TRANSFORMATION. 

Effect of Projection. 

197. We now return to the theory of projection, of which 
the fundamental idea is explained in §§ 148-150. A plane 
figure is projected from one plane on to another by means of 
lines through a fixed point K, the centre of projection : the 
two figures agree as to descriptive and anharmonic proper- 
ties. Since any line and its projection meet on the line 
of intersection of the two planes, this line is as important 
in the diagram as the centre of projection ; call it XYZ, or v. 
If F, V, and A\ the projection of any one point A^ have been 
marked in, the projection of any other point B can be at 
once inserted. For let AB meet v m A (Fig. 36) ; then 
XA' passes through R ; and as VB also passes through i^, 
this point is found. 

198. A line parallel to v in the original plane projects into 
a line parallel to v\ for a plane containing a parallel to v 
is itself paraDel to v, and is cut by any plane containing 
t; in a line parallel to v ; hence a system of lines parallel to 
V projects into a system of parallel lines. But any other 
system of parallels pixyects into a system of concurrent lines. 
To prove this, note in the first place tliat the relation of 
two figures is symmetrical, that is to say either may be 
regarded as a pixyection of the other. Let lines p^, p.^ meet 
in P (Fig. 42); project on to a plane parallel io PV\ let 
Vv Pt nieet the line of intersection in Jf , F. By elementarj^ 
solid geometry, planes VPXy VPY are cut by the plane 
parallel to VP in parallel lines y>(, p,2- Moreover the pro- 
jection of P is the intersection of VP with the plane parallel 
to VP. Hence the concurrent lines p^^ y>., are projected into 
parallel lines, their intersection being pi-ojected to infinity. 
Wow let there be a line through P parallel to XY; this 
is projected by a plane parallel to the plane of projection, 
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and every point on it is projeeteil to infinity : but no other 
point in the plane PXV is projected to infinity, for everj' 
other point haH a finite projection. Hence we see that in 
a pliuie, infinity is a straight line. In a diagram the line 
in each plane that represents infinity in the other plane is 
of importance. 




From the reciprocal nature of the two figures in Fig. +2, 
it is seen that pai-allel lines project into a pencil of lines. 
In order to project a pencil ot lines into parallel lines, the 
cuttiri}; plane must be parallel to VP ; and to project a 
second pencil of lines with vei-tex Q into parallel lines, the 
cuttiiift plane must be parallel to VPQ. Tliis leaves us 
free to choose V arbitrarily, but then the direction of the 
cutting plane is determined. Hence any line can be pro- 
jected to infinity from an arbitrarily chosen centre. 

For example, a quadrilateral can be projected into a 
parallelogram : in Fig. 41 let EF be projected to infinity, 
ABCJ) becomes a paralleli^rani, and consequently BD, AC 
bisect each other in G. Let BD meet EF in H ; then the 
relation can be stated in a projective form, for H being at 
infinity, (BD, GH) is harmonic. Thus the harmonic pro- 
perties of a complete quadrilateral are deduced from the 
properties of a parallelogram. 

Possibilities of Projection. 

199. We know that the ma^itudea of lines and of angles 
are altered by projection ; but we have just seen that we can 
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to a certain extent determine beforehand what this alteration 
shall be. We consider therefore to what extent we can in 
general control this alteration. 

It was shown in § 151 that the ratio of two segments on a 
line can be altered to any desired extent, but that other seg- 
ments on the line are then determined. Now let there be 
segments not all on one line; let ABC be on one line, PQR 
on another ; we can project so that AB; BC and PQ : QR may 
assume any desired values X and yit. To do this, take 1) on 
ABCsjidS on PQR so that 

(^0,5i))=-X, (P7?,QS)=-M, 
and project DS to infinity. 

Ex. Project so that two non-collinear segments may be bisected at 
their intersection. 

200. The extent to which we can control the alterations 
in linear and angular magnitudes is assigned in the most 
generally convenient form by the theorem : — 

Any stiuight line can be projected to ivfinityy and at tlie 
same time any two angles into given angles. 

For in any projection let the plane through V parallel to 
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the cutting plane meet the original plane in v\ Let the 
lines AB, AC containing an angle A cut v, v' in ZZ\ YY' 
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(Fig. 43). Then VY\ VZ' are parallel to A'Y, A'Z.And there- 
fore the angle A' is equal to the angle Y'VZ'; also v' is 
f)rojeete(l to infinity. Hence to project so that a particular 
ine V may go to infinity, while two angles BAC, QPR assume 
given magnitudas 0, : — 

Let the sides AB, AG cut v' in Z\ Y\ and let PQ, PR 
cut v' in R, Q' ; take any plane through i/, in this on Y'Z' 
describe a segment of a circle containing an angle d, and 
on QR describe a segment containing an angle 0; let V 
be an intersection of these. From k as a centre project 
on to any plane parallel to Vv\ then the angles assume 
the required magnitudes, and the assigned line goes to 
infinity. 

As the circles may possibly intersect in imaginary points, 
it may require an imaginary projection to accomplish the 
desired transformation. 

Ex. 1. Any triangle can be projected so as to be similar to a gireii 
triangle, while any assigned line goes to infinity. 

Let nC, CA, An cut the assigned line in X', Y\Z' (Fig. 44). On 
Y'Z\ Z'X' describe segments containing the required angles a, ji. These 




Fic». 44. 

segments have one real intei-section Z\ and therefore they have another 
real intei-section 1'. Hence the transformation is accomplislied by a 
real projection. 

Ex. 2. A quadrilateral can be projected into a square by a ival 
projection. 

One diagonal miist be j)rojected to infinity, jind the angles formed 
by (1) the remaining diagonals and (2) one pair of sides must be pro- 
jected into right angles. 

Ex. 3. Any conic with any ix)int can be projected into a circle antl 
its centre. 

Take any two pairs of conjugate lines through the point. Project 
so that these may be at right angles, while the polar of the point goes 
to hifiuity. The conic remains a conic ; the point becomes the pole of 
infinity, that is, the centre ; the pairs of conjugate lines become con- 
jugate diameters ; but a conic with two paii*s of conjugate diameters 
at right angles is a circle ; hence the projection is accomplished, but 
it is not necessarily real. 
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201. This last example gives the important result that any 
two points can he projected into the circular points. For 
takii^ the line joining the points, and any conic through 
the points, the result is attained by projecting so that the 
conic becomes a circle while the line goes to infinity. 

Ex, 1. Show that if the two poiuts be real, the projection is imaginary, 
and vice versa. 

Ex, 2. Show that three angles with different vertices can be projected 
into right angles. 



Gomparison of Different Projections. 

202. In the proof of the theorem in § 200 there is a certain 
margin of choice in the construction : — 

(i.) take any plane through v' ; 
(ii.) project on to any plane parallel to Vv . 

Two different determinations under the heading (ii.) give 
similar figures, the ratio of their linear dimensions being as 
the distances of the planes from V. It remains to examine 
the effect of a different determination under the heading (i.). 
Let the centres be V^ and V^\ the planes on to which we 
project are parallel to V^v and V^v\ and may be taken to 
meet the original plane in the same line v. Since the figures 
in the planes V{v\ V^v are exactly the same, one can be 
brought to coincidence with the other by a rotation about v' as 
an axis. We have to show that a similar thing is true about 
the two projections. 

Constructing a diagram like Fig. 43 for each projection, 
and using suflBxes for the points in the projections, we have 

ZA^:V^Z' = ZA'.AZ\ 

ZA^:V^' = ZA:AZ': 
now V^Z'=V,Z\ 

therefore ZA^ = ZAy 

Also lA^ZY=^V^Z'Y\ 

lA^ZY=lV^T; 
now LV^'r = LV^Z'Y\ 

therefore i.A^Y= l A^ZY; 

and similarly for other lines and angles in the two pro- 
jections. Hence the second projection is simply the first 
with its plane turned through a certain angle. 
Thus the apparent choice relates simply to size and to poai- 

8.0. N 
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tion in space. The projection is absolutely determinate as to 
shape * when the magnitudes of two angles, and the line that 
is projected to infinity, are given. The plane of projection 
may make any angle with the original plane without any 
alteration in the resulting figure. 

203. Finally we may suppose the plane on to which we 
project to revolve so as to come into coincidence with the 
original plane ; then the Vv' plane also coincides with this. 
The whole figure is now in one plane, with its general pro- 
perties unaltered ; corresponding lines intersect on v, the axis, 
and corresponding points connect through F, the centre. 
Thus we are led to the theorem : — 

When twojigures in a plane are related so tluU the- joins of 
corresponding points are concurrent, tlien the intersections of 
corresponding lines are collin^ar. 

The point and line are Poncelet's centre and axis of 
homology; thus the theory of homology, or perspective, is 
rendered self-evident by means of perspective in space. 
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As an example of this plane projection, consider the trans- 
formation of a quadrilateral into a square. 

* The segments of circles used for the determination of V may liave 
their intersections, when these are real, on opposite sides of the line, in 
which case only one of the intersections satisfies the conditions of the 

{)roblem unless the segments he semicircles ; or on the same side of the 
ine. In this case there are two points V that might be taken as centre 
of projection ; and the projection is one of two. This cannot occur when 
we project so that two angles may become right angles, which is the 
usual projection. 
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Let the opposite sides of the quadrilateral A BCD (Fig. 45) 
meet in J?, F, and let the diagonals, which intersect in G, meet 
EF in H, K. The line EF must be projected to infinity, 
while the angles FBE^ HGK become right angles. On EF, 
HK, describe semicircles, let these intersect in F; F is the 
centre of perspective. For axis of perspective any line 
parallel to EF is to be taken; take for example the line 
through B parallel to EF, Let AD cut this in X ; then A'D' 
goes through X, and is parallel to VE\ hence A'D' is con- 
structed. Similarly the other lines are constructed, and the 
resulting figure is a square. In Fig. 45, the projections of the 
lines AVf BA are marked, their intersection is the point A\ 
which lies on VA, as it should ; and completing the figure by 
means of the projections of BC, CD, the points C\ D' will be 
found to lie on FC, FD. 

204. Two distinct projections of a figure, with a common 
line for the three planes, are projections of one another ; for 
the common line is the axis of perspective. Let the two 
centres be F^, Fg, and let the derived centre be V ; these 
three centres are coUinear. For if the two projections of 
AB be AyB^y A^B.^, then AB, A^B^, A.,B., meet on the axis of 
perspective ; therefore the triangles AA^A2, BB^B^ are in per- 
spective ; and therefore the points 

(A.A^^B.B,), iA,A,B,B), (AA,, BB^) 

are collinear ; that is, V\ F^, Fg are collinear. 

Alteration in Aj^pearance caused by Projection. 

205. Each of the two planes is divided into three com- 
partments by the line of intersection, the line infinity, and 
the line that is the projection of infinity on the other plane : 
and these three compartments of one plane project into 
the three compartments of the other taken in a different 
order. In Fig. 46, x J, JX, Xoc in one plane project into 
Foo , X Z, XI\ 

The appearance of the figure is most altered by projection 
when it cuts either the line infinity or the line that corre- 
sponds to infinity in the projection. To insert the projection 
of any point R accurately, when one pair of lines PX, P'X 
is drawn, let RM parallel to v cut PX in M\ let MV cut 
FX in M') let M'R' parallel to t; cut 7?F in R ; R is the 
projection of R, In Fig. 46 two points 7?, S, off* the line PQ, 
are marked in this way ; these have been chosen in about 
the same positions relative to P, Q respectively; but being 
in different compartments, the projections present a different 
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appearance. By inserting a few points in the neighbourhood 
of J, on the two sides of the line, the effect of projection 
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when the line projected to infinity cuts the figure will be 
made apparent. The efibct should be noticed for the various 
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cases that arise. The line through J may 
(i.) cut the curve ; let PQ be the tangent ; 
(ii.) touch the curve ; let the point of contact be on PQ. 

(i.) The point may be 

(a) an ordinary point, Fig. 47, (i) a, a ; 
(6) an inflexion, (i) 6, 6 ; 

(c) a crunode ; 
{d) a cusp, (i) d, d. 



a 




(i) 



(ii) 



Fk;. 47. 




(ii.) The line may be 

(a) an ordinary tangent, Fig. 47, (ii) a, a ; 
(h) an inflexional tangent, (ii) 6, 5 ; 

(c) a tangent at a crunode ; 
{d) a tangent at a cusp, (ii) d, d, 

(i.)(c) is not represented in the diagram, as it is simply (i.) (a) taken 
twice ; and (ii.) (c) is a combination of (i.) (a) and (ii.) (a). 

206. Since any conic can be projected into a circle while 
any desired line goes to infinity, in proving any descriptive 
theorem for a conic it is sufficient to prove it for a circle. 
Thus, for example, Pascal's theorem need only be proved 
for a circle, and the inscribed hexagon can be taken with 
two pairs of opposite sides parallel ; the truth of the theorem 
is at once evident, for the third pair of sides is necessarily 
parallel. Again, the constancy of the cross-ratio of a pencil 
in a conic is deduced from the constancv of the angles in 
a segment of a circle. The use of projection in proving 
properties of conies is fully treated in Salmons Conic 
Sections^ Chapter XVII., where, in § 866, there is the formal 
proof by elementary geometry that any conic can be projected 
into a circle. It should be noticed that a system of conies 
with two common points can be projected into a system of 
circles, and a pencil of conies into coaxal circles ; and that a 
range of conies can be projected into a system of confocals. 

Ex, 1. Draw the curve 

{yz - ^x^){yz - \j^) = xyh. 
Apply § 205 to determine the appearance according as one or other 
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of the three lines x^ y, z is projected to infinity ; and verify by drawing 
the curves whose Cartesian equations are obtained by writing 1 for 
JF, y^ z respectively. 

Ex, 2. Do the same thing with the curves in § 147, Ex. 1. 

Analytical Aspect of Projection. 

207. We have now to consider how projection presents 
itself as a method in analytical geometry. 

Let the sides of the fundamental triangle be a, 6, c. Sup- 
pose we are working with actual perpendiculars, then the 
present line infinity is 

aa + 6/3 + cy = 0. 

We project so that pa + q^+ ry = 

may go to infinity, and so that the triangle may have sides 
a\ h\ c. Any straight line projects into a straight line, that is, 

becomes 4V+ F^'+CV = ; 

hence any lineai* function of a, )8, y becomes a linear function 
of a', ^', y ; we have therefore a linear tra^isformation. It 
is a special linear transformation, for the lines 

a=0, )8=(), y=0, 
arc to become a' = 0, )8' = 0, y' = ; 
hence the transformation is of the form 

a = \a\ j8 = /xj8', y = vy\ 
By this the line pa+ql3+ry = 

is to become a a + b'/S" + cy = ; 

therefore pX:qiJL:rv = a':b': c, 

that is, X : u : i/= - : - : - ; 

p q r 

hence the transformation is 

/ If • f 

a= a, p = -p, Y = -y. 
p q V 

Now a\ b\ Cy p'.q.r may initially be chosen arbitrarily; 

consequently -, -, can be made to assume any values 

i, m, 71 ; and the formulae of transformation are 

a = la\ ^ = m^, y = ny\ 

Hence the use of projection in space shows that if we prove 
a projective theorem using actual perpendiculars, the same 
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work proves the theorem when the coordinates are any 
multiples we please of the perpendiculars. We are therefore 
independent of the nature of the coordinates in dealing with 
descriptive and projective metric properties ; that is, we may 
take any equation we please for the line infinity. 

208. In the case of plane projection, it is better to refer both 
fifi^res to the same fundamental triangle. Let the axis be 

fx+gy+hz = 0; 

the line x' goes through the intersection of this and the line x, 
hence 

x=px+\(Jx+gy+hzX\ 

y'=qy+i^(f^+9y+f^^)\ (i-); 

z'=rz + v(Jx+gy+hz)J 

the multipliers implied in x\ y\ z may be chosen so that 
X, /A, 1^, =1, and then the formulas of transformation become 

x'=fx+gy +hz,\ 

y'^fx +g'y+hz, ^ (ii.). 

^-fx +gy +Kz] 

The line joining the point A' {i.e. 2/' = 0, 2;' = 0) to the point A is 

(9-</)y-^{h-^K)z, 

and similar equations hold for BE, CC ; hence the centre of 
projection is given by the equations 

(f-f>c=(<i-y')y=(h-h')z (iii.). 

The interpretation of these formulas is thi^t if F{Xf y, z) = 
be any curve, then the equation of the curve obtained by a 
certain projection is F{x\ y\ 2^) = 0, where x\ 'if, z' are ex- 
pressed linearly in terms of Xy y, z by means of equations (ii.). 
Hence projection is accomplished by means of linear trans- 
formation. 

201). As an example, let it be required to project the curve 

aj8+2a:2/2- 2x2-3^2 H-a; = (i.), 

so that x+y — \ = may go to infinity, the curve remaining 
unaltered in the immediate neighbourhood of 0. 

To do this, we (1) change to homogeneous coordinates, and 
then (2) change the triangle of reference in part so that the 
assigned line may be the third side; and finally (3) project 
this third side to infinity. 

By (1) equation (i.) becomes 

a?+'2,xy^-2.xH'''&yH+xz^^0 (ii.). 
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The line x+y~-z = is to be taken as the line z' ; hence we 
have the equations 

x = \x\ y=iJ.y\ x+y—z=v2'. 

As the equation is to be unaltered 
for small values of x and y, X = I, 
/A = 1. Noticing how the line z\ that 
is, x+y—z = Ot lies, it is seen that 
in order that a point inside the new 
triangle may have its three coordin- 
ates positive, V must be negative; 
for x+y~-z is negative at a point 
inside this triangle. Write v= — /), 
and the formulae of transformation 
become 

Fio. 48. / / / / / 

x=x, y=y, z=x+y +pz. 

Making these substitutions and dropping the accents, equa- 
tion (ii.) becomes 

a^+2xy^-2x%x+y+pz)''Sy\x+y+pz)+x{x+y+pzy = 0, 

which reduces to 

^Sf+(2xy''Sy^)lJZ+x(pzf^0 (iii.). 

This is the result of step (2) in the process ; (3) is accomplished 
by writing for z any convenient constant (see § 30) ; we write 
therefore pz=l, and the equation of the projection becomes 

Sy^-2xy + '^y^-x = (iv.). 

This can be verified by drawing the curves (i.) and (iv.), 
and applying § 205, by means of which it will be seen that 
the change in shdpe is what it should be for the given pro- 
jection. The second curve has a node at infinity, the two 
tangents being the line infinity and a line parallel to the axis 
of X. 

In general, unless the line that is to go to infinity passes 
through 0, it is best to keep x, y unchanged. Let the line to 
be projected to infinity be 

ax+by = cz, 

then the formulas of transformation are 

x = x\ y=^y\ ^(iX'~by+cz=pz\ 

from which cz = ax' + by'+pz'; 

here the sign of p must be carefully determined, as in the ex- 
ample given above ; the numerical value is indiflferent, for at 
the end any convenient constant is written for z\ and there- 
fore for pz\ Thus p can be taken numerically unity, but it 
may be 4- 1 or — 1. 
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Ex. Find formulae for projecting 

(i.) ar+3y + l=0, (ii.) J?-y+2=0, (iiL)jr-l=0, 
to intinity ; and apply these as follows : — 

(L) toa<x-y)* + 7a;*-ary+a»+3y + l=0; 
(ii.) to:i<x-y)*+7a;*-7a3^+3a? + 3y + l=0; 
(iii.) to j<x-y)*+j:*-y*+y=0. 
Verify the results by drawing the curves, and applying ^ 205. 

General Linear Transformation. 

210. Projection has here presented itself as a specialized 
linear transformation ; before considering to what extent the 
transformation is specialized, we must consider the effect of 
linear transformation in general. In this we write 

0^ = ^10!:+ nt{y + n^z^ 

y'=l^+m^+n^X (i.), 

z' = l^+m^+n^zj 

where the coefficients are independent. But these are the 
formulas for changing the fundamental triangle from xyz to 
xYz\ where ic'=0 is the line 

ljX+m^y+n^z = 0. 

For example, let it be required to transfonn so that the 
new triangle of reference may be formed by the tangents 
at A, B,C to the conic 

F=fyz +gzx+ kxy = 0. 

These tangents are - + r = 0, etc., hence the formulae of trans- 
formation can be written 

whence > = — Xa;' + /xj/' + vz\ etc. 

Suppose for clearness that / g^ h are all ponitive, so that the position 
of the new triangle with regard to the old is that represented in 
Fig. 49 (a). A point inside the original triangle is also inside the new 
triangle, and therefore A, ft, v are all positive. 

Making these substitutions, and arranging, tlie equation 
of the conic becomes 

r = X V^ + ySf^ + 1/2/2 _ 2,^1/2/ V - 2i/X« V - 2XMicy = 0, 

the ordinary form for the equation of a conic inscribed in 
the triangle cc'j^V. 
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These two equations jP=0, F' = {) have been found as two 
different equations of one curve, with two different triangles 
of reference. But dropping the accents from x\ y\ z\ the 
second eipiation has a meaning when referred to the original 
triangle ; it represents a conic inscribed in this triangle. 
Thus the two equations 

may be connected in two different ways, as represented in 
Fig. 49 (tt) and (6). 




Fiu. 49. 



211. Adopting the second way of regarding the two equa- 
tions, we proceed to consider more carefully the corre- 
spondence of the two figures, these not being restricted to 
the special example of the last section. 

In the one figure F, we have a point x^y,z\ from this, 
by equations (i.) of § 210, we derive a point x\ y\ z' \ hence 
point corresponds to point. Moreover, the equations of trans- 
formation being linear, straight line corresponds to straight 
line. Hence all properties of collinearity, concurrence, order, 
class, etc., that is, all descriptive properties, are the same for 
the two figures. Further, cross-ratio is unaltered; for if 
linear expressions u, v become u', v\ expressions u-t-An;, u-\-lv 
become v! -^-kv'^ v! -^-Iv \ and the cross-ratio of the configura- 
tion, being k\l, is unaltered. Hence when from any figure 
another is derived by linear transformation, the two agree 
as to all projective properties. 

Compainson of Frojectwii and Linear Transformation. 

212. The number of constants involved in the general linear 
transformation being 9, the number of disposable constants 
is 8, for we are concerned only with ratios. In the formulae 



PROJECTION AND LINEAR TRANSFORMATION. 203 

for projective transformation, § 208, (ii.), the number of co- 
efficients is 6, and there are . therefore 5 disposable constants; 
f projection presents itself as a special case of linear trans- 
orniation. 

But the difference is »i7ivply one of position. Let a figure 
* be derived from F by linear transformation. Suppose that 
F by projection becomes F^, move F-^ about in the plane in 
the most general way possible, that is, turn F^ through an 
arbiti-ary angle 0, and bring any assigned point of F^ to an 
arbitrary point whose (Cartesian) coordinates are a, 6. Let 
F^ in this new position be called F\ Hence F has become 
F'hy 

(1) projection, involving 5 independent constants, 

(2) displacement, involving 3 independent constants ; 

that is to say, F has become F' by a linear transformation 
involving 8 independent constants; and these can be deter- 
mined so that the transformation may be the one by which 
4> is derived from F. Hence *, derived from ^ by a general 
linear transformation, differs only in position from jPj, a 
projection of F\ and the general linear transformation, as 
a process for discovering geometrical theorems, is not one 
whit more general than projection. For drawing a figure 
on a different sheet of paper, or on a difterent part of the 
same sheet, tells us nothing new about it. 

For example, take the case of a quadrilateral and a square. Draw a 
square a^yo of any size anj'where in the plane of the quadrilateral ; by 
rotation and translation this can be brought into perspective with the 
quadrilateral. Construct for l'^ as before ; turn the square about so that 
jSy may be pandlel to VE (Fig. 45^ ; move the square parallel to itself so 
that fi shall remain on VB ; slide it along VB until y is on VC ; then the 
square is in perspective with the quadrilateral. 

Ex. Show that any two quadrilaterals can be placed in |>erspective. 

213. Hence we see that the methods of linear transforma- 
tion and projection can be connected in one of two ways. 

From an equation f =0 let a second equation F' = be 
derived by a linear transformation. Draw separately the 
two curves C, C\ represented by these two equations. Then 

(1) (7, C can be placed in space, or in a plane, so that 

one is the projection of the other ; 

(2) placing the two diagrams in the same plane, with the 

lines X, y, z in the same position, a geometrical 
construction in the plane can be found by which 
the points of 6" are obtained from the points of C. 
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But also the two equations F=Oy ^' = can be regarded 
as representing tlie same curve, with a different triangle of 
reference. 

214. Stating the plane construction for projection in the 
simplest possible way, it is : — 

Let be the centre, so that all lines through correspond 
to themselves; let any line through meet the line that 

is to go to infinity in N ; let NP 
meet the axis in J, through J 
draw a parallel to ON meeting 
OP in P ; then P' is the projec- 
tion of P (Fig. 50). The line 
taken for ON may be any line 
through 0; the same point P' 
will in any case be found. It 
is often convenient to take the 
axis to pass through 0. 

The assumption that all lines through can be made 
self-correspondents is justified by the possibilities of projec- 
tion. For let any three lines through cut the line that 
projects to infinity in X, Y, Z] we can then, by the general 
theorem of § 200, pi-oject so that the angles XOx, YOZ 
retain their values, while the assigned line goes to infinitv. 
Let OF be any fourth line; the pencil {O.XYZW} Is 
unalterable by projection ; and consequently the angle ZO W 
is unaltered. 

215. This construction enables us to determine the formulae 
of transformation more simply than by the process of § 209. 
Let the line that is to be pixyected to infinity, and the line 
that is taken as axLs, be 

ax + hy = ly ax+by = c. 

Take the axis of x for 0N\ let P he x,y and use X, Y for 
cun-ent coordinates. The equations of the lines of the dia- 
gram, in the order used in the construction of § 214, are ; 



NP, 



a_ Y 

X—- '' 
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JF, r(fw+/*y-l) = z/(c-l); 
X Y 

• 



OP, 



PROJECTION AND LINEAR TRANSFORMATION. 205 

the last two jjive the coordinates of 1^ ; writing x\ ij for 
these, the relations are 

ax+hy — V ^ ax+by — l' 
and x = — > -7-1— 7 r-^-, V = — ^. -i -/ v • 

if the axis be taken to pass through 0, c = 0, and the relations 
become 

x[ y 

^ ax'+by'+r y-ctx'+by'+r 

Thus in the example of § 209, 

_y _ y' 

Again, to project 3a:+3y+l=0to infinity, we apply the transformation 

0^ ^ y 

-3?-3y+i' ^ -ar'-3y+i* 

and to project ^ = 1 to infinity, 

cd _ y 

216. It is important to notice that a Cartesian transfoi-m- 
ation is limited by the condition that the line infinity is to be 
unaltered. Changing to homogeneous coordinates as directed 
in §30, this is expressed by / = X3:. Hence we have only six 
constants at our disposal, two involved in the determination 
of each new axis, one for the multiplier implied in each 
coordinate; though in the strict Cartesian use of coordinates, 
these implied multipliers are not available. If the transform- 
ation be further limited by the condition that it is to be 
orthogonal, — ^that is, that the axes, being initially at right 
angles, are to remain so,— one degree of choice is destroyed, 
and we have three constants at our disposal. The condition 
that the transformation is an orthogonal Cartesian transform- 
ation may be expressed in the lorm — the circular points 
are to be unchanged. For they are the intersections of lines 
parallel to aj^+y* = 0, and it is known that this equation 
is unchanged if the rectangular axes be turned through any 
angle. 

Canonical Forms. 

217. One object of projection is to reduce the figure to 
its simplest form, a conic to a circle, a quadrilateral to a 
square, harmonic section to bisection, etc. Similarly one 
object of linear transfoimation is to reduce an equation to 



i 
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the mast manageable form ; that is, to choose the best 
triangle for fundamental triangle, and the best system of 
coordinates. 

To tell h priori whether one equation can be reduced to 
another, we must compare the number of disposable con- 
stants in the two. For example, using Cartesians, the general 
equation of the second degree contains live constants : this 
same number is contained in each of the forms 

(:x^ay+(y-^)^={p^+qy+ry (i), 

{(a;-a)H0/-m*+{(^-aT + (y-i8'n* = i- (2): 

but the forms 

((ix + byf = cx+dy+e (3), 

(ax-^by+cXax+b'y+c') = (4), 

contain only four disposable constants ; and 

(^-a)^+(i/-/8)2 = r2 (5), 

(aj-a)H(2/-i8)2 = ax+62/ + c (6), 

contain only three. Hence the general equation of the second 
degree can be written in the fonn (1), which gives a proof 
of the focus and directrix properties; and it can be written 
in the form (2), which shows that the sum or difference of 
the focal distances is constant : but it cannot be written in 
the other forms. 

218. In homogeneous coordinates the question presents itself 
in a slightly disguised fonn ; the disposable constants are in- 
volved in the implied change of the triangle of reference. 
When we say that F(x, y^ z) = can te written in the fonu 
^(x, y, z) = Wki mean that a linear transformation 

X = l^x + m^y' + n^z\ 

y=-l^'+m^y'+n^\ 

z=:l^x+m^y'+n^\ 

can be found by means of which F(x, y, z) = becomes 
^x\ y\ z') = 0, that is, dropping the accents, <^x, y, z) = 0. 
In this eight constants are involved, and the question is 
whether these can be determined so as to change F into ^. 

For example, x^ = yz is a perfectly general fonu for a conic. 
For this is 

{l^x + vi^y + n^zf = (l^ + m^y + ? vX'y^ + ^^^sV + ^V)» 
that is, 

A(x+\y+juLzf = (x + Xy+iu.'zX^ + yy+luL''zX 

and it therefore contains seven disposable constants where- 
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with to satisfy tlie five equations obtained by comparing it 
with any given equation of the second degree. The reduction 
can thererore be accomplished in a doiioly infinite number 
of ways, as is apparent geometrically, all that is necessarj'^ 
being to take two tangents for the lines 2/, z, and their chord 
of contact for the line x. 

Again, the constanis implied in 

a;2 + y^ + ^ = 

are involved in such a way as to give eight dispasable 
constants. Hence the reduction can be accomplished in a 
triply infinite number of ways ; it is accomplished by taking 
any self-conjugate triangle for triangle of reference. 

The genei-al equation of a cubic contains ten tenns, 
therefore nine deteniiinable constants. Now the equation 

ic* + 2/^ + 2?^ +2^2/^ = 0, 
being equivalent to 

contains nine disposable constants, viz., the six quantities 
X, fi, etc., and the three ratias A : B :C : D: thus it is a 
perfectly general form for the cubic. 

Another form that contains the right number of constants is 

px^ + 2qx^z + rxz^ = yH, 

Counting the constants is not an absolutely safe process, 
for the form of the equations may be such that some are not 
independent, or some may be inconsistent. But it affords a 
preliminary test. 

219. The simplest form to which an equation, or system 
of equations, can be reduced without loss of generality by 
linear transformation is called its canonical form. 

Thus for the general equation of the second degree, 
a?+2yz = is really the most reduced form, but the most 
satisfactory form is the symmetrical one, 

A system of two conies is reduced to its canonical fonn by 
taking the common self-conjugate triangle for triangle of 
reference, when the two equations become 

03^2 + ^2/2+^^2^0^ a'x^+by+cz^==0. 
For the cubic, the canonical form is 

x?+y^+^+6mxyz=0; 
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but this cannot express a proper cubic with a double point. 

For the simultaneous vanishing of — , — , gives 

«/ 

8m»=-l, 
and the cubic becomes 

where <a is any cube root of unity. But this expression splits 
up into linear factors. 

Thus the canonical fonn may fail to express certain special 
forms of the equation, owing to the presence of singularities. 

220. As an example of a linear transformation, let the 
triangle of reference be changed from xyz to the one formed 
by the lines jy^+i/^+2^—Sxyz = 0, the equation being 

Note that the three poiutH in which a'=0 meets the curve are iu- 
flexioiis. For x—0 gives y*+^^=0, that is, 

Consider any one of these points, 0, w, -1. The ordinarj' formula for 
the tangent gives 

- 2?/2(iu: + wl^*/ + * — 0, 

that is, - 2nua^x -\-y + cu; = 0, 

which meets the cubic where (y + <«**)' =0, 

that is, at an inflexion. Thus there are nine inflexions, lying by threes 
on the three lines ^, y, « ; but only three are real, viz., those lying on the 
line .r+y + «=0. 

The formulae of transformation can be written 

x+ y+ z = S\x\ 

^+ (joy+u)^z=SiJLy\ ' (i.): 

X + 0)*i/ + ooz = 3vz\ , 

where X, /a, v have any values we please, say unity. The 
equations give 

x = x'+ y'+ z\ \ 

y=x'+whf'+ «3;', - {\\X 

z=x'+ (joy'+oo^z\ J 

Now aT^+y^-^2^-^xyz becomes 27x y'z\ by multiplying together 
equations (i.); and by multiplying together equations (ii.), 
xyz becomes x'^+y'^+s;'' — 3a;'?yV. 
The given equation can be written 

^c^+y'^+z^-Sxyz+{6m+S)xyz = 0, 
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and the transformed equation is therefore 

27a:'j/V + 3(2m + 1 Xa^'H 2/'' + 2'^ - 3ajy/) = 0, 

that is a;'3 +y^+ z'^ + 6 j^ "^x'2/ V = 0. 

Hence, jast as before, the nine inflexions lie by threes on 
the lines x\ }/, z' ; that is, on the lines 

a:+ 2/+ 2^ = 0, 
ic+ft)*y+ ft)2; = 0. 

Ex. Find what the equation 

j;* +y* + 2^ + Owury« = 
becomes, when the triangle of reference is that formed by the lines 
-2mr+y4<2=0, j7-2my+2=0, .r+y-2ww=0. 



a.o. 



J 



CHAPTER XI. 

THEORY OF CORRESPONDENCE. 
Special Cases 0/ (1, 1) Correspondence, 

221. The fonnulifi for projection do not depend on any 
special figure that is to be projected; corresponding to any 
point P in one plane there is a point P' in the other plane, 
obtained by means of a line VP through a fixed point V: 
and in the limiting case when the two planes comcide there 
is a construction, depending on a fixed point and a fixed 
line, by means of which jt' is derived fi'om P. Now a 
correspondence of this nature, in which one point of one 
system corresponds to one point of another, ha« been con- 
sidered already (§§ 160 etc.) under the heading honiography. 
A (1, 1) correspondence between the element of two one- 
dimensional spaces is homographic; and in the theory of 
projection and linear transfonnation we have the extension 
of the idea of homography to two-dimensional spaces; and 
similarly a homographic coiTespondence can be introduced 
between the elements of two a-dimensional spaces. More- 
over, the elements compared need not be of the same nature : 
the two-fold infinity of points in a plane may be associated 
with the two-fold infinity of points, or of lines, in a plane; 
or with the conies of a net, or in general with the elements 
of any two-dimensional space. 

222. We shall now consider certain cases of (1, 1) corre- 
spondence between two planes, and shall in general suppose 
the planes superimposed. Projection, that is, a specialized 
linear transformation in point or line coordinates, institutes 
a correspondence of point to point, and straight line to 
straight line; this is a special case of the general (1, 1) linear 
correspondence, the CoUineation of Mobius {Der barycentrische 
CalciU, 1827; Werke, t. i., p. 266). A second case that we 
shall consider is that where point corresponds to point, but 
a straight line to a conic ; now the number of straight lines in 



THEORY OP CORRESPONDENCE. 211 

a plane is doubly infinite, and therefoi^e the conica considered 
will fonn a doubly infinite system : we shall find that they 
all pass through three fixed points. This (1, 1) quadric 
correspondence will be investigated by means of the theory 
of Quadi-ic Inversion ; we shall find that the formulae of trans- 
formation are of the second degree. And finally, we shall 
consider the dualistic transformation, in wliich by an inter- 
change of point and line coordinates a correspondence is 
instituted between the points of a plane and the lines of a 
plane ; the characteristic part of this dualistic transformation 
will be found to depend on the theory of Reciprocation. 

Collineation. 

223. There is a (1, 1) con-espondence between the points, 
and also between the lines, of the two superimposed planes. 
But exactly as in the case of one-dimensional homograpliy, 
this does not give a correspondence between the elements of 
one plane. For let the point of the first plane that comes 
at ^ be P, and let the point of the second plane at ^ be Q' ; 
for simplicity suppose the correspondence to be perspective; 
P" is then found by the construction of § 214, and revei-sing 
this construction, Q is found; P' and Q do not ordinarily 
coincide. But for a special position of the axis, they do 
coincide. The formulae for projective transformation (§ 215) 



are 



ax+by — V ^ ax+by — l' 

^ ^ y' . 

^^ax'+by-c+r ^ ax'+by'-e + l' 

and in order that P and Q may coincide for all positions 
of J., we must have for all values of x, y 

a^c — l) __ X 

ax + by'-l~(ix+by — c+V 

j/(c--l) ^ y . 

ax+by — 1 ax + by — c + 1^ 

that is, c = 2. 

Thus the line that is to go to infinity being 

ax+by = l, 
we are to take as axis 

ax+by = 2. 

Let ON meet this line in Z: then OZ is bisected in N, 
that is, (OZ, Nod ) is harmonic. Hence considering the com- 



J 
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Fio. 51. 



plete quadrilateral fonned by the two line-pairs PP'y J J' : 
PJ\ PV (Fig. 51), we see that {OR, PF) is hannonic Hence 
P' can be constioicted as the hannonic conjugate to P with 
regard to and the intersection of OP with the axis. This 
special projection is the harmonic transformaticni ; and the 

two figures which are in perspective 
by this reversible constioiction are 
'^ in involution'}}Ofdtion (involutorische 
Lage). 

As an exam])le of harmonic tFausform- 
at ion, let P describe a circle whose centre is 
; then /'' describes a conic whose focus 
is 0, the directrix being the line through 
N parallel to the axis. The proof of this 
by elementary geometry is perfectly simple ; 
the proof by modem geometry is here ffiveiL 
Tlie circle cuts the present line infinity at 
the circular i)oint8 o), (a\ and Oto, Ota are 
tangents, axo being the chord of contact 
Lines tlm)ugh transform into themselves, 
and the line ana' transforms into the line 
through N parallel to the axis ; hence though 
the circular points are changed, the isotropic 
lines through are unchanged. By the 
linear transformation in question, the circle 
becomes a conic ; is the intersection of isotropic tangents, and is 
therefore a focus ; and the specified line through X^ l)eing the |x>lar 
of the focus 0, is the directrix. 

We have here seen that the points of a plane can be 
associated in pairs. When the elements of any two-dimen- 
sional space are associated in pairs, they may be said to be in 
involution ; and, exactly i\h in one-dimensional geometry, 
involution can be regarded a« a special case of homography 
by the device of counting every element of the space twice, 
though this disguises the fundamental idea in involution. 

224. The harmonic transformation, just given, is the only 
linear transformation by which the points of a plane can be 
arranged in involution. For without making the assump- 
tion that two figures arc in pei'spcctive, let AA\ BR, etc., be 
pairs of correspondents. The transfonnation being linear, 
the line A A' corresponds to itself as a whole, and similarly 
for BR; hence the correspondent to 0, the intersection of 
these lines, nmst lie on A A' and on BB'; is therefore its 
own coiTespondent. It is conseciuently a double point of the 
involution on AA\ and of the involution on BB'; and by the 
harmonic propeiiiies of double points, the other self-corre- 
spondents on A A' and BB' are constructed by means of a 
diagonal of the quadrangle A A' BR, Let them he X, Y: on 
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this diagonal there is an involution, with A, Y bm double 
points ; and the line correapontlH to itaelf as a whole. Hence 
the point in which XY meets AB corresponds to the point 
in which XY meetn A'B'. But these points coincide at C 
(Fig. 52). Thus in the involution on XY one point, other 
than the double points, coincides with its correspondent, and 
therefore every point on the line i.s its own correspondent, 
and consequently every line through is its own corre- 
spondent To construct the correspondent to any point P, 
let OP meet XY in R\ 0, H are the double points of the 




involution on OP, in which PP' arc coiTCHpondents ; hence 
{OR, PP") is harmonic, and the points of the plane arc con- 
nected by the harmonic transformation, as are also the lines 
of the plane. 

225. From S 223 we see that if it be known that two 
figures are in perspective, then the fact that one pair of points 
are conjugates proves that the figures are in involution ; 
and § 224 shows that if it be not knou'ii that the figures are 
in perspective, hut only that there is between them a (1, 1) 
linear correspondence, then the fact that two pairs of points 
are conjugates proves that the figures are in involution. 

In one-dimensional geometry, two homographic ranges can 
always be placetl so as to be in involution ; out there is no 
corresponding theorem in the present case. Homographic 
figures can he placed in perspective, but we have seen th«t 
figures in perspective are not necessarily in involution. 
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226. In homograpliic systems in the same one-dimensional 
space there are two elements that coincide with their cor- 
respondents. We now consider what elements are self- 
correspondent in the general linear transformation. 

Since both point and line coordinates are subject to linear 
transformation (§ 34), we must expect a certain number of 
points and the same number of lines to be self-correspondent. 
Now it A, B correspond to A\ B\ the line AB as a whole cor- 
responds to 4'^ as a whole; thus the self -corresponding lines 
are obtained by joining the self -corresponding points in pairs. 
Let A, B he two self -corresponding points; on AB we have 
two homographic ranges with A, B as double points; hence 
on the line AB there are ordinarily no more self -correspond- 
ing points, that is, not more than two points on a line or 
two lines through a point can be self-correspondent. Hence 
if there be any sel i -corresponding points and lines, there 
nmst oixlinarily be three of each, the^se being the vertices 
and sides of a triangle ABC : two of the points, situated on 
a real line, may be imaginary, and then the sides opposite to 
them are imaginary with a real intersection. 

But now suppose that a third point on the line AB corre- 
sponds to itself; then every point on AB corresponds to 
itself. . If there be no self-coiTasponding point off this line, 
the triangle ABC of the general case has its three sides co- 
incident. If there be a self -corresponding point C otf the 
line, then every line through C corresponds to itself; the 
sides a, 6 and the vertices A, B oi the triangle ABC are in- 
detenninate, but the side c and the vertex C are determinate : 
this last case is simply projection. 

The fact that there are self-corresponding elements appears 
at once from the equations for linear transformation. Tliese 
give 

x:y:z = lyc' -h m^y' + n^z' : l^' + vuy + n^' : l^' -}- 'm^' -\- n^\ 

and we are to have 

x\y:z = x' : y' :z' \ 

therefore 

l^+rn^y + niZ __l^-\- rn^y + n^z _ l^x + vi^y + n^z __ 
X " y "" ~z "" ' 

that is, 

{li-\)x+ m{y+ n^z=^0, 

l^ + (rrio - \)y + n^ = 0, 

l^+ m32/+(7?3-A)-=0, 

from which by eliminating x^y^z a. cubic equation is obtained 
for A. The three roots, of wliich one is neceasarily real, give 
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three sets of values for x, y, z, and therefore thi-ee self-corre- 
spondmg points A, B, C. Taking the triangle ABC for tri- 
angle of reference, a; = corresponds to x=0, etc., hence the 
formulae of transformation reduce to 

But if the cubic in X have two, or three, equal roots, a 
certain degree of indeterminateness is introduced. To illus- 
trate this point, consider the transformation 

x=x'+az\ y = y'+bz\ z==z\ 

The cubic in X has its three roots equal; the three points 
ABC are indeterminate, all lying on z = 0. 
Again, consider the projective transformation 

x = kx'+ y'+ z\ 
y= x' + ky'+ z\ 
0= a;' -I- y'+kz\ 

The cubic in X has now two equal roots, i— 1, the third root 
being k+2. The non-repeated root gives a definite point 
(7 (1, 1, 1); the repeated root gives simply 0^+^+2 = 0, the 
line c. 

Examples. 

1. Show that the eliect of rotation on a figure can be 
represented by a linear transformation, in which the three 
fixed points are the circular points and the centre of rotation. 

2. Discuss the case of translation. 

3. Show that in any rotation the line infinity has its points 
displaced along itself; and that in any translation the line 
infinity is entirely unaltered. 

4. In the case of harmonic transformation, if the axis be at 
infinity, the centre is a centre of symmetry ; and if the centre 
be at infinity, the axis is an axis of symmetry. 

Oeneral Theory of Correspondence, 

227. The general theory of correspondence may be presented 
in a slightly different way. Let there be a system of elements, 
forming a j[>-fold infinity ; any one of these may be indicated 
by the ratios oi p + \ parametera; calling these X, yu, i/, ..., o-, 
the element is X, /a, i/, ..., cr. Taking any other ^>-fold infinity, 
the element X, m, i/, ..., cr of one system can be regarded as 
corresponding to the element X, /x, i/, ..., o- of the other. For 
example, let S^ Sj, S^ be conies ; consider the net 
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in this any conic can be reganled as the element X, /u, y; it 
can Ijc considered as coiTcspondin^ to a point X, m, i^, or to a 
line 

\j:+iuLy + vz = 0, 

or more j^enei'ally to a curve 

This view of coiTespondence i« somewhat disguised in the 
ordinary presentation of pixyection; it appears more plainly 
in the interchange of |X)int and line cooniinates. In this the 
marks X, jul, v are attached on the one hand to a point, on the 
other hand to a line, as coordinates or as coefficienta 

The algebi'aic statement of a theoi'em relating to one set of 
elements with characteristics X, yu, i', ..., o- may be exactly 
the same as for a totally different set of elements with the 
same characteristics (compare § 53) : we have then a means of 
generalizing. From a geometrical theorem relating, for 
example, to lines 

\x+iAy + vz = Oy 

we pass to a theorem relating to conies 

XSj + ijlS^ + vS^ = 0. 

This transition is not by means of deduction, but it depends 
on an implied reference to a second interpretation of the 
algebraic work by which we know that the theorem can be 
proved, even though the proof actually given may be geo- 
metrical. 

228. But we can regard this principle of coirespondence in 
a more exclusively geometrical way, without even tliis implied 
reference to analysis. A figure in any space is generated by a 
moving element coinciding successively with cei*tain of the 
ultimate atoms of the space, according to some law of selection. 
Now let there be another space, with ultimate atoms of a 
different kind (or of the same kind), the order of the manifold- 
ness being however the same : and imagine a moving element 
to coincide successively with ceitain of tlK\se, the law of 
selection being the same as before. The behaviour of the 
second generating element and the laws of the second con- 
figuration can to a certain extent be deduced from the 
behaviour of the first generating element and the laws of the 
first configuration ; theorems pix)ved for the fii-st configuration 
afford theorems i-elating to the second configuration. 

The practical difficulty that pi-esents itself here is in the 
expression of the law of selection. TliLs nmst be expressed in 
terms of the elements of the space. Suppase for example that 
the correspondence considered is between the points of a 
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plane and the lines of a plane; and that it is of such a 
nature that to a line in the first plane corresponds a point in 
the second ; this may be called a linear aggregate of elements. 
Now let a point describe a conic in the first plane; this 
can be expressed in terms of the elements of the plane. The 
moving element coincides successively with a singly infinite 
number of the fixed elements, these being chosen so that 
there are two belonging to every linear aggregate. The law 
of selection, so stated, is i-eferable to the second system, and 
gives an envelope of the second class. (Compare § 54.) 

229. VVe may if we choose concentrate our attention entirely on the 
laws and operations manifested in these different geometrical figures ; 
these figures with their related theories are then unimportant transi- 
tory incarnations of an underlying unchangeable principle ; the dififer- 
ences perceived by the eye are neglected and the figures are regarded 
as the same, inasmuch as they express the same sequence and connection 
of elements. From this point of view a curve and all its projections, 
or a curve and its reciprocal, are essentially identical ; a system of 
lines in a plane may be identical with a system of conies in a net 
This view !>erva<les a great deal of recent work ; it is formulated by 
Professor Klein in his address Vergleichende Betrachtungen Uber iieuere 
geonietrutche Forschnnyen^ 1872*: — ** Streifen wir jetzt das mathema- 

tisch unwesentliche sinnliche Bild ab Aber die projectivische 

Greometrie erwuchs erst, als man sich gewohnte, die urspriingliche 
Figur mit alien aus ihr })rojectivisch ableitbaren als wesentlich 
identisch zu erachten .... Wenn wir im Texte die raumliche An- 
schauung als etwas Beilaufiges bezeichnen, so ist dies mit Bezug auf 
den rein mathematischen Inhalt der zu formulirenden Betrachtungen 
gemeint. Die Anschauung hat fUr ihn nur den Werth der Veran- 
schaulichunff." 

We are however here concerned with the manifestations of the 
underlying principles and operations ; these last exist for us only as 
the cause of the correspondence that we consider. 

General (1, 1) Quadric Correspondence. 

230. Impoi-tant examples of this deduction of one theorem 
fix)m another occur in the use of a particular (1, 1) corre- 
spondence, geometrically represented by Quadric Inversion. 
This presents itself as tlie next simplest case to projection ; 
it is a correspondence of point to point, and of straight line 
to conic, that is, it is a (1, 1) quadric correspondence. 

Since the number of straight lines in a plane is doubly 
infinite, the conies considered must fonu a two-fold infinity ; 
the equation of a line being 

XZj + jjlL^ + vL^ = 0, 

* For a reprint of this addi-ess, see p. 63, t. xliii. of the Mathema- 
tische Annalen ; for a translation, see p. 215, vol. ii. of the Bulletin of 
the New York Mathematical Society. 
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where Zj, Xg, L^ are three particular lines corresponding to 
the conies 8^, S^, S.^y the corresponding conic is 

But by the given conditions, as regards points the corre- 
spondence is (1, 1); now the intersection of two lines corre- 
sponds to the intersection of the corresponding conies : hence 
of the four intersections of any two conies, all but one must 
be automatically excluded ; three must be fixed, and one 
variable. Hence all the conies considered must pass tlirough 
tliree fixed points. These points ordinarily form a triangle, 
but there are special cases that may be considered, arising from 
coincidences. At present we consider only the general case. 

Taking this triangle as triangle of reference in the conic- 
plane, the conies S^, S^, S^ have equations 

hence to the line \L^ + /x Zig + vL^ = 

there corresponds the conic 

that is, the conic 

( Vi + l^fi + vh)y^ + Q^Ui + Mfl^2 + vgz)^x -f (XAi + fJi^ + vh^xy = 0. 
Now change the triangle of reference in the line-plane by 
means of the fonnulse 

Li=A^'+y\y+K^'> 

the con-espondence is then between the straight line 

^^A+^'•f^l+^'f>'+{^9l+^^9^+Hh)y' + {^K+^^^ 

and the conic 

( Vi + m/2 + ^L)y^ + (^1 + My2 + ^Oz)^^ + O^K + A + ^K^y = ^ ; 

hence the transformation is expressed by the equations 

x' \y' \z' = yz\zx\ xy 

111 

—— • ■ 

X y z 
which are the same as 

_1 1 1 

These formulae of transformation can be written 

xx' = l, 2/2/'=!, 2^2;' = 1, 
that is, under the form of bilinear relations. 
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We found in § 212 that the general linear transformation 
differs from projection only in position ; and here we have 
proved that the general reversible quadric transformation 
differs only by a linear transformation from 

_1 1 j. 

231. This general quadric correspondence can be produced by a kind of 
projection in space. Take two non-intersecting straight lines a, 6, and 
two planes tt., ir^ not containing either line, met by the lines in A^, yL, 
^1, JS^ Let I be any line in ir^ ; a, 6, ^ determine a hyperboloid of one 
sheet, and this is cut by ir^ in a conic ; thus the lines in ttj are projected 
into couics in tt^ Now whatever line I we take we can draw from A^'a 
line to meet h and I ; hence the conic projection of every line goes through 
A^ and similarly it goes through B^ Also the line ^i^^i meets a, 6, and 
I ; if therefore A^B^ meet ir-^ in Cp C^ is a |X)int on the conic projection 
of I, Hence all the conies considered pass through three fixed points 
A^ B^ Of. Special cases arise owing to special relations among the given 
fixed elements ; for example, if the two given lines a, b meet in a point 
r, this skew projection reduces to the ordinary*, or conical projection. Tlie 
transformation of figures thus obtained is the Steiner transformation ; it 
was fully explainecf by Steiner in his Systematische Entwickelung der 
Ahhangigkeit geometn'scher Gestalteii von einander, Berlin, 1832. Ues. 
Werke\ t. i., pp. 409, 421. 

Quadric Inversion. 

232. We now consider a plane construction by means of 
which this quadric correspondence can be produced ; this was 
given by Dr. Hirst, in the Proceedings of the Royal Society, 
1865. The correspondence of point to point is effected by 
means of a fixed origin 0, and a fixed fundamental conic, 
the base : points that are coUinear with the origin, and con- 
jugate with respect to the base, are said to be inverse : if 
for the fundamental conic and the origin we take a circle 
and its centre, the points are the ordinary inverse points 
with regard to a circle, hence the process is simply circular 
inversion generalized, that is, it is quadric inversion. As 
regards points, the correspondence is (1, 1); moreover it is 
reversible, and it associates the points of the plane in pairs 
PP' \ that is, to a jx)int P of the plane there corresponds 
definitely a point P". There are however exceptional ele- 
ments ; for let the tangents from to the base be 0/, OJ ; 
by the definition, P', inverse to P, is the intei-section of OP 
and the polar of P ; this is indeterminate 

(1) if P be at ; then P" is any point on IJ \ 

(2) if P be at / ; then P' is any point on 0/; 

(3) if P be at «/; then P' is any point on OJ. 

Hence if P be at any vertex or on any side of the triangle 
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OTJ, the ordinary laws of the correspondence are not appli- 
cable. For the present these special positions of P are not 
taken into account. 

To consecutive points correspond consecutive points; hence 
an arc of a curve gives an arc of a curve, and arcs intersecting 
or touching give arcs intersecting or touching. 

Let Pj, r*2> -Ps» -P4 be points on a line g, meeting the baae 
in A, B\ let the pole of g be Q, and let the polars of P^ etc 
be j?i etc., so that PJ is the intersection of OP^ and py Then 

now the four lines p^, p^, p^, p^ fomi a pencil whose vertex 
is Q, and PJ, etc. are points on these lines ; hence the relation 
just given can be written 

{O.AP,PsP4} = {Q.P(P5P5PJ}, 

that is, {0 . PiPJPJPi) = {Q. P{P(>P',P',}. 

This shows that the points P', inverse to collinear points P, 
lie on a conic through 0, Q ; and as any point on the base 
is its own inverse, the points A, B belong to this conic. Let 
the line q cut 0/ in X; by the general construction the 
inverse to A" is at /, hence the conic passes through /, and 
through J, The invei'se to any line q is therefore a conic 
through the three principal points. 

Moreover we have here shown that the cross-ratio of the 
four points on the line is equal to the cross-ratio of the 
pencil determined in the inverse conic by the inverse points. 
Hence points in involution on a straight line give rise to 
points in involution on the inverse conic ; the transformation 
IS in fact homographic. 

Note. is the origin, necessarily real ; /, J are the fundamental 
points, they may be real or imaginary ; 0, ly J are the principal points. 
The three sides of this triangle are the principal lines, and of these 0/, 
OJ may be distingnished as the fundamental lines (Hirst). 

283. Hence the coiTespondence is that of straight line to 
conic, and the conies satisfy the condition of § 230. Take 
01 y OJ, IJ for the sides x, y, z of the triangle of reference, 
and let the coordinates be chosen so that the fundamental 
conic is 

Let P' be x\ y\ z' ; the polar of P' is 

— xy' — yx -h ^zz* — 0, 
and the equation of OP' is 
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hence the coordinates of P are given by 

x:y:z = x :y : ^, 

=x'z':y'z' :x'y\ 

Applying to x\ y\ / a linear transformation 

x'\y'\z'^y^\x^\z^, 

the formulae become 

_1 . 1 . 1 . 

X » ti i z ^— • • • 

»i Vi ^1 
hence the geometrical transformation now under investigation 
gives the general (1,1) quadric correspondence of § 230. 

234. In the analjiiical theory special cases arise owing to 
special positions of the three principal points : 

(i.) the three may be distinct: 
(ii.) two may come together : 
(iii.) the three may come together. 

In the geometrical theory, we naturally discriminate accord- 
ing as the fundamental conic is proper or degenerate, and 
according as it does not or does pass through 0. Hence four 
cases present themselves ; 

(1) the base may be a proper conic not passing through the 

origin; 

(2) the base may be a degenerate conic, not paasing through 

the origin : 

(3) the base may be a proper conic passing through the 

origin ; 

(4) the base may be a degenerate conic, composed of two 

straight lines, of which 

(a) one passes through the origin ; this is simply 
harmonic transformation (§ 223) ; for the base being 
JO, JVy the inverse to P is the intersection of OP 
with the polar of P: let OP meet JV at F, then 
(OV, PP') IS hannonic ; 

(6) both pass through the origin; the transforma- 
tion becomes indeterminate, for if P be at 0, P' is 
any point in the plane ; and if P be not at 0, P' is 
atO. 

The first three cases correspond in order to the three cases 
in the analytical theory. For in (1), the three points 0, 7, «/ 
are distinct : in (2), the points /, / coincide, as may be seen 
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by considering a hyperbola on the point of degenerating into 
two straight lines; and in (3), the points /, 0, J are con- 
secutive points on the fundamental conic, a fact which is 
made evident by a diagram showing tangents 0/, OJ di-awn 
to a conic from a point just oft* the conic. Tlie equations 
for (1) are given in § 238 ; to deal with case (2), in which /, J 
coincide, take for the sides x, z, y, the line OJ , the polai* 
of 0, and any arbitrary line thix)ugh 0, The fundamental 
conic is a pair of lines thix)ugh xz, harmonic with respect 
to ic, ; hence by a pix)per choice of coordinates its equation 
is made to be 

The polar of F{x\ y\ z') is 

x-x — ^z = 0, 
and the equation of OP' is 

yx-xy = 0, 
hence the point P is given by 

x:y : z = x' \y' : -> 

= xz :yz :aj-; 
from which x :y' :z' = xz: yz : x\ 

In case (3), taking for x, y, z the tangent at 0, any chord 
thix)ugh 0, and the tangent at the other point where this 
chord meets the conic, the equation of the conic is of the form 

iy-2aJ2: = 0, 

where h is at our disposal ; if P' be x\ y\ z\ the polar of P' is 

zx — kyy + xz = 0, 

and the line OP' is 

y'x^x'y = 0. 

Hence the point P is given by 

x:y:z = x''^: x'y* : hy'^^x'z\ 

from which x' :y' '.z' = x^:xy: ky^ — xz, 

235. We have seen that in general the inverse to a straight 
line is a conic through 0, /, J. But if the straight line pass 
through 0, then the pole Q is on /*/, and the conic OIJQAB 
ha.s three points on the line //; it is therefore degenerate, 
composed of /./ and the given line q. IJ presents itself 
here simply because the inverse to is indetenninate, being 
any point on IJ: and similarly whenever a curve to be 
inverted passes thiT)ugh 0, the line I J presents itself aA part 
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of the inverse. Also a line through /, meeting the base 
again in H, has for its inverse the degenerate conic com- 
posed of 01 and JH\ for the point Q is now on 01, hence 
the points 0, /, Q on the come are accounted for by the 
line Oly and the remaining points Jy H give the other line 
of the degenerate conic ; and similarly if a curve pass through 
/ (or J) the line 01 (or OJ) presents itself as part of the 
inverse, this being necessitated by the fact that the point 
inverse to / is indeterminate, being any point on 01. These 
factors thus occmTing in the inverse are not counted as 
part of the proper inverse ; they are rejected, and only the 
residual inverse is counted. Thus for example if a conic 
through OIJ cut the fundamental conic again in -4 if, the 
formula? of transfonnation give for the inverae the four lines 
01 y OJ, IJy AB ; the proper inverse is simply the line AB. 

The conic is fyz^rgzx-^rhxy—^ 

and the inverse is fjify'^^ -^-gx^h/'sf + hx^y'z!'^ = 0, 

that is, ^^y'z'Uy' -^-goi^ + hz') = 0. 

236. The fact that lines through /, J intersecting on the 
base are inverse affords the most generally convenient way 
of determining graphically the inverse to a point P when 
/, J are distinct. . Let IP meet the base in H, then JH meets 
OP in P', By this means we can divide the plane into pairs 
of inverse compartments 11', 22', etc., and when a point P 
passes from 1 to 2, the inverse point P' passes fi-om 1' to 2'. 

To see clearly the effect oi inversion on a curve, it is 
advisable to draw the conic that con^esponds to the line 
infinity. The point Q of § 232 is now C, the centre of the 
fundamental conic; the points A, B are the points at in- 
finity on the fundamental conic. The point at infinity on 
the line // being Q, the polar of fi passes through 0, and 
the line OQ is parallel to /«/, hence the inverse to Q is con- 
secutive to on the line Ofi; that is, the tangent at to 
the required conic is parallel to //. Hence OG is the diameter 
conjugate to /*/, and the tangent at G is parallel to IJ\ 
these conditions are more than sufiicient to determine the 
conic, but it may also be noticed that drawing from / a 
line parallel to 01 to meet the base in K, IK is the tan- 
gent at /, and similarly the tangent at / can be constnicted. 
In Fig. 53 the conic inverse to infinity is represented by 
a broken line. 

Note, One advantage of this division into compartments is that in the 
next few diagrams there is no occasion to represent the fundamental 
conic. It is juivisable to consider tlie arrangement of the compartments 
not only for the ellipse, shown in Fig. 53, but also for the hyperbola, and 
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then, makinff /, J approach one another indefinitely, for the line-pair. It 
appears furtlier on that for one important use to which the method of 
quadric inversion is put, the line-pair is the best fundamental conic. 




I-^o. 58. 



Effect of Inversion on SingtUarities, 

237. The law of construction shows that an ordinary point 
inverts into a single point; but this may be an inflexion. 
For at the ordinary point three consecutive points are not 
collinear ; but if these three points and 0, /, J lie on a conic, 
then their inverses are colhnear, and on the inverse curve 
there is an inflexion. Similarly an inflexion may be lost by 
inversion ; it will be last unless the inflexional tangent pass 
through a principal |X)int. 

In the same way, while a double point inverts into a double 
point of the same nature as regards the division of the tan- 
gents into real and imaginary, and adjacent double points 
into adjacent double points, the appearance may be slightly 
altered. Two branches having ordinaiy contact give two 
adjacent double points, forming a tacnode, and the inverse 
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has a tacnode ; but two branches having closer contact (con- 
tact of the second order) intersect in three consecutive points, 
and cross each other; these three intersections give three 
adjacent double points, and the singularity (being derived 
from osculating branches) is an oscnode, straight or curved 
according as the three nodes are collinear or not; plainly 
at a straight oscnode, each branch has an inflexion. Now 
the three consecutive nodes, being initially collinear, will 
lose this property on invei*sion, and the straight oscnode 
will become curved, unless the tangent pass through a princi- 
pal point; and on the other hand the curved oscnode may 
become straight. Similarly double tangents may be gained 
or lost by inversion; and the general conclusion is that as 
regards points and lines that do not belong to the triangle 
OlJ, point-singularities are the same on the curve and its 
inverse, but line-singularities are altered. 

238. But the case is very different when we deal with 
points on the principal lines. Let the curve cut IJ at Z, 
passing from 2 to 5 (Fig. 53); the inverse to Z is on OZ, 
by definition, and as the polar of Z passes through 0, the 
inverse is indefinitely near to 0, on 0Z\ consequently OZ 
is the tangent at O, which enables the inverse to pass from 
2' to 5', as it must by § 236 ; is an ordinary point on the 
curve, having OZ as tangent. If then the curve cut IJ at 
n points, other than /, J, the inverse has at a multiple 
point of order n, for example, an oixlinary branch cutting 
IJ at Zy Z' (Fig. 54 (a)) gives rise to a loop with a node at 
0, the two tangents being OZ, 0Z\ If however OZ be the 
tangent at Z, so that the curve passes from 2 to 8 (Fig. 53), 
the invei'se has OZ as an inflexional tangent at 0, and passes 
from 2' to 8'. 

239. Now let ZZ' coincide, the segment ZTZ' vanishing; 
that is, let there be a branch having contact with I J at Z\ 
the points Z^ are properly consecutive, not coincident. We 
still have at a double point, on account of the two points 
Z on IJ; this is the limit of the loop with the node, when 
the two tangents close up and the loop disappears; the 
original branch being in 2, 3, the invei-se is in 2', 3', with 
OZ as tangent to the two parts ; and we see that the inverse 
has a cusp at 0. Moreover, since the two points Z, Z arc 
consecutive, not coincident, the two tangents at the cusp, 
OZ, OZy are consecutive, not coincident; and again, since 
is a double point by means of the inverses to consecutive 
points Z, Z\ which property of consecutiveness is not destroyed 
by inversion, it follows that a cusp is produced by the co- 

&o. p 



226 



THEORY OF CORRESPONDENCE. 



incidence of consecutive points, while a node is produced by 
the coincidence of non-consecutive points (Fig. 54 (a)). 





Fio. 64. 



The coincidence of Z, Z may however be brought about 
without contact witli //, by means of a node or cusp at Z. 
A node is caused simply by the crossing of two ordinary 
branches at Z, and the inverse therefore exhibits the contact 
of two ordinary branches at 0; it has a tacnode, in which 
the two branches have their concavities in opposite directions, 
if the two intei'secting branches in the original occupy different 
pail's of compartments, 2, 5 and 3, 8 in Fig. 53 ; but in the 
same direction if the intersecting branches occupy the same 
pair of compartments. The constitution of a tacnode is shown 
by Fig. 54 (6) ; the node N is shown just off the line IJ^ and 
on the inverse there are two nodes, 0, iV; as the node ap- 
proaches IJ indefinitely, Z, Z becoming coincident, tliese two 
nodes become consecutive on the line OZ, which is ultimately 
the common tangent to the two branches. 




Fio. 65. 




To investigate the nature of the singularity at due to 
a cusp at Z, we replace the cusp by its penultimate form 
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(Fig. 55 (a)) ; inverting this, there is at an evanescent loop, 
followed by a node JV^ not on the tangent OZ (Fig. 55 (c)). 
The appearance is that of the cusp of the second species 
(Fig. 55 (6)), the tangent t to the original cusp inverts into 
a conic, separating the two branches that form the cusp in 
the inverse, these branches now curving in the same direction. 
If however t pass through 0, the coiresponding diagrams 
show that the appearance is that of the ordinary cusp, but 
that there is in reality a cusp, followed by a node N lying 
on the cuspidal tangent (Fig. 55 (d)). 

240. Now let three points Z, Z\ Z" come together; this 
may be due to inflexional contact with /*/, the branch of the 
curve lying, for example, in 2 and 5. The branch of the 
inverse being in 2' and 5' does not differ in appearance from 
an ordinary branch ; but there is really a triple point at 0. 
The diagram with the three Z'h separated shows that the 
triple point has the three tangents consecutive, not coincident, 
and contains two evanescent loops, as represented in Fig. 
56 (a). 

The coincidence of three ^ s, again, may be due to a node, 
having // for one tangent ; the inverse exhibits an ordinary 
branch and a cusp, the two having the same tangent. 

It may be due to a cusp, with I J as tangent ; let this be in 
3, 5 ; then the inverse is in 3', 5', with OZ as tangent, and 
therefore it presents the appearance of an ordinary inflexion ; 
but drawing the diagram for the penultimate form of the 
cusp, with the node iv on the line IJ, the triple point involved 
in this apparent inflexion will be made evident, with two 
evanescent loops (Fig. 56 (6)). It will also be seen that of the 
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three tangents at the triple point, two are really coincident, 
and the third is consecutive to these. 

Finally, the coincidence of three Z*h may be due to a triple 
point at Z; but the figures for the various cases are all con- 
structed in the same way, and therefore no more need be 
given. We pass on to consider analytically what has just 
been done. 

241. Having a singular point at 0, with OZ as the only 
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tangent, the inverse to this is found at Z, It will be con- 
venient therefore to take OZ as a side of the triangle of 
reference, if possible. But if /, «/ be distinct, the sides of the 
triangle of reference must be 0/, OJ, IJ, in order to use the 
fonnulte of transfonnation found in Ji 233 ; if however /, J be 
coincident (§ 234) only two sides of the triangle of reference 
are determined, and the third side, y, is any arbitrary line 
through ; we can thei^efore take for it the tangent at the 
singularity to be examined. If any of the tangents at the 
singularity be different from OZ, only a part of the inverse 
will be found at Z\ the rest will be at Z\ Z^, etc., these being 
the points on IJ determined by the tangents distinct from 
OZ, The formulaB of transformation are 

x:y: 2; = icV : t/V : x*'-. 

Let the singularity to be examined be that at the point 
xy on the curve 

The inverse to this is 

but the factoi-s x"-, z"^ are to be rejected to obtain the proper 
inverse, which is therefore 

The point Z is y'z' ; the nature of the curve at Z is therefore 
found by writing «' = 1 , which gives 

Hence there is an inflexion at Z, with IJ as tangent ; and the 
singularity at on the original curve is the triple point whase 
penultimate fonn is shown in Fig. 56 (a). 

242. Instead of using the two sets of homogeneous coor- 
dinates, X, y, z with z = \y for the singularity at 0, and x\ j/, ^ 
with a;'=l, for its invei-se at Z (Fig. 57), it is often more 
convenient to write for a;', ?/', z\ new coordinates 1, y,, ar^, 
which of course simply amounts to changing the names or the 
sides of the triangle of reference. The FormulaB of trans- 
formation are then 

For example, let it be required to determine the nature of 
the singularity at on the curve 

The inverse is ^\V\—'^\^ 

and therefore the proper inverse is 

y^=x^-. 
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This has at x^y y^ a cusp with x^, that is, IJ, for tangent. 
Hence the sin^lanty at (Fig. 57) is the one whose pen- 
ultimate form 18 shown in Fig. 56 (6). 
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Since a single inversion may replace the singularity by a 
singularity whose penultimate form is not known, it may be 
necessary to resolve this second singularity by inversion. For 
instance, in the example just used, we find yi=x^. This has a 
singularity at x{y^, with iCj = for tangent; hence the formulae 
of transformation for this case are 

and the second inverse is 

that is, y%~^i' 

Thus by two inversions the arc with the singularity is 
reduced to an ordinary arc. The steps are represented in the 
right-hand part of Fig. 57. 

Note, The formulae of transformation are applied without any explicit 
reference to the fundamental (degenerate) conic ; in the example just 
used, the two invei-sions are accomplished by means of two aifferent 
conies. When a number of inversions have to be performed, it is con- 
venient to represent them as in the right-hand part of Fig. 57, not using the 
triangle at all. In passing from one set of axes to another, care should 
be taken in noticing the positive sides of the new axes ; and it must be 
noticed that the formulae aepend on the tangent ; t^ = being the tangent, 
and y=0 any other line through the {K>int considered, the formulap are 



v=v 



u=uv. 



243. The transformation here explained is the ordinarv quadric trans- 
formation employed in investigations in the theory of algebraic functions ; 
it is used in tne form just given, for purely algebraic purposes, in papers 
by Brill and Nother in the Mathematische Annalen, tt viL, ix., xxiii., etc 
It was first used by Newton in his Enumeratio Linearum Tertii Ordinis, 
1704 ; the curve obtained is called a hyperbolism of the original curve, 
and it is the wliole curve that is considered, not any special point. The 
sanie transformation is used by Cramer in his Analyse des lAqnes Courhes, 
1750, for the analysis of singularities ; but the geometrical connection 
is somewhat obscure, the inverse being referred to the same axes as the 
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original. The special geometrical fomi here ^iveii to the transformation 
by means of Dr. Hirst's method of quadric inversion is to be found in 
the American Jouimal of MatheinaticSy vol. xiv., p. 301, and vol. xv., 
p. 221. 

244. As regards any specialty of position with respect to 
07, the results are very similar. Contact with 01 at A", 
on the line JU, gives a cusp at 7, IH being the tangent, 
etc. Moreover, it is seen from Fig. 53 that contact with 
01 at 7 (compartments T, 7', for example) gives contact 
with 01 at I; and contact with 01 at (2\ 13', for example) 
gives contact with IJ at 7. But if the principal points be 
not distinct, the results are slightly different; the form they 
assume will be made plain by the constiniction of the diagram 
corresponding to Fig. 53. For instance, if the fundamental 
conic be a line-pair, a branch cutting 01 gives a branch 
touching IJ s^t I; hence a branch cutting 01 in two points 
gives a tacnode at 7 ; and a bi'anch touching 01 gives a cusp 
of the second species at 7. 

Effect of Inversion on a Curve as a Whole. 

245. We have here used inversion a« a method for analysing 
singularities; but as it institutes a correspondence between 
two sets of elements in a plane, it is applicable to the in- 
vestigation of the properties of a curve as a whole. 

As an example, consider the theorem: — If a conic be in- 
scribed in a triangle, the lines joining the points of contact 
to the opposite vertices are concurrent. Let the triangle be 
077, and the point of concuiTence M. Invert with respect 
to the conic that touches 07, OJ at 7, 7, and passes through 
M. There is now a cusp at 0, with OM as tangent, and 
likewise slI I, J; since the original does not pass through 
0, 7, J the inverse does not cut 77, 07, 07, except at ^e 
points 0, 7, J already considered. Hence the inverse is a 
quartic with three cusps, and the cuspidal tangents are con- 
current. Arranged in this way, this does not prove that in 
any quartic with three cusps the cuspidal tangents are con- 
current; to prove this, let 0, 7, 7 be the cusps, which are 
certainly not coUinear; invert with respect to any conic 
touching 07, 07 at 7, 7. Let the cuspidal tangent at meet 
77 at 0' ; let the tangents at 7, J meet the conic of inversion 
at 4, if, and let J A, IB meet 07, OJ at 7', J\ Then owing 
to the cusps at 0, 7, J the inverse has contact with IJ, 01, 
OJ at 0', I\ J' \ now the inverse has no other points on 
the sides of 077, it is therefore a conic inscribe<l in 077, 
and consequently 00\ Jl\ I J' are concurrent; their inverses, 
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that is, 0(y, I Ay JBy are therefore concurrent; hence in a 
tricuspidal quartic the cuspidal tangents are concurrent. 

Similarly considering a conic cutting the sides of the tri- 
angle in three pairs of real points, the existence of a trinodal 
quartic is proved, and it is shown that the three pairs of 
nodal tangents touch a conic. And considering a conic in 
the various possible positions with regard to the triangle, 
meeting the three sides in all possible ways, the existence 
of different varieties of qualities with three double points is 
made evident. 

246. These theorems depend on the correspondence of 
point to point, and of straight line through a principal 
point to straight line through a principal point; but to 
a straight line in general corresponds a conic through 
OIJ, Consider the general conic and the quai'tic derived 
from it by inversion; the tangents to the conic invert into 
conies touching the quartic and passing through 0, /, cT"; the 
intersection of any two tangents inverts into the intersection 
of the tangent conies. Hence there follows the theorem: — 
Through any point two conies can be drawn to touch a 
quartic with three double points and pass through the double 
points. 

£j\ 1. Obtain the general equation of a trinodal quartic (§ 101) by 
inversion. 

Bjc. 2. Show that three pairs of tangents to a quartic can be drawn 
from the three nodes ; and that these six lines touch a conic 

247. Since the conic and quartic are inverse, the order 
of a curve may be doubled or halved by inversion; and 
these are the extreme cases. The application of the formulae 
of transformation gives for the inverse an equation whose 
degree is twice that of the primitive equation ; but as all 
factors that are simply powers of x, y, z are to be rejected 
(§ 235), the degree of the inverse equation may be lowered. 
But as inversion applied to this derived equation is to restore 
the primitive, the degree cannot be lower than one half that 
of the primitive. 

Let the primitive curve of order m have at /, J, multiple 
points of orders i, jy k (where any of the numbei^ i, j, h may 
be zero) ; and let it cut 01, OJ, IJ in i\ /, k points, so that 

i'+i+k = m, j+j + k = m, k'+i+j = m; 

that is, i' = m — i— i, j' = m—j — k, fe' = m-i— j. 

The inverse has then at /, J. multiple points of orders 
i\ /, k\ and cuts 0/, OJ, IJ in i, j, k points ; hence 
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that is, m=2m—i'-j^k, 

/= m-j-ky 
k'= VI — i — ^* ; 
from which also m = 2m' -- i' — / — k\ etc. 

Thus for example, a conic through /, J inverts into a conic 
through I, J, a. conic through one principal point, 0, inverts 
into a cubic with a double point at and ordinary points 
at /, /. The conic inverts therefore into a cubic with one 
double point, or a quai-tic with three double points, each of 
which is a curve of deficiency zero ; and on inverting any 
curve, it will be found that the deficiency is unaltered by 
the transfonnation (compare §§ 143, 288). 

248. Since lines through either fundamental point invert 
into lines through the other fundamental point, it follows that 
in circular inveraion, where the circular points are the funda- 
mental points, isotropic lines invert into isotropic lines ; every 
one inverting into a line through the other circular point, 
the two of a pair are interchanged, but as they enter only 
by pairs this does not affect the final result. Hence a focus 
F inverts into a focus F\ If however 0, the centre of the 
circle of inversion, be itself a focus, 0/, OJ being tangents 
there are cusps at /, / on the inverae, and for this curve 
is not neceasarily a focus. 

Ex. Discuss the inverse of a conic with regard to (1) a focu.s, (2) the 
centre, determining all particulars as to order ; number, situation, and 
nature of double points ; number and situation of foci. 

Reciprocation. 

249. We have now to consider the association of the doubly 
infinite system of points in a plane with the doubly infinite 
system of lines in a plane. We shall find that all the results 
obtainable by this were an-ived at in the earlier chapters 
by means of the principle of duality. 

In § 73 a hint was given as to a way in which a geo- 
metrical connection can be instituted between the points 
and lines of a plane. Let the polar of P with respect to 
any proper conic F be denoted by ^> ; thus to the points 
P, Q, ..., correspond the lines p, g, ... ; and since PQ is the 
polar of pq, to the lines PQ, PR, ..., correspond the points 
jyq, p%... . Moreover, collinear points P, Q, i2, ..., give con- 
current lines j[>, ^, 7% ..., and the two configurations are homo- 
graphic ; their correspondence is precisely that afToi'ded by 
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the principle of duality. The two figures thus obtained by 
means of poles and polars, being reciprocal in their rela- 
tion, are called Reciprocal Polars ; and the process by which 
one is derived from the other is called Reciprocation ; the 
conic used as a foundation for the process is the auxiliary 
conic. 

If this auxiliary conic be the imaginary conic 

the polar of /, (/, h is 

fa+gy+hz=o, 

hence to the point /, gr, h corresponds the line /, Qyh; to the 
locus of the point /, g, h corresponds the envelope of the 
line f, g, h; the two curves thus connected by reciprocation 
with respect to the special auxiliary conic are the curves 
defined as reciprocal in §69. 

250. The correspondence hitherto studied by means of the 
principle of duality has affected only non-metric properties. 
But in reciprocating with respect to a specified conic, all 
the properties of one figure are derived from those of the 
other, and consequently it is passible to pass from the metric 
properties of a figure to thase of its reciprocal ; but the only 
case in which this can be done with facility is when the 
auxiliary conic is a circle. This however does not limit the 
generality of the method. 

The auxiliary conic being a circle, the centre is the origin 
of reciprocation. The' polar of any point P is constructed 
by taking on OP a point J/, given by OJlf. OP = (radius)2, 
and drawing through M a line perpendicular to OP: and 
similarly the pole of a line is construct<5d. Hence lines 
belonging to the primitive that pass thi-ough give points 
at infinity on the recipi-ocal curve ; for instance, the tangents 
from to any curve of the primitive figure and their points 
of contact with this cui'V'^e reciprocate into points at infinity 
on the reciprocal and the tangents at these points; that is, 
the points of contact of tangents from to any curve re- 
ciprocate into the asymptotes of the reciprocal curve. 

251. The theory of reciprocation with respect to a circle 
is fully treated in Salmon's Conic SectionSy Chapter XV., and 
there is therefore no occasion to go into details here. But 
one special example may be given, for the sake of showing 
the connection between § 124 and § 184. 

A pencil of conies recipix)cjites into a range ; let the o: 
of reciprocation be taken at a vertex of wie self-conj 
triangle, then as the common points P, Q, R, S are in 
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pairs on lines through 0, the common tangents which deter- 
mine the reciprocal range are parallel in pairs. If now the 
pencil be a pencil of circles, that is, a system of coaxal circles, 
two of the intersections are the circular points; the origin 
of recipi-ocation is one of the limiting points of the system. 
The four intersections P, Q, co, u> connect in pairs thi-ough 0, 
viz., Pw and Qw pass through ; the circle passes thix>ugh cd, 
and ft) therefore recipixx^ates into the tangent at o), that is, 
into Oft), while P reciprociites into another line thi-ough w\ 
similarly w\ Q recipi-ocate into lines through w' ; let the lines 
reciprocal to P, Q intei'sect in F. The reciprocal to the 
system of coaxal circles when taken with respect to either 
limiting point is therefore a system of confocal conies having 
that limiting point as one focus; the other focus is the 
point F. 

Ex, 1. Show that the auxiliary circle can be chosen so that the two 
limiting points may be the foci of tlie reciprocal system. 

Ex. 2. Discuss the case of a coaxal system with imaginary limiting 
points. 

252. In connection with reciprocal curves it was seen that 
a cusp with its tangent and an inflexional tangent with its 
point of contact are reciprocal. This fact is brought out 
by the upper part of Fig. 58. Four arcs are drawn, meeting 
at A , and all having the same tangent h ; the reciprocal arcs 
have as their tangent a, the polar of A, and the point of 
contact is B, the pole of 6. An arc and its reciprocal are 
marked with the same number; thus 1,3, which make an 
inflexion at A, make a cusp at B. 

The lower part of Fig. 58 shows the reciprocation of a 
node with a loop. Corresponding to the node N, with the 
two tangents p, q, there is a double tangent n with the two 
points of contact P, Q. From a real tangent OT can be 
drawn to the loop, this occurs between p and q as we travel 
iT)und the loop; hence the reciprocal passes through infinity, 
P and Q being separated by the point at infinity ; the asym- 
ptote, t, is the reciprocal to T. In § 239 it was shown that 
a cusp may be regarded as the final form of a node with a 
loop, when the two tangents close up and the loop disappears. 
Now when p, q apprcach coincidence and NT vanishes the 

Kdnts P, Q approach coincidence and also the lines n, L 
ence we have the two arcs that make an inflexional branch, 
together with all points on the line that is the inflexional 
tangent; these being recipnxjal to the two arcs that make 
the cuspidal branch, together with all lines through the cusp. 
Now considering the evanescent loop as an envelope, we see 
that it does give rise to the two aixjs and this assemblage 
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of lines, and just as this last is not counted as part of 
the cuspidal branch (envelope), the assemblage of points on 
the inflexional tangent is not counted as part oi the in- 
flexional branch (locus). 
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Tlte Ihudistic Transformation, 

253. We have seen that projection presents itself as a 
special case of linear transformation, specialized however 
only by position ; and that (luadric inversion, at first sight 
a special quadric transformation, differs from the general re- 
versible quadric transfonnation only by a linear transforma- 
tion. We have now to show that reciprocation, presenting 
itself as a special case of the linear dualistic transformation, 
diflers from this only by a linear transfonnation. 
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The theory of linear dualistic transformation is sometimes 
called the theory of skew reciprocation. This name has 
reference to the fact, now to be proved, that the essentials 
of the theory are to be found in reciprocation with regard 
to a fundamental conic ; the other name has reference to 
the underlying essential, the principle of duality, and regards 
the relation to the auxiliary conic as purely accidentcd. 

Note. This correspondence has also been called Correlation, the figures 
being correlative (Chasles), but the name is not in general use. 

254. In the general dualistic transformation the coordinates 
of a line are general functions of the coordinates of the corre- 
sponding point ; the transformation is linear, when these ex- 
pressions are linear. Hence the formulae of transformation are 

and to a point P{x, y, z) in the first syst^n corresponds 
a line p{^y 17, f) in the second system ; the two systems may 
be represented in diffei'ent planes, or the two planes may be 
superimposed so that we have the two systems in one plane, 
with it may be different triangles of reference. 

Now subject the first system to a linear (point) trans- 
formation, 

x' = a^x + a^^y + a^z, 

y'=b^x+b^y + b^z, 

z'=c^x+c^y-{'C^, 

by which from a point P{Xy y, z) there is derived a point 
P'(x\ y\ z'). There is now a correspondence between this 
derived system (P') and the second system (p), expressed 
by the transformation 

^=«', n=y\ f=2^; 

these two systems are therefore reciprocal with respect to 
the auxiliaiy conic 

which shows that the general linear dualistic transform- 
ation differs from the interchange of point and line coordin- 
ates only by a coUineation. 

Note. The tenn linear transformation is properly used whenever the 
formulae of transformation are linear, whether they express point and 
line coordinates in terms of point and line coordinates or in terms of 
line and point coordinates ; that is, linear transformations include col- 

eations and linear dualistic transformations. 
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255. Hence so far as the geometrical properties of a figure 
are concerned, nothing more can be learnt by means of the 
most general linear dualistic transformation than is recog- 
nized intuitively by means of the principle of duality. But 
considering the correspondence of point and line hereby insti- 
tuted in its relation to the general theory of (1, 1) corre- 
spondence, one or two points require investigation. 

Let the two systems be represented in one plane, with the 
same triangle of reference. To a point aj, y, z of the first 
system corresponds a line ^, jy, f of the second system, where 

equations which may also be written 

where a^, og, etc. are the minors of a^ a^, etc. in the deter- 
minant (ttiftg^s)* ^^^ ^his determinant is rejected as a factor 
in the expressions for x, y, z. 

Hence to a point of the second system, 

corresponds the line of the first system 

l{(i^x +a^+ a^z) + m{\x + h^y -f 632^) + ^{(^x + c^y + c^) = 0, 

that is, to the point I, m, n considered as belonging to the 
second system there corresponds the line 

(ajl + h{ra + c{a)x + (a^l + b^m + c^n)y + {(t^f^ + h^m + c^n)z = 0. 

Thus the point x, y, z has two different lines for corre- 
spondent when considered as belonging to the two different 
systems, and the coordinates of these lines are respectively 

a^x + a^y + a^, \x -h \y 4- h^z, c^x + c^y -f c^ ; 

a^x + h^y + c^z, a^ + \y + c^y a^ + b^y + c^z. 

These two lines coincide if 

a^x+a^y+a^^^b^x+b^y-^b^z _ CiX+C2y+c^z_^ 

a{x 4- b^y + c^z " a^ +\y + c^z "~ a^x -f b^y -h c^z 

where X satisfies the equation, obtained by eliminating .r, ?/, c, 

a^X — (^i 5iX — «2 ^'iX — «3 =0. 
agX — 6j fcgX — ^2 c^ — b^ 

This is of the form \^+A\^-A\-\ = 0, 
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hence one solution is X = 1 , which gives 

a; : iy : 2 = 63 — Cg : Cj — fig : a^ — fc^, 

and there are two others, real or imaginary. 

There are therefore three points and their corresponding 
lines which are associated with one another regardless of 
the system to which they belong. Thus the general linear 
dualistic transformation does not definitely associate the 
points of the plane with the lines of the plane, though 
this can be done by a special dualistic transformation. The 
two lines corresponding to a point coincide for every point 
if the equations 

a^x+b{i/+c^z a^+b^y + c^ a^+b^+c^ 
hold for all values of a;, 1/, ; hence we have the conditions 

showing that the points of the plane are associated with the 
lines 01 the plane only if the equations of transformation 
assume the form 

i=^ax+hy+gz, 

tl = hx+by+fz, 

expressing simply that the point and line are pole and polar 
with respect to a conic 

ax^+by^+cz^-\-2fyz+2gzx+2hxy = 0. 

256. Corresponding elements being different in nature, the 
question as to elements that coincide with their coiTespond- 
ents (S 226) is replaced by the question as to elements that 
are united with their correspondents. 

The line ^, 17, f is united with the point x, y, z if 

ix + fjy-^-^z^O; 

hence the locus of points that lie on their corresponding lines 
is the conic 

{a^x + a^y + a^)x + (b^x + h^y + b^z)y + {c^x +c^ + c^)z = ; 

that is, 

a^x^ + by- -f c^z^ + (63 + c^)yz + (Ci + a^)zx + (a^ + b^)xy = 0, 

which is called the pole conic. Also the envelope of the lines 
is a different conic, the polar conic. For the coonlinates of 
a point are given in terms of the coordinates of the corre- 
sponding line by the equations 
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and therefore the envelope of lines that pass through their 
correspondents is 

that is, 

( Vs- ^2)^+ (^S^l- ^^s)*;^ + (^^2-«2^l)f ^ + '/f (^S^l- ^1^+ Cl«2- C2«l) 

which is called the polar conic. 

We have here been dealing with points of the first system 
and lines of the second ; the equations expressing the coitc- 
spondence between points of the second system and lines of 
the first being (§ 255) 

^=a^x+b^y+c^z, etc., 

the pole conic and the polar conic are the same as 
before. 

To compare these two conies, both must be expressed in 
line coordinates or in point coordinates. Writing the equation 
of the pole conic in line coordinates (§ 65) the coefficients A, F 
are proportional to 

that is, (63 - Cg)^ - 4(62^3 - 63C2), 

and 20^(63 + Cg) - (Ci + re3)(a2 + \)y 

that is, (Ci — CL^icL2, ~ &i) — ^(s^Jh — ^^1^3 + <?i«2 ~ ^2^1 )• 
Hence writing the polar conic in the form 

"*■= 4(62^^3 - 636-2)^^ ... + ... = 0, 
the line equation of the pole conic is 

*=((&3-^2)^+(Ci-«3),7+(a2-6i)f)2-^=(). 

This form shows that the two conies are different, unlass 
the transformation considered is reciprocal ; and that they 
have double contact, the' intei-section of the common tan- 
gents being the point 63 — ^2, c^ — ag, a^ — \, the chord of 
contact itself being the line ^83 — 72, 71 — 013, a^ — fiy Let 
this line, p, meet the conies in Q, J?, and let the intersection 
of g, r (the tangents at Q, J?), be P. Let X he any point 
on the pole conic, so that the correspondent to X passes 
through X ; by the definition of the polar conic, it is touched 
by the line corresponding to X ; hence the two correspondents 
to X are the two tangents fi-om A'' to the polar conic. If 
therefore X be at Q or at ii, the two correspondents coincide ; 
the points Q, R are two of the points determined in § 255, 
the point P being the third. Hence of the three points oon- 
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sidered two lie on their corresponding lines, and the third 
does not. 

If now the triangle PQR be the triangle of reference, ^=0 
corresponds to a; = 0, but i; = and f = cori-espond respectively 
to 2; = and y = 0. Hence the fonnulse of transformation are 

Xote. For a fuller discussion of skew reciprocation see Salmon's Higher 
Plane Curves^ §§ 332-342 ; there is a typographical mistake in § 335, 
where the line equation of the pole conic is given instead of the line 
equation of the polar conic. 

Biratioval Transfoi'mation of a Curve, 

257. The transformations hitheiiio considered are birational 
transformations of the whole plane ; they are Cremona trans- 
formations. But there are transformations that are birational 
only as I'egards a curve of the plane. For instance, to the 
locift of a point P there corresponds by recipixxjation the 
envelope of a line 2> y let 1^ be the point of contact of p with 
its envelope, then 1^ is determined by P, and P by P'. Hence 
there is a (1, 1) coiTespondence between the points of the two 
curves, and also between the lines of the two curves. 

For example, the reciprocal to 

^+^^+^ = (1), 

is (§68) ic«+/+^-2j/V-2;23ar*-2aj3y« = (2). 

Let x^y y^y 2:^ be a point on (1) ; the tangent at this point is 

^1^^ + 2/1^2/ +^1*2^ = 0, 
and to this line coiTesponds the point 

^2 • 3/2 • ^2 ~ "^i • 2/1 • ^1 (3), 

a point on (2). The tangent to (2) at this point is 

(a:/-X2V-^2V)^ + (y2'-2/2V-y2V)y + (2^2^-^2V--^2*Z/2')- = 0, 

which can be written 

x,\2x,^ - u,)x + yii^yi - n^)y + z^^Zz^^ - u^)z = 0, 
where xi^. s^a^nds for x^+y^+z^. 

Now ajj, 2/1, z^ con*esponds to this line ; hence 

^1 •• Vi ' z^ = x^{2x^'-u^) : yim^-n^ : z^C^z^^-u^^.^i^)- 

Thus ajg, y^i ^2 ^^^ given rationally in terms of rc^ y,, z^ by 
equations (3), and aj^, y^ z-^ in terms of .Tg, y^^ z^ by equa- 
tions (4). 
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These two sets of equations are equivalent, in virtue of equation (1) or 
(£) ; for substituting in (4) the values of ^2* l/t* h gi^^n by (3), the result is 

that IS, an identity. 

An cUgebraic transfoi'niation that is birational as regards 
the points of two curves but not as regards the whole plane 
is called a Rieraann transformation. That is, a Riemann 
transformation of a curve F{Xy y, z) = is expressed by the 
equations 

^'y- 2^=fi(x\ y\ z') :f^{x\ y\ z') :f^{x\ y\ z), 

where /j, /g, f^ are homogeneous polynomials of the same 
degree k that have no common factor, and are such that (by 
means of the equation J^=0) x\ y\ / can be obtained in the 
form 

x'.y': ^' = 0i(a;, y, z) : ^p^x, y, z) : ^3(0;, y, z), 

where 0j, 02> 03 ^^'^ homogeneous polynomials of the same 
degree k that have no common factor. 

In the example just given the two cui'ves were recipix)cal, 
but this is not necessary. 

For example, consider the curves 

a^—x^z-~y^z=0 (1), 

x*-aj/^-yV = (2). 

These are unicursal, the coordinates being expressed in terms 
of a parameter by means of the equations 

x,=^\y,, \% = {\^+l)z, (1)', 

^2* = ^2/2^2» x^={X^-l)Zi (2)'. 

Associating the points that depend on the same value of X, 
we find 

^1 _ ^2 

2/l'"2^2^2' 

Zi X^ X2+Z2 x^+z^ 

therefore x.:y^:z.=lM^:^^4^, 

that is, «! : yi : z^=X2\x^+ "i^z^.y^zj^x^+iz^-.x^x^+z^ .... (3). 

8.0. Q 
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Also ?2=x2_i=?i!zyL, 

therefore aj« : Vo : 2^9 = 1 : — — ^^ : —9 — o» 

that is, «2 • 2/2 : ^2 = «i2/i(^i^ - Vi) ' (^1* - 2/i*)^ • ^i^i^ (*)• 

Thus by the Riemann transformation expressed by equations 
(3), (4), either of the given curves is transfomied into the 
other. 

Ex. Determine (1) the traiiBformation by which the point A on one of 

the curves just used is associated with ^ on the other curve ; (2) the 

A 

transformation when the two parameters are connected by a symmetric 

bilinear relation. 

258. There is one other important part of the theory of 
correspondence of which mention must be made, the corre- 
spondence of points on a curve. The simplest example of 
this is afforded by homographic systems on conies (§§ 192- 
196) ; and just as in this case we have to consider points 
that coincide with their correspondents, so in the more general 
case we have to consider united points, points that coincide 
with their correspondents. The theory was originated by 
Chasles (1864), who dealt in his earlier papers with uni- 
cursal curves only. The conception applies however to all 
curves, but it can only be explained in connection with the 
theory of Higher Plane Curves. For a brief account, refer- 
ence may be made to Professor Cayley's article, Curve, in 
the Encyclopedia BriUmnica. 




CHAPTER XIL 

THE ABSOLUTE. 
R48wm4 of the Argument 

259. We now review briefly the results already obtained, 
in order to see clearly what ought to be the next step. The 
guiding principle has been, as stated in § 1, to generalize our 
conceptions and their expression a« far as possible. In ac- 
cordance with this, we began by examining the idea of co- 
ordinates, and were led to the conclusion that the nature 
and number of the coordinates required depend on the nature 
of the space and of the element; more precisely, on the 
number of dimensions of the space, regarded as compased 
of elements of the assigned nature, or from the other side 
on the number of degrees of freedom of the element, regarded 
as moving in the space considered ; or again, on the order of 
the maniK>ldness, when the elements are regarded as existing 
in the space. Thus the same coordinates serve for different 
elements in different spaces, provided that the number of 
degrees of freedom be the same. Further, the introduction 
of one more coordinate relieves us from the necessity of 
attending to actual values; henceforward ratios alone are 
required. 

This examination showed also that the nature of the 
element is at our disposal; any geometrical entity may be 
regarded as the element. 

Now as the object of our study is plane geometry, which 
is primarily geometry with the plane as space, the point as 
element, we are dealing with two-dimensional geometry ; and 
the results obtained are applicable to any other two-<limen- 
sional system, for example, to planes through a point. But 
among all the possible systems of geometry, there is one 
whose association with that of points in a plane is of special 
service, viz., the geometry of lines in a plane. This is two- 
dimensional, we are therefore at liberty to choose it; it 
relates to plane geometry, and is therefore essentially a part 
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of our subject. Henceforth our subject is plane geometrj', 
regarded under two absolutely distinct aspects, the two views 
being however developed simultaneously by a single course 
of reasoning. Later on we find that a geometrical dependence 
of the one theory on the other can be introduced; but the 
two theories are regarded as essentially distinct. 

260. The next step was to arrange a system of homo- 
geneous point coordinates with an associated system of line 
coordinates; and to facilitate the passage from either system 
to the other certain multipliers that were at our disposal 
were chosen so that the equation 

should be the expression of the fact that the point and line 
were united in position. 

Applying these coordinates to systems of lines and curves, 
geometrical properties were found to be of three kinds. 
Properties are 

(1) Independent of the nature of the coordinates; 

(2) Dependent on the nature of the point coordinates; 

(3) Dependent on the nature of the Kne coordinates. 

As regards classes (2) and (3), the two views were not 
developed simultaneously by a single course of reasoning; 
we were not able to transfer results from the point geometry 
to the line geometry. Here our generalization was incom- 
plete. 

261. The first intimation that the correspondence of the 
point and line theories was not all-pervading was received 
when the fundamental identical relation presented itself under 
different forms in the two theories (§ 20). The coordinates 
of a point are subject to a linear inequality; but there are 
exceptional points that escape this condition, these all lie 
on a certain straight line. The coordinates of a line are 
subject to a quadratic inequality, but this does not apply 
to certain exceptional lines, that is, to all lines passing 
through one or other of two fixed points. 

It is precisely this fact — that there are points and lines at 
variance with the fundamental identical relations, viz., one 
point on every line, two lines through every point — that 
calls metric relations into existence (§§ 39, 115). 

262. We have now to determine why the correspondence 
tween the point and line theories apparently breaks down 

regards these exceptional elements. 
One step towards the elucidation of this is obtained from 
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the consideration of the equation of a circle. It was shown 
in § 117 that the line equation of a circle of infinite radius 
is degenerate, and represents the circular points* Now the 
point equation of any circle is 

if the angle C be supposed to be a right angle. Let the line 
infinity b^ 

ax+by+cz=Oy 

then the equation of the circle in the homogeneous form is 

Hence the point equation of a circle of infinite radius, 
obtained by writing in the above r = oo , is 

(cLX+by+czy = 0, 

that is, the line infinity taken twice. 

We are therefore led to consider the question of degenerate 
conies. 

Note. The degenerate conies that present themselves most readily to 
our remembrance are evanescent conies, such as a;*+y*=0; but we have 
just seen that a conic can degenerate bv becoming infinite ; the (question 
to be considered is therefore the general one of degenerate conies m point 
or line coordinates. 

Degenerate Conic8. 

263. A degenerate locus of the second order is two loci 
of the first order, and is therefore a line-pair ; and similarly a 
degenerate envelope of the second class is two envelopes of 
the first class, that is, a point-pair. 

Now a line has not a line equation ; hence we cannot expect 
the line-pair to have a line equation ; and yet from one point 
of view the equation 

u=^ax^ + by^+cz^ + 2fyz + 2gzx + 2hxy = 0, 

even when degenerate, has a reciprocal equation, though the 
process of § 65 fails. 

Since A = 0, the equations 

^=^axi+hy^+gz^, 

ri = hxi+by^+fz^, 

give three equivalent results 

(be -r)i Hfg - cn)n +{fh- i>(j)C^ 0, 

(3f-ch)i+(ca-9^),, +(ah-af)^=0, 
{hf-bg)i+(hg-aj>l+{ab-h^)t=0: 
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any one of these is the equation of the point of intersection, 
which therefore presents itself as apparently the reciprocal. 

But this is not satisfactory, for the general reciprocal 
equation is known to be of the second degree. And certainly 
the linear equation just found will not, on reciprocation, 
reproduce the original equation of the second degree. 

Consider a come which does not split up into straight lines, 
though it is approaching this condition. It has a reciprocal 

into which A does not enter. Now as the coefficients a, 6, c, . . . 
chan^, the values of il, fi, C*, ... will alter, but not the fomi 
of this equation. Hence even when A = 0, we still have the 
reciprocal 

+ 2(gh - aM+ 2( A/- 6(/)f^+ 2(fg - ch)ifi = 0. 



But since 



a h g 
h h f 

9 f (^ 



= 0, we have also 



A H =0, 
H B F 
G F C 



and therefore this I'eciprocal equation splits up into factors. 
Multiplying by be — /^, the equation can be written 

{ibc-f')i+(f9-chh+{flt-h9)CV=-Mc>,'-^M+H'} 

= 0, since A = 0. 

Hence the reciprocal is the square of 

ibc-P)i+{f9-ch>l+(fh-bg)i=^0, 

that is, the line equation represents the intersection of the two 
lines, counted twice. 

Similarly the point equation that is reciprocal to a degene- 
rate line equation represents the join of the two points, taken 
twice. 

264. The actual significance of this result is made clearer 
by considering a simpler form of the equation. The conic 

has for its reciprocal 

£2 „2 f'i 

a p y 

Write y= —1, a= 2> i^~p > ^^® equations are now 

b^x^ + a^y^ — a^b^z^ = 0, 

Assign to a some constant value, and let 6 vary. 
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Wheny = 0, T^^aH^, 

that is, calling the point 17, -B, the lines BF, BR are inde- 
pendent of b ; the points P, R (Fig. 59) are therefore fixed. 




Pio. 59. 

Similarly, A being the point ^, the lines AQy AQ[ are 
y^=z}jrz^\ hence as h diminishes the points Q, Q[ approach C 
(that is, f ) indefinitely. 

iVo^tf. In rectangular Cartesians, 2=0 being the line infinity, /V^, QQf 
are the axes of the conic ; we keep one axis constant, and let the other 
vanish. 

But when 6 = the line equation reduces to 

which represents simply the two points P, P" ; and the point 
equation becomes 

which represents the indefinite line joining P, P', taken 
twice. 

Thus the degenerate flat conic presents itself as a pair of 
points; but the only way in which the point equation can 
express this is by means of the line joining the points, 
counted twice. 

As regards the shape of the flat conic, the Cartesian equa- 
tion shows that at the points P, Q, the radius of curvature, 

6* a? 
being respectively — and t-, becomes and x . 

Note, It must be bonie in mind that if we start with the line equation 
of a pair of points, we get no proper reciprocal at all ; and if we start 
with the point equation of a pair of lines, we get no reciprocal These 
reciprocal equations are obtained only by regarding the point-pair or 
the line-pair as a degenerate conic, that is, as a limiting case. 

265. The geometrical significance of this is exhibited in 
Fig. 60. The conic is an envelope of the second daas; as it 
flattens, changing from (a) to (0) or from (d) to (e), all the 
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tangents tend to pass through P or P' ; and ultimately any 
line through either of these points belongs to the envelope. 
Now the conic, qui locus, is the segment PR (that is, one 
segment or the other) taken twice ; but an ordinary point 
equation cannot express a terminated portion of a line ; it can 
express only the whole line. Thus the point equation, 
applicable indifferently to (6) or (c), gives the whole line 
twice. 

Xote, In Fig. 60, (a), (6X {c\ (d) form a consecutive series, representing 
the conversion of an ellipse (a) into a hyperbola {d), by the vanishing (h 
one axis, the quantity h' cliangiiig from positive to negative through zera 
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Tke Absolute. 

266. Thus it appears that the special points w, «', which 
are fully represented in line coonlinates by a degenerate 
equation of the second degree, caimot be exactly represented 
in point coonlinates ; tliey give simply the line infinity taken 
twice. Tlie special line tliat we are led to consider in the 
use of point coonlinates presents itself thei-efore as a part 
of the special configuration that we have to consider when 
using line coonlinates; and the circular points are of more 
fimdamental importance than the line infinity. We have 
seen that the degree of choice allowed in projection enables 
us to choose co, o)' arbitrarily, for we can project so that 
any two points become the circular points (§ 201), but then 
the figure is detennined. Determined, that is to say, as to 
shajx^ ; not as to size, for pix)jection from a plane on to any 
pai'allel plane alt<?rs the size, but not the shape, and does 
t afiect 90, » : not as to pasition, for o), » are affected 
iiher by translation nor rotation: but absolutely deter- 
eil as to the metric relations that the parts bear to one 
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another. Thus the circular points are tlie absolute elements 
in the plane, all other elements may be considered as de- 
pendent on these. 

Now this absolute configuration presenting itself as a 
degenerate conic, the natural generalization is to replace it 
by a proper conic. This proper conic is called the Absolute ; 
the notion of the Absolute was introduced by Professor 
Cayley in his Sixth Memoir upon Quantics, 1859 {Collected 
Papers, vol. ii., No. 158). ' 

if, therefore, we investigate the purely descriptive relations 
of a system to a general conic, the Absolute, and then make 
this conic degenerate in the particular way just considered, 
we shall obtain the relations of the system to the special 
configuration composed of the circular points and the line 
infinity taken twice ; and interpreting such of these relations 
as do not prove illusory, we shall obtain the metric properties 
of the system. 

Relation of a Curve to the Absolute. 

267. A point at which a curve cuts the Absolute gives 
a point at infinity on the cui'\"e; but the double occuiTence 
of the line infinity in the degenerate Absolute has to be 
taken into account. For instance, a straight line meets the 
Absolute in two points; and it is of interest to see what 
trace is left of this when the Absolute becomes ordinary 
infinity. 

We are dealing with questions involving metric quantities, 
that is, linear and angular magnitude ; and we are examining 
how far our conceptions of these are in accordance with con- 
clusions drawn horn the principle of duality. We must 
consider therefore in what way linear and angular magnitude 
correspond. 

Imagine a line p to revolve about one extremity 0, and 
let it be indefinite in extent in one direction from 0. Let 
it meet a fixed line in P, and in its initial pasition a, 
that is, OA (Fig. 61), let it be perpendicular to this fixed 
line. 

As p revolves about 0, so describing angular magnitude, 
P moves along the line, so describing hneai* magnitude. 
When p has described one right angle, P has described the 
line from A to infinity, on the upper side. Ah p continues 
its revolution, describing the second quadrant, P reappears 
to the left of A : but the line p being terminated at 0, we 
reach the point P" by travelling along the line p, through 
infinity to P' on the lower side of the line, and acooi 
JP' describes the line from infinity to ii', on the lower A 



^^y 



S'7r.'"ArIy w- u o^..*cj I t*tf> ibe third quadrant, the lower side 
>: li^r 2i2»r frcttL: ^ t^.' in^uhv i« dttcribed : and as » describes 
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Hence in order to exhibit a complete correspondence 
between linear and angolar magnitude, the line must be 
regarded as double, the upper edge being continuous with 
the lower edge through infinity. 

268. A tangent common to the curve and the Absolute 
gives rise to an i^sotropic tangent If the cur\'e be of class 
n, there are 2n common tangents, falling into n pairs of 
conjugates. The intersections that <lo not come at a>, w' give 
the foci, of which n are real, ?i(ii — 1) imaginary. But if 
the line infinity be a tangent to the curve, the curve has 
contact with the Absolute, which is a singularity of position 
to be considered separately. 

269. Contact with the Absolute is represented by contact 
with the line infinity (Fig. 62, ^) ; or, since every line through 
either circular point is a tangent at that point, by passage 
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through one of the points «, co. But as w, «' are conjugate 
imaginary points, they cannot present themselves separately : 
ttherc is consequently double contact with the Absolute. For 
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the cajse of a conic this is the only way in which double 
contact can occur ; for contact at By B", where BR makes with 
wco' a vanishing angle, gives a conic that degenerates into the 
line infinity taken twice; and contact at C, (7, where C(7 
makes with (txo a finite angle, gives rise to a double point 
when C, C come together. Thus a parabola is a conic having 
contact with the Absolute ; a circle is a conic having double 
contact with the Absolute. 

Note. Although the letters to, oi' appear iu Fig. 62, it is important to 
notice that t\i^ points oi, oi' have no definite existence until the Absolute 
is regarded as aegenerate. 

CorreapoTtdence of Asymptotes arid Foci, 

270. It now appears that the asymptotes of a locus of 
order n correspond to the foci of an envelope of class n 
(compare § 129). 

For a curve of order n cuts the Absolute in 2n points; 
considering the Absolute as a very flat conic, though not 
actually degenerate, it is seen that these 2n points are in 
n pairs PP", QQf (Fig. 62). A line determined by a pair, PP', 
is ultimately a tiangent to the given curve /, and therefore 
an asymptote; a line determined by points that are not a 
pair, PQy or PQ, is ultimately the line infinity. Let the 
equation of the Absolute be 

ti. = 0; 

the curve /— uv = 0, 

where v is any expression of degree n — 2, is a curve of 
order n passing through all the intersections of / and u. 
If therefore v be chosen so that this may split up into n 
linear factors, it represents one of the sets of n lines deter- 
mined by the 2n points ; let v be chosen so that these n lines 
may be PP", QQj etc., and let their equations be 

^1 ^ ^> 62 ^ u, . . . , til ^ u ; 
then t^t^ '" tn -/— v^v. 

If now the Absolute become ordinary infinity, its point 
equation, u = 0, becomes 8^ = 0, where 8 = is the line infinity; 
and the equation /= becomes 

which is the ordinary expression for the curve in terms of 

the asymptotes. 

Reciprocally, let the line equation of an envelope of class n 

be = 0, and let the line equation of the Absolute be = 0. 

Then the curve , /. . ^ 

— ^ = 0, 
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where ^ is any expression of degree ti — 2, is a curve of 
class n touching all the common tangents of ^ and 0. 
Choosing \[r so that this may split up into n linear factors, 
it represents one of the sets of n points determined by the 
2n lines. Now tangents to the Absolute are ultimately lines 
through ft), ft)', unless they coincide with the line infinity; 
but this alternative is excluded, for we are not supposing 
the curve to have contact with the Absolute. Hence the 
2n tangents fall into conjugate paii-s, giving n real inter- 
sections; and we may suppose ^ to be chosen so that the 
n points given by the linear factors of tp^Oyfr are these 
n real points. Let these factoi-s be pj, pg, ..., p^; and let 
the Absolute become oixlinary infinity, so that 6 becomes cwd' : 
then we have 

as the equation of the curve in terms of the real foci. 

Correspondence of Linear and Angular Ma^gnitude. 

271. Since the metric properties of a system are descriptive 
properties of the extended system obtained by combining the 
Absolute with the given system, it must be possible to give 
a descriptive definition oi linear and angular magnitude; 
and if there be an exact quantitative correspondence between 
the two conceptions, we may expect to discover it at this 
point. 

272. It was shown in § 115 that lines, perpendicular accord- 
ing to the ordinary conception, are harmonic with respect 
to the isotropic lines through their intersection; and accord- 
ingly this was adopted as the definition of perpendicularity. 
In genei'alizing this, the isotropic lines are replaced by 
tangents to the Absolute; now lines through a point har- 
monic with respect to the tangents from that point to a 
conic, are conjugate with respect to the conic. Hence lines 
conjuffate with respect to the Absolute are said to be- per- 
pendicular. 

To obtain a general definition of the angle between two 
lines OP, OQ that shall be consistent with the ordinary 
Cartesian conception, consider what is involved in this idea. 
Take the line OQ and a perpendicular through as Cartesian 
axes of X and y\ let OP make with OQ an angle a, then 
the equation of OP can be written in the fonn 

u = icsina — y cosa = (1). 

The isotropic lines through are 

x±iy = 0. 
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Now the given lines OPy OQ are 

u=0, y = 0; 

expressing the isotropic lines in tenns of u and j/, by moans 
of equation (1), they become 

u+y cos a ± it/ sin a = 0, 

that is, u+y(cosa±isina) = 0. 

The two pairs of lines 

(tt, 2/), {u+ky,u+k'y) 

k 
give a pencil whose cross-ratio is p; hence the cross-ratio 

of the pencil determined by OP, OQ and the isotropic lines 

cosa-hisinu . . • • \4 s/a 

= . .- =(cosa-h^sinar = e**"; 

cosa— tsina 
that is, if the line OP make with the line OQ an angle a, then 

a = 2^1og{0.PQ, W}. 

Written in this form, the expression is at once susceptible 
of generalization, and affords the definition : — 

The angle determined by two lines is a constani multiple 
of the logarithm, of tfie cross-ratio of the pencil formed by 
the two lines and tlui two tangents to the Absolute drawn 
from their intersection. 

Calling these two tangents i, j, and writing pq for the 
angle miwle by p with q, this is 

pq = c log (pq,ij). 
The value of c is usually taken to be ly, in order that this 
generalized measurement of the angle may agree with the 
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ordinary Cartesian measurement when the Absolute becomes 
ordinary infinity ; but for theoretical pui'pases, c may have 
any value. 

If now the pencil be harmonic, 
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showing (Fig. 63) that adjacent angles a and /8 are equal, 
agreeing with the fundamental property of perpendicular 
lines. 

If the intersection of the lines be on the Absolute, the 
tangents i and j are now the same line, and consequently 

that is, a = o»log(pg, 7*;) = ^ log 1 =0; the angle vanishes, 

agreeing with the ordinary conception of parallelism. Hence 
for generalized parallel lines we have the definition : — 

Lines that meet on the Absolute are parallel ; 

and it therefore appears that through any point two lines 
can be drawn parallel to a given line. 

273. Reciprocally, we define the generalized distance be- 
tween two points P, Q by means of the points A, Bm which 
the line PQ meets the Absolute, obtaining 

PQ^cXogiPQ.AB) 

for the distance from P to Q. 

When the Absolute becomes ordinary infinity, this agrees 
with the ordinary measurement of the distance from P to Q, 
if c be properly chosen. For 

PQ = c\og{PQ,AB) 
, (PA PB\ 

=''^''^\qa''qb) 

that is po-, Mi^-Pg (QB^-QA^)P(^ Y 
mat, 18, ^^-^Iq^^ Qji 2QA^ .QB^ i- • • • J- 

Now the points A, li are at infinity, and it was shown in 
Chapter II. that all distances QA, QB are absolute constants. 
Moreover, A B is an absolute constant whose value is in- 
definitely small. Hence the expression 

AB 

"qa.qb 

is an absolute constant, and as c is at our disposal, this con- 
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stant can be made to assume the value unity. The terms 
following the first term in the expression for PQ vanish 
compared with the first, hence 

PQ^PQ. 
that is, the generalized distance becomes the natural distance 
"when the Absolute becomes ordinarj- infinity. 

Note. That AB\b an absolute constant is shown by the fact that the 
Absolute degrades to a repeated line whose direction is indeterminate. 
Considering, instead of the repeated line, two parallel lines, AB \s> the 
distance from one to the other measured alon^ the line AB, and the 
direction of AB being immaterial, this is a constant. 

274. Hence the correspondence of generalized linear and 
angular magnitude is exact ; but in passing to the expression 
of natural linear and angular magnitude the quantity c, 
vrhich plays the same part in the two theories in the 
generalized system, is determined in two different ways. In 
the line theory, to which angular magnitude belongs, a 
definite imaginary expression is assigned to c : in the point 
theory, where linear magnitude is involveil, c assumes an 
indefinite evanescent real value. 

275. Since the angle between two lines is defined by their 
relation to tangents to the Absolute, the case when one of 
the lines is itself a tangent must be expected to present 
special features; that this does happen was shown in ^ 113. 
The angle that y = ix makes with y=mx is tan"^, an ex- 
pression which does not involve m, and is therefore a con- 
stant ; similarly in the general case now under investigation, 

when p is i orj, becomes 

Hence the idea of direction cannot properly be associateil 
with the tangents to the Absolute ; and in the case of oriliuaiy 
infinity, the idea of direction must not be associated with 
the isotropic lines; and this exclusion applies also to the 
line infinity, which is one of the exceptional lines in the plane. 

iVote. Writing ic for (/>y, y), the expression for the generalized angle is 



P9=^^og^' 



Now 1 
value 



Ig^ it is a many- valued function, with the period 2st 
of log it be 2ai', the general value is 2cu+2nin^ from n 
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tika: is. zirtn the pij«ition of the two liues, the angle that one makes 
vitL ih^ ffihtr i* m-ietemiinate a8 regards a multiple of ir. Similarly 
tbr- jeac-raaze*! 'iUtaiior from r»ue point to another is indeterminate to 




£>. i. Sh-^wihat Pt^^i/H = PH; pq + iir=pr. 

Er. 2. Thr distance between two points on an isotropic line is zero. 

Er. X Sh*>w that inversion with regard to the Absolute increases the 
di$tance:» of all pi'*iuu» Irxtni the origin by a constant. 

Ej-. 4. What i« the generalized distance from a point to a line ? 

27iK Since the matural) angle luaile by two lines is defined 
by lUfan*^ «if the pencil fonnei by the two lines and the 
isotropic lines through their intersection, the angle made by 
the asxTiiptotes of a conic can be expressed in tenns of the 
points in which the conic cuts the line infinity. If these 
points be P, P", then for the angle between the asymptotes 
we have the expre»*ion 

Conies for which this expression has the same value, that 
is, conies for which the cross-ratio (PP*, taw') has the same 
value, are saiil to be similar : and conies for which the points 
P, P" are the same are similar and similarly placed ; such 
conies are calleil homothetic. 

Thf Generalized Normal and Evolute, 

277. Tlie generalized normal to a curve at a point P is 
the line through P, conjugate to the tangent at P, and 
is therefore at once constructed by joining P to the pole 
of the tangent at P. That is, the generalized normal is 
the line joining coiTespon<ling points on the curve and 
its iveiprocal with reganl to the Absolute. Hence the 
curve and its reciprocal with regard to the Absolute 
have the same normals. The envelope of these normals 
is the generalized evolute; this is therefore an envelope 
symmetrically derived from the curv^e and its reciprooEil 
with regard to the Absolute. But the Absolute may be any 
conic; thus connected wnth a curve and its reciprocal with 
regard to any auxiliary conic we may consider a special 
envelope, the envelope of the line joining corresponding 
points, and a special l(x;us, the locus of the intersection of* 
corresponding tangents. But when the auxiliary conic is 
allowed to degenerate into a pair of points, this locus has 
no significance. The w^hole question however belongs properly 
to the theory of Higher Plane Curves. 
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Oeneral Considerations, 

278. We now connider what we have {gained by intro- 
ducing the conception of the Absolute. We have completed 
the generalizatuyn whose incompleteness was painted out 
in § 260. We have obliterated the distinction between 
descriptive properties and metric properties, showing that 
these last are descriptive properties of the extended system 
composed of the original system and the Absolute. The 
whole of our geometry is therefore projective ; and also the 
principle of duality is applicable throughout. 

But one important point must be noticed. Tlie system of 
geometry developed in these chaptei^s does not compinse the 
whole of two-dimensional geometry. There is a two-dimen- 
sional geometry in which the conception of a line at infinity 
finds no place; in this system infinity is a point. Now the 
investigation in Chapter II. which led us to the conclusion 
that the exceptional point elements are arranged on a straight 
line, lying entirely at infinity, left no margin of choice, and 
involved no assumptions beyond any that were made in Chap- 
ter I. We had to account for the vanishing of aa + h^+cy, 
that was, we had to account for a cei*tain straight line. The 
argument in §§ 8, 9 depended on the assumptions that two 
straight lines meet in one point only, that is, that two 
straight lines determine a point uniquely, and that two 
points determine a straight line uniquely. If then thei'e 
be any system of two-dimensional geometrj' in which two 
primarj*^ elements do not determine the secondaiy element 
uniquely, or in which two secondaiy elements do not deter- 
mine a primary element uniquely, then the processes and 
results of these investigations cannot be directly applied to 
this system. 

279. That thei-e is a two-dimensional geometry of this 
nature is easily seen. Let a sphere touch a plane at 0, and 
let (/ be the other extremity of the diameter through 0. Ix*t 
P be any point in the plane, and let C/P meet the sphere in 
jP. Thus any figure in the plane is represented point for 
point by a figure on the sphere, in which, in general, a curve 
corresponds to a curve. In particular, a circle on the plane 
projects into a circle on the sphere, and a circle on the sphei-e 
projects into a circle on the plane. But a circle passing 
through 0' projects into a straight line in the plane, and a 
straight line PQ in the plane projects, by means of the plane 
(/PQ (Fig. 64), into a circle i/l^Q on the sphere, having its 
tangent at (/ parallel to PQ\ the point at infinity on the 
line PQ projects into the point 0\ the projecting line being 

S.G. R 
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this tangent.* Hence the projections of all straight lines have 
this point (f in common : and considering any two straight 
lines that intersect in P, their projections on the sphere have 
in common the two points P', Of, If however the two lines 
considered be parallel, V approaches Of indefinitely. 




Fin. 64. 

Now imagine the radius of the sphere to increase in- 
definitely, so that for any finite distance from the spherical 
surface cannot be distinguished from the plane. The geometrj* 
on the sphere is therefore the same as the geometry on the 
plane over the whole finite region; but infinity is now a 
point instead of a straight line. The primary element is 
still the point ; but the secondary element is a circle, 
specialized however by passing thix)ugh the point infinity, 

* Taking O as origin, any circle in the plane through has for its 
equations 

z = 2ay x^+i/^+Lc'hmt/+n=0 (1). 

Hence the projecting conical surface is 

(2X 



a-^+y^+{lx+m^)±-hnj^^ =0. 



and this cuts the spherical surface 

^+y2+^2_2cw=0 

in the required projection. Subtracting (3) from (2), 



.(3X 



z^ 




is the eouation of a surface through the intersections of the cone and the 
sphere ; out this is the product of two linear factors, and it therefore 
represents the planes 

us the curve of intersection is the intersection of the sphere and a 
e ; hence it is a circle. 
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and throughout the finite region indistinguishable fi-oui a 
straight line. Calling this specialized circle a straight line, 
two straight lines are now to be considereil as having two 
points of intersection, of which one may be at a finite distance. 
Hence the three sides of the triangle of reference have a 
common point, the point 0' : this point lies therefore on the 
lines 

= 0, /S = 0, y = 0, 

that is, 0' is the point 0, 0, ; and the paradoxical equation 

is to be interpreted as refen*ing simply to this point. 

Thus it is seen that projective geometry of two dimensions 
does not include all two-dimensional geometiy ; we have hei-e 
described one two-dimensional geometry that is not projective, 
and there are other systems. 

280. This spherical geometry agi-ees with projective geo- 
metry in requiring two independent coordinates ; the results 
obtained are identical over the whole finite region; but it 
does not follow that it is most conveniently treated by this 
same method of homogeneous coordinates. The^ proper system 
of coordinates requires independent investigation, which 
cannot be undertaken here*; but one general remark may 
be made, viz., that the genei*al discussions of two-dimensional 
geometry contained in the preceding pages are applicable to 
this spherical geometry at least so far as the argument is 
conducted in terms of the elements, and not of the co- 
ordinates. 

281. The generalized idea of an angle is due to Laguerre ; the 
generalized idea of distance to Professor Cayley, who originally used 
the inverse cosine, but tlien adopted Professor Klein's modification, by 
which the distance is expressed as a logarithm. 

For more detailed discussion of the theory of the Absolute, reference 
should be made to Professor C\vley's paj)er (see § 266) in the notes to 
which other references will be found ; of later date than is covered by 
these references there is another paper by Professor Klein in the 
Mathematische Annaleriy t. xxxvii. See also Sir Ilol)ert Ball's article on 
Measurement, in the Encyclop€edia Britannica ; Clifford's pai)er on 
Analytical Metrics {Mathematical Pa'pers^ p. 80 ; 1864) ; and Professor 
Klein's lectures on Nicht-Euklidische (ieometriey t. i., pp. 61, etc. 



* The development of this system of geometry (" the geometry of 
reciprocal radii," Klein, Verqleichende Betrachtwngen Uber neuere geo- 
metrische Forschungen, ^ 6) is to be found in writings in which the 
complex variable is employed. 





CHAPTER XIII. 

INVARIANTS AND COVARIANTS. 

Groups of TraTisforTnations. 

282. We have now realized that the whole of the geometrj' 
under consideration is projective. In ^ 207, 211, it was 
shown that projective properties are those that are unaltered 
when the figure is subjected to a linear transformation ; hence 
in considering the abstract laws of being of the geometrical con- 
figurations in question, putting aside as accidental and merely 
illustrative (§ 229) their mani^tation by means of these geo- 
metrical configurations, the important fact is that the expression 
of any property is unaltered by linear transformation. 

Note, It was shown that if from an eqoatiou F=^0 we derive a new 
equation /^=0 by a linear transfomiation, then (L) the two curves 
F=0 and /^=0 can be placed in i)er8pective ; (it) the two equations 
if'ssO, /*=0 can be regaraed as two equations of the same curve with 
diflferent triangles of reference. 

The former is the natural view when the subject is considered geo- 
metricjilly ; the latter is the natural algebraic view. In the former the 
projective properties of the two fibres are the same ; in the latter 
the two expressions of any projective property of the one figure are 
the same. For example, let ^—0 be a degenerate point equation of the 
second degree. Then by the first interpretation, F is a line-pair, and 
therefore also F' in a line-pair. By the second interpretation, if /'be 

cur^ + by* +C2^+ 2fyz + 2gza- + 2Aay , 

the coefficients are connected by a relation 

^^abc-^2fgh-af^-bg''-ch^=0 (1) ; 

and as the transformed expression F, that is, 

a'y* + h'y'^ -H dz"^ + 2//^' -h 2^ V^ + 2AVy ', 

is also a product of linear factors (for it is simply the same expression, 
written differently ), the new coefficients are connected by a relation 

A'=a'6V+2/^A'-a'/'-'-6'^-c'A'«=0 (2). 

Here (1) and (2) are the two expressions of a projective property of the 
one figure ; and that these two are the same appears from % 289 where 
it is shown tliat 

A' = Z)2A,whereZ)4=0, 

lence of the two equations (1), (2), each implies the other. 
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283. In this abstract consideration of the subject, the con- 
ception of a group of operations (in this case, transformations) 
presents itself.* A system of operations is a group when 
the operation resulting from the combination of any number 
of the contained operations is itself a member of the system. 
If a body be moved from any position A to another position 
B, and then from B to Cy the total eifect is simply that it 
is moved from -4 to C; the combination of two movements 
makes a movement, and nothing else; all movements form 
a group. Dividing movements into translations and rotations 
(and thus not considering a translation as rotation about a 
point at infinity), the translations form a group by them- 
selves, for a translation combined with a translation gives a 
translation; but the rotations do not form a group, since 
two rotations may result in a translation. The group of 
translations extended by the rotations, these not forming a 
group, forms the whole group of movements; and the whole 
group of movements contains certain smaller groups, as for 
example the group of translations, and the group of rotations 
about any arbitrarily chosen point. 

284. Confining ourselves now to the plane, the group of 
translations and rotations leaves unaltered the circular pomts, 
and therefore also the line infinity as a whole, but not the 
separate points on it. The sub-group of translations leaves 
unaltered every point on the line infinity; the sub-group of 
rotations about a fixed point leaves unaltered the circular 
points and the fixed point. Thus the sub-groups contained 
in a given group are differentiated by leaving unaltered some 
configuration that is not left unaltered by all members of 
the given group. 

Two collineations produce a collineation ; hence collineations 
form a group. This includes the group of movements, which 
is characterized by leaving the circular points unaltered: 
and as before, other sub-groups may be selected by the 
property of leaving unaltered an arbitrary configuration, for 
it is plain that if transformations A and B leave certain 
elements unchanged, then the transformation resulting from 
the two leaves these elements unchanged. 

The combination of two dualistic transfonnations is not 
a dualistic transformation; it is a collineation. Hence the 
dualistic transformations do not form a group by themselves ; 
but as the combination of a dualistic transformation and a 
collineation is a dualistic transformation, we may extend the 

* See §§ 1, 2 of Professor Klein's Vergleichende Betrachtungen, already 
referred to in § 229. 
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group of collincations by adding to it all the linear dualistic 
transfonuationH ; we thus obtain the group of linear trans- 
formations. 

285. Since ditfeixint points and lines are left unchanged 
by different linear transformations, none are unchanged by 
the complete group. If we wish a curve to be unchanged 
as a whole (considering at present only the points, not the 
lines), let the original equation be 

F =(«!, a^, ...jfa;, 2/, ^/' = 0, 

then if the fonuula? of transfonnation be 

x = l^x'+myy'-\-n^z\ etc. 

the transfonned equation is 

F*={a^, «2, .,Jl^x'-\-m^y+n^2f, , y = 0, 

that is, F' = (af, a|, . . . lx\ y\ z'f = 0, 

where oj, a.^, etc. involve the coefficients of transfonnation. 
Since the form of the equation is to be unaltered by the 
transformation, these coefficients l^, m^ Ti^, l^, etc. must satisfy 
the equations 

a( : Oj = a^ : ttg = • • • ^^ (!)• 

We have therefore 8 quantities wherewith to satisfy equa- 
tions (1); thus we have more than sufficient if the desired 
stationary curve be a straight line or a conic, the number 
of equations in these two cases being 2 and 5 respectively. 
The number of equations for a stationaiy cubic is 9 ; but as 
we have no assurance that these are independent (for every 
cubic), we cannot say without fui-ther examination that tliey 
caimot be satisfied ; this que^ition we leave. 

Retuming to the conic, since there are 8 (quantities, and 
only 5 equations, the number of solutions is ceitainly triply 
infinite ; and if the equations be not independent, it will be 
greater. But the equations are independent ; for if they be 
not independent in the general Ciise, they cannot be in<le- 
pendent in a special case. Now using rectangular Cartesian 
coordinates, the circular ix>ints are unaltered by any trans- 
formation ; but here are three constants involved, viz., the 
coordinates of the new origin, and the angle through which 
the axes are turned ; hence in tliis special case a thitje-fold 
infinity of transfonnations leaves a special conic unaltei'ed, 
and the equations are seen to 1x3 independent. Thus in 
general the transformations that leave a given conic un- 
altered form a three-fold infinitv. 

Ex. 1. Show that the trausformations tliat leave unaltered a coiiic 
and a straight line are singly infinite in number ; and that a triangle 
IB unaltered by a two-fold infinity of tnmyformations. 
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Ex, 2. By means of a certain linear point transformation the points 
on a conic become other points on the conic ; show that by the associated 
line transformation (§ 34) tangents to the conic become other tangents 
to that same conic. 

Ex, 3. By a certain linear dualistic transformation the points on a 
conic become tangents to that conic ; show that the tangents to the 
conic become points on the conic 

286. The considerations here presented show that the ordin- 
ary orthogonal transfonnations (§ 216) form the included 
three-fold group that leaves the Absolute unchanged. Now 
in considering the metric properties of a system of curves 
directly, we confine ourselves to rectangular Cartesians ; the 
properties are unchanged by this group. But we have seen 
that instead of confining ourselves to the direct investiga- 
tion of metric properties, we may use projective methods, 
and investigate the relation of the system to the Absolute. 
Dealing with projective properties, the group is now the 
more extensive group of linear transformations. Thus we 
may extend the group, if at the same time we adjoin the 
Absolute. 

We now pass on to consider the group of linear transfor- 
mations, these including collineations and dualistic transfor- 
mations ; and as regards any system of curves, we have to 
investigate 

(i.) the properties of the system by itself ; 

(ii.) the pix)perties of the system extended by the adjunc- 
tion of the Absolute. 

Linear Transforviations, 

287. The question of linear transformation may be con- 
sidered purely algebraically, without any reference to possible 
geometrical intei-pretations. When a system of equations in 
any number of variables is subjected to a linear transforma- 
tion, certain related expressions are unaltered; a complete 
knowledge of all the unalterable expressions of the system 
is tantamount to the knowledge of everything essential in 
the system. The subject is treated under this aspect in 
works on Modem Higher Algebra ; the Theory of Binary 
Forms, the Theory of Ternary Fonns, the Theoiy of In- 
variants, are a few of the special titles given to such works. 
It is here considered on account of its geometrical signifi- 
cance, and only in such- detail as is necessary to show it« 
connection with the foregoing chaptens. Hence, though the 
general algebraic theory applies to homogeneous expressions 
in any number of variables, the only parts to be taken into 
account are those relating to binary and ternary qualities. 
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these finding their geometrical interpretation in the one and 
two-dimensional geometries that have been considered. 

288. When a cui^ve is subjected to any transformation, 
we consider natui'ally which of its pi-opei-ties are altered, 
and which remain. If the transformation be linear, order, 
class, number and nature of singular points and lines, aU 
remain unaltered : if the transformation be not linear, these 
will be altered ; for instance, if the curve be inverted with 
regard to a conic, order and class are altered, multiple points 
are gained and lost, inflexional and double tangents are gained 
and lost (§S$ 237, 247). Thus these numbers associated with 
the original curve are altered. But it will be found in every 
case that the number expressing the deficiency is unaltered 
by quadric inversion ; a conic, which is a curve of deficiency 
0, inverts into a conic, a cubic with one double point, or a 
quartic with three double points (§ 247) ; that is, into a curve 
of deficiency 0. It is found that the deficiency is unaltered 
by any birational tranafomuxtion ; that is, any two curves 
that have a (1, 1) correspondence have the same deficiency 
(§ 143) : but for the proof of this theorem we must refer to 
works on Higher Plane Curves and the Theory of Functions. 

If from any system of expressions there be derived an ex- 
pression, numerical or literal, endowed with the property of 
remaining invariable when the system is subjected to the 
transformations of a group, this expression may be called an 
invariant of the system for the group ; the problem is there- 
fore (Klein, loc. cit.) to develop for the system the theory 
of invariants I'elating to the gi-oup of transformations. 

Thus the numbers expressing order, class, etc., being in- 
variable under linear transformations might be called in- 
variants ; but the name in this case is not so used ; it has a 
specialized meaning and is used only as referring to a special 
class of derived algebraic expressions. An invariant of a 
i^ystem i^ a function of the coejfficients wliose vanidiing 
expresses a projective property of the system, 

289. The way in which invariants present themselves may 
be shown by the example already referred to in § 282. Let 
the expression 

F^ax^+by^-h cz^ + 2fyz + 2<jzx + 2hxy 

be subjected to a linear transformation, 

X = l^x' + vi^y' + n^z\ 

y = l^'-\-vuy'+n^\ 

z = l^' + ni^' + n^\ 
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by which F becomes F. Fomi the expreflsion A from the 
coefGcients of F, and similarly A' from the coefficients of 
F' ; then will A' contain A as a factor. For 

a' = al^ + hl^ + cl^ + 2/^3 + 2gl^l^ + 21d^l^, 

h'=am^+ , 

c' = ani*+ ; 

g' = anj,^+ 

A'=aZimi + ; 

hence writing 

the expressions for the transformed coefficients become 

(;' = 7lj|/j + n2l/2 + W3»'3; 

/ = Wji/i + mgi/g + "^131/3 = n^iJLi + n^uo + n^^, 
f/' = n^\ + 7I2X2 + 7I3X3 = liv^ + l^v^ + /3I/3, 

The expression A', written as a determinant, is therefore, by 
means of the two forms for/' etc., 



^jAj + ^2X2 I '3X3 

miXi+rnjX2+m3X3 
711X1+^2X2+^3X3 

which is ! l^ 



Vl + ^2M2 + ^3M3 
mi/Xi + 7rt2M2 + ^8M8 
'>Jl/Lti+'W2M2 + ^'3M3 

f'o ti» X Aj 

X. 



^l»'l + ^2»'2+^3»': 



s-'s 



m^v^ + mji/a + 7?i3i'3 



2 



'3 

m 



3 



7i 



3 



Ml 
M2 

Ms 



The second determinant in this product is itself the product of 






L I 



7li 



7712 
7^^ 



3 



and 



a 
h 



h g 

i> f 
f 



'\ '"a '*3 I 
hence writing D for the determinant {lyin^n^, 

A' = i)-^A. 



290. This determinant D, formed with the coefficients of 
transformation, is the modulus of transformation (§ 34). It 
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is iinpoi-tant to notice that in no circumstances can D vanish : 
for the vanishing of D implies the concurrence of the lines 
X, y, z. Moreover, the non-evanescence of D is the only 
limitation in the choice of values for f^, m^, ... : hence D can 
be made to have any assigned value other than zero; and 
any other function of l^, m^, ..., can be made to vanish by 
properly choosing Zj, m^, . . . ; D is therefore the only ex- 
pression in Zj, m^, ..., that does not vanish for some trans- 
lormation. 

291. Let the equations of a system be ^1 = 0, ^2 = 0, etc., 
and let the various sets of coefficients involved be a^, 6j, ..., 

ttg, ^2 I^^ ^^y ^ become S' by linear transformation, that 

is, let the substitution of 

l^x' + m^y' + . . . for ic, 

l^'+m^'^.., for y, etc., 
change (a, 6, ..•jfic, y, ...)** into {a\ b\ ...)[«', ^, ...)*; 
hence 

(a', b\ ...(ur', y', ,..Y={a,b,...ll^x'+miy'+..., l^*-¥w^+. ..,...)*; 
comparing coefficients, 

Ob ^\tit Of •••/ \^i> ''»'i> ••• > ''2' '^^2' ••'/ » ewj., 

that is, the new coefficients in an equation of degree n are 
linear in the old coefficients and of degree n in the coefficients 
of transformation. 

Since we are concerned only with the ratios of the 
coefficients in any one of the expressions S, every expression 
that we have to deal with is homogeneous in every set of 
coefficients separately. Let (? be a function of the coefficients 
of the system, whose vanishing cxpi-esses that the system has 
some projective propei-ty, and let G' be the same function of 
the new coefficients; let the degree in the several sets of 
coefficients be p,, jf>2» •••• Then G' can be expressed in tenus 
of the old coefficients and the coefficients or transformation. 
Thus expressed, G' is G multiplied by a pcnver of the modulus 
of traiisformnation. For by hypothesis the vanishing of G 
entails the vanishing of G' : hence 

G' = MG (l)i 

Consider any one set of coefficients, a, 6, . . . ; the expressions 
for (i\ b\ ... in tenns of a, 6, . . . show that the degree in 
which a, 6, ... are found in G' is the same a,s the degree in 
which they arc found in G : hence M does not contain a, 6, .... 
and therefore M is a function simply of the coefficients of 
transformation, homogeneous and of degree Sn^Pi. Now the 
vanishing of G' is to imply the vanishing of (?, and nothing 
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else ; hence M cannot vanish for any passible transformation, 
and consequently, by § 290, M can only be a numerical 
multiple of a power of D. The number of variables being k, 
the determinant D is of order k, that is, D is of degree k in 
the coefficients of transformation ; hence M is a numerical 

multiple of D * ; that is, 

G'^KD ^ (2). 

To determine the numerical multiplier K, consider the 
identical transformation x = x\ y^'ify* for which Z) = l ; this 
shows that Jf =1 ; and consequently 

G' = i) * G (3). 

This equation is the algebraic expression of in variance; 
the algebraic definition of an invariant is the following : — 

-4 711/ function of the coejficienta that w unchamjed by 
linear transformatimi, save as to a power of the modulus 
of transformaiiony is called an InvanHant. 

292. If we have two invariants /, «/, belonging to the same 
system, let 

r = DfI, J' = DoJ, 

and let f=ih, g=jh, where h is the greatest common measure 
offg. Then 

hence pi^^-fii ^^'^ writing G for yr, this shows that G'=G; 

tliat is, the function G is absolutely unalterable by linear 
transformation; G is an absolute invamant Plainly an 
absolute invariant is of zero dimensions, for otherwise it 
would be affected by the transformation 

*B ^— (/%i/ , y ^^ cy , • • • • 

From the two invariants /, J, another can be derived. 
For if 

then H'=^rJ+J'' = D^H^ + i><'V' = Dy^H, 

and therefore H is an invariant. But being expressible 
rationally in terms of / and «/, H is not counted as a distinct 
invariant. 

293. Given a system of curvas, there may be a ceitain 
locus projectively related to the system. For instance, we 
have seen that the locus of a point harmonically subtended 
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by two conies is a conic; and as the hannonic property is 
projective, the relation of this conic to the given conies is 
unaltered by projection. Let the given conies be iSj = 0, 
fifj = 0, and let this derived conic be F=0; let Sj, Sj by 
linear transformation become S(, S^, and let F' be derived 
from S^y 82 exactly as V from S^, 6*2, then V is what V be- 
comes by linear transformation; for V\ the locus derived 
from S[, Sf^y is the projection of V, the locus derived from 
S^y /Sj. A locxiSy thus projectively connected with, a system 
of loci, and reciprocally, an envelope projectively connected 
with a system of envelopes^ is a covariant of the system. 
Hence a covariant involves the variables as well as the 
coefficients. Let the order of the covariant (that is, the 
degi-ee in the variables) be g, and let the degree in the 
several sets of coefficients be p^, p^y ... y which may be sym- 
bolically expressed by writing 

V=(a^)Pi(a2)^, .(a:,3/, ...)^; 

then F' = {aiy^(aQ ^...{x,y, .,. )'A 

But by the linear transformation in question, F is to become 
F', save as to a factor whose one characteristic is that it 
cannot vanish. Applying to F the linear transformation, 
it becomes 

Fi = (ai)^<<*2>'' • • • (^1^' +m^y'+ ...y l^'+ m^' -h . . . , . . . )^, 

and we ai*e to have 

V'^MV, (1), 

when F' and Fj are expressed in terms of the same quantities. 
Expressing in terms of a^, 6^, ... , a;', j/', ... , a comparison of 
degrees on the two sides of this equation shows that M 
contains only the coefficients of transformation; let the de- 
gree of M in these coefficients be h ; the degree on the right 
hand side is therefore A-f(/, and on the left it is Sn^jpi ; hence 

h = ^n^ Pi — q. 

Since M is a homogeneous function of the coefficients of 
transformation which cannot vanish for any possible trans- 
formation, it is a numerical multiple of a power of D; and 
as the degi-ee of D in l^y mj, ... is ky 

k 

M^KD^y 

h 
and therefore V'^KD'V, (2). 

The suffix in F^ simply indicates that a?, y, . . . occurring in 
F are expreased in terms of Xy y', . . . : it may therefore be 
discarded. The value of if, found as in § 291, is unity; and 
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the fact that F is a covariant of degrees Pi, P2»*** ^^^ ^^ 
order g, is expressed by the equation 

^,^^.(2«iPi-7)^ (3), 

Though the idea of a covariant is here introduced by means 
of cur\'es, that is, with reference to ternary quantics, the 
argument does not require that the number of variables be 
specified; we have arrived at the general algebraic idea of 
a covariant, which is formulated in the definition : — 

Any function of the coefficients and variables that is un- 
changed by linear transformation, save as to a power of 
the modulus of transformation, is called a Covariant, 

From the meaning of invariants and covarianis it is at 
once evident that an invariant or covariant of a covariant 
is an invariant or covariant of the original system. 

Binary Quantics. 

294. One geometrical interpretation of the binary quantic 
being by points on a line, the 7i-ic represents n points. If 
two of these points coincide, they coincide in any projection ; 
the condition for the coincidence of two points, being simply 
the condition for equal roots in the non-homogeneous equation 
/(a') = 0, is obtained by the elimination of x from the two 
equations 

/(.)=0. 1=0. 

or, transferring to the homogeneous form (compare § 99), by 
the elimination of x, y from the two homogeneous equations 

Baj ' "dy 

The expi*ession thus found, whose vanishing expresses the pro- 
jective property of coincidence, is called the discriminant of the 
quantic ; and we see that the discriminant is an invariant. 

If 71 = 2 this is the only invariant ; the only projective 
relation possible for two points is that of coincidence. Writ- 
ing the quantic in the form (a, 6, c\x, y)*, or in the non- 
homogeneous form, 

(a, 6, c\x, 1)^ that is, ax^+ibx + r, 

the discriminant is oo — b^; and it is at once seen that 

ttV — 6'* = (Zjmg — l^^\ac — 6*), 

so agreeing with equation (3) of § 291. There is not any 
covariant, for there are no definite points specially associ- 
ated with a pair of points. 



^ 
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29o. If ?i = 3, there is acrain only the one invariant, viz,, 
A = *i^/2 + 4<ic» - G«6a/ + 4fc5 J - .3fc V ; 
and in acconlancf with the fonnula, 

Tliere are in this case two covariant** : for taking the three 
pointf^ given by the cubic 

as the 1. 2. 3 of .^ 179. and completing the harmonic range 
in the three possible ways, we obtain a second triad of points 
r, 2*, 3'; hence there is a covariant of order 3. Also S 179 
proves the existence of a pair of points pi-ojectively related 
to the cubic, either of the pair serving to complete the eijui- 
anharmonic range : hence there is a covariant of order 2. 
Let x' be one of the triad, that is, let the points given by 
the quart ic 

be harmonic. The condition for this was found in § 155, (i.): 
applpng that condition, 

to the present case it is found that x' must satisfy the cubic 
equation 

{a'd'-Sabc+2h\ abd + b^C''2ac\ 2hH-acd-h<^, 

^hcd-ad^-2<?lxAf^0, 

Similarly we obtain the covariant of order 2 by applying 
the condition 

(§ 155, (ii.)) to the quartic 

(x - x'Xaa? + •>^^- + ^cx + d) = 0, 
obtaining the result that x* must satisfy the equation 

(ttc-62, ad-bc, bil^c^^x, 1)2 = 0, 

where the arrow-head on the bracket indicates that the equa- 
tion is to be written without binomial coefficients. 

Since an invariant or covariant of a covariant is an in- 
variant or covariant of the original quantic, we consider 
what we obtain from the cubicovariant and quadricovariant. 
As regards the latter it is at once evident that the only 
invariant, the discriminant, is simply the discriminant of 
the original cubic ; and that this must be so is evident k 
priori ; for coincidence of the points x^, x^ (§ 179) can only 
be due to a coincidence among 1, 2, 3. But also nothing 
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new is derived from the cabicovariant : a coincidence anion*; 
1', 2^, S' implies a coincidence amon^ 1, 2, 3, shown al*:^*- 
braically by the fact that the discriminant of the ciihicv>- 
variant is a power of the discriminant of the cubic : the 
symmetric relation between the two triads of points pix^Ytnl 
in § 179 shows that the cabicovariant of the cubiciwariant 
18 not different from the original cubic, ami it is seen that 
it is the original cubic multiplieil by the square of the dis- 
criminant : and the fact that the points x^. x^ are the tlouWe 
points of the involution (11', 22', 33') shows that the same 
two points will be found if we start from the cubictnariant. 

296. As regards the quartic, (a, b, c, rf, ^{j*, 1>*, we know 
three invariants (§§ 294, 155): — 

(i) the discriminant A: 

(ii) the expression g^, = o^ — 4M -f 3<^, whose vanishing 
expresses that the roots ^re equianhannonic : 

(iii.) the expression ^3, =rtc^ + 26crf— mP — 6^ — (•*, wIuvh^ 
vanishing expresses that the roots are harmonic : but theso 
three are not independent. For the group of cnxss-mtiixs 
is determined by the equation (§ 156) 

i/2»{(0+lX*-2X0-i)}- = 27<7,*{(^+a,X^+«,2)}»; 

now a coincidence among the four points makes two of tlu^ 
cross-ratios equal to 0, and two equal to x : and as the 
sextic equation is 

0/,» - 27sf3*X*'+ 1 ) - 307/ - 27«7,*X^*+ *) + ^(^* + ^') + ^V = 0. 

the necessary and sufficient condition for a coincidence of 
points is 

Hence g^^^^^Vz ^^ * numerical nmltiple of a power of A- 
This expression is of degree 6 ; and A, obt^iineil by the 
elimination of x from 

ax* + 46ir8 + 6cajH ^-cfer + e = 0, 

that is, from aQi?+^ha?+^cx +d = 0, 

fea:»+3caj2+3rfa; +e =0, 

is also of degree 6. Now as the term aV occurs in g^—^Tg^ 
with coefficient unity, there is no numerical factor to 1x5 
rejected from this expression ; we find therefore 

and A does not count as a distinct invariant 
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Using any two of the three invariants A, g^y gJ, which are 
all of degree 6, the quotient is an absolute invariant ; but of 
course one only of the six here indicated must be counted. 
Writing, for example, J for the quotient of g^^ by A, we have 

J:J^l:l=g^^:27g^^:A; 

and the crass-ratio sextic can be written in any one of the 
fonns 
J: J-l: 1=4(02-0 + 1)3: (203_3^2_3^^2)2: 27^2(0- 1)2. 

Note, Any one of the six crosa-ratios determined by the four points 
is an invariant ; but not being expressible rationally in terms of the 
coefficients, it is an irrational invariant ; and the invariants g^ g^ A are 
symmetric functions of these six irrational invan'ants. Let the roots of 
the qnartic be 1, 2, 3, 4, and write 

/=(l-2X3-4), fn=(l-3X4-2), «=(l-4X2-3), 
so that 9 /+w + n = 0; 

then the six iiTational invariants are the fiuctions 

_m _n _n _ I _l _m 
I I m m n n 

The expressions for g^ g^y A are 

24 12^ IT,, 

93 = ^w - n){n - IXl - m\ 

256 

See Cay ley, A Fifth Memoir upon Quantics, 1858 ; (Collected Papers^ 
vol. ii., No. 156); and Klein, Theorie der ElliptUchen ModiUfunctianen, 
t. L, pp. 3-15. In Professor Cay ley's Memoir, the invariants fff, g^ are 
denoted by /, J, 

The quartic certainly has covariants ; for calling the points 
1, 2, 3, 4, we can associate these in different ways, so obtaining 
three involutions 

(12,34), (13,42), (14,23); 

the three pairs of double points are symmetrically derived 
fi-om 1, 2, 3, 4, hence the sextic equation by which they are 
determined has for its coefficients rational homogeneous ex- 
pressions in a, b, c, d, e; they are projectively connected 
with 1, 2, 3, 4, hence the sextic is a covariant; and consider- 
ing the mode of formation it is plain that the six points are 
ordinarily distinct, hence this is not a power of any lower 
covariant. The quartic has one more covariant ; but no 
special purpose would be served by attempting a complete 
enumeration in this way ; the examples given suffice to show 
how invariants and covariants present themselves in con- 
nection with a single binary quantic. In detecting invariants 
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or covariants by this pixxieiis, two thingH must be attended 
to: in order that the <lerived function may be rationally 
expressible in terms of the coefficients of the ^ven quantic, 
all the points must Ix) involved symmetrically; and in order 
that the function may be endowed w^ith the property of 
invariance, all the relations used must be projective. 

297. As an example of invainants and covariants of a 
system, consider two quadratics, 

Here we have two pail's of points to consider ; hence there is 
an invariant, ac+ac — 'IbJ/, whase vanishing expresses that 
the two pairs are harmonic. And as the two pairs determine 
an involution, whose double elements are projectively related 
to the system, there is a covariant, 

(ab' - a'b)x^ + (ac' - a'c)x + {be' - b'c) , 

which equated to zero gives the double elements of the 
involution (§ 174). 

Similarly with regard to a system of three quadratics there 
is an invariant, 

(t, b e , 

a' U d 

a" b" c" 



whose vanishing expresses that the three pairs of points are 
in involution (§ 174). 

Ex. Show by geometrical considerations that if an n-ic liave a quadri- 
covariaut, it has an n-\c covariant, which is not a product of lower 
covariants. 

Teimary Quantica. 

298. In dealing with ternary quantics, whose interpretation 
is by curves in a plane, we have to consider invariants — ex- 
pressions whose vanishing indicates some permanent property 
of one curve, or relation of a system of curves ; covai'iants — 
expi-essions which equated to zero give loci, having some 
permanent relation to the loci of the system (this system 
being supposed given in point coordinates, for definiteness) ; 
and also contravuriants — expressions involving Kne coordin- 
ates, which equated to zero give envelopes having some 
permanent relation to the given system. For example, the 
envelope of a line cut hannonicfidly by two conies o^, S^, is 
a conic ^ ; this conic is a curve having a projective relation 
to the given pair of conies; if then we express its eq 
in terms of .r, t/, z, we have a covariant of tne system of 

S.U 8 
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ocmicK. But it« equation presents it^^lf most naturally in line 
oci6rdinates (, j|, ^. In this form it is not an invariant of 
the given s^'stem, for it is not expressed in terms of thr 
Coefficients only : it is not a covariant, for it does not involve 
the variables x, y, z: nevertheless it Ls endowed with the 
property of invarianoe, and it is called a contravariant 
(French, Forme adjointe: German, Zugehorige Foiin). Re- 
ciprocally, if a s^'stem be given in line coordinates, invariant 
expressions involving ^, j|, ^ are covariants, and invariant 
expressions involving x, y, z are contravariants. 

Tlie general term invariant, explicitly referring to the 
permanence of relation, is often used as including covariants 
and contravariants. In this general sense, an invariant of an 
invariant is an invariant: in the special sense, an invariant 
of a covariant or contravariant is an invariant: a covariant 
of a covariant, or a contravariant of a contravariant. Lb a 
covariant; and a covariant of a contravariant, or a contra- 
variant of a covariant, is a contravariant. 

299. The idea of two distinct sets of coordinates, to which 
we are led in analytical geometry by the principle of duality, 
is deliberately accepted and generalized in the algebra of 
linear transformations ; that is, as stated in § 285, the group 
of coUineations is extended by the addition of linear dualistic 
transformations. Reference to § 34 shows that the relation 
of the two sets of coordinates exhibits itself in linear trans- 
formation in the fact that they are ti-ansformed by inverse 
substitutions ; that is, the formula of transformation for the 
one set being 

etc , 

those for the other set are 

etc , 

and the two sets are connected by the identical relation 

This is adopted as the defining property in algebra; sets 

of quantities that are transformed oy the same substitution 

^^^are called cogredient; sets that are transformed by inverse 
^pibstitutions are contragredient Hence sets of point co- 
^dinates are cogredient ; sets of line coordinates are co- 
'ient; but point and line coordinates are contragredient. 
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Thus modem algebra does not stop with the projective 
two-dimensional geometry we are now considering, it admits 
any number of variables ; " its gi*oup consists of the totality 
of linear and dualistic transfonnations of the variables em- 
ployed to represent individual configurations in the mani- 
foldness: it is the generalization of projective geometry" 
(Klein). 

300. Any contravariant expression can, however, be re- 
garded in a different way. Taking the example already 
iLsed, it was required to find the envelope of a line cut 
hannonically by two conies. But this may be stated in the 
fonn: — What condition must I: mm satisfy in order that 
the line L = lx'\-my+nz = may be cut harmonically by the 
conies S^ = 0, 8^ = ? This is a question as. to the permanent 
relation of the line L and the conies S^y S^; the answer is 
that a certain invariant of the system jSj, S^y L must vanish. 
Thus when we regai*d ^, ly, f as known, ^ is an invariant of 
the system S,, S^, L\ when we regard £, i;, f no longer as 
known quantities, but as line coordinates, $ is a contra- 
vaidant of the system S^y S^', and when we express the 
equation of the conic $ in point coordinates, so obtaining 
F, V is a covariftnt of the system /S^, jSg. Hence there is no 
absolute necessity for considering contravariants in the theory 
of ternary quantics; a contravariant is simply the i*eciprocal 
form of a co variant; the reason for admitting the two con- 
ceptions is the same as the reason for using both point and 
line coordinates. 

Any curve 8 = has a line equation 2 = 0, that is, in dealing 
with ternary quantics, to every single expression there is 
certainly one contravariant. As regards binary quantics, 
contravariants have no special significance. The connecting 
equation for the two sets of coordinates being in this case 
x^+ytj = Oy we have i:rj = y:—x, and nothing is to be gained 
by the use of ^, i;. 

301. Finally, both sets of coordinates may enter into an 
invariant expression; it is then called a mixed concomitant 
(French, Forme mixte ; German, Zmischenform), For example, 
the equation of the pair of tangents to a conic 8 at the points 
where it is met by a line L involves the coefficients in 8, the 
coordinates x,y,z, and the coefficients Z, m, 7i in Z ; if l^m^n 
be regarded as known, the result is a covariant of the system 
Sy L ; but if Z, m, n be regarded as coordinates of the 
and written ^, rj, ^, the result is a mixed concomitant. 

302. When considering the properties of two or 
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■airi'^. h TTfc* f:ir^i thiC si-o^j relate to all conies of the 
i^rfLcl :r z»e4L F:r ■rTAr.p'irr. if a linr be ent in involuti(xi 
"it -liLTin !i:c_j!> -v >^ >.- h > cut in invoIati«Hi bv everv conic 




:c 1^ Zf*t Be^kTizii: th-r linr X a> kn«>iii'u. the fact that it 
2* m^ fz. z^^ .i^ic by th-r ihPitr ojoics. btring projective, k 
-txzcvsetbi \j zhjT v*ziiiLin^ of a certain expression G: G h^ 
A21 irLT-^;fcr 1 :f ibe "S-y^rrm ^'-. S*. 5j, Z : and as regards the 
«:cLi> 5-. ;*.. 5,. h is * '.tv. *./>iiJ.irt/: an^l when the coeflScients 
El L hr*t re^^:&rire*i *.s 'Jjjptt c»»rlinate$, so that G is a contra- 
T^&riui^ :i 5-. 5,. 5^. h is <iill a coinhinant. *'An invariant 
rrf a *v«ieti :f -^-^rticr of ibe same de^ee is a combinant 
if h c*r -^ihr-rvti wbrii f-iir any of the qoantics is substitute<l 
a If=rrAr r^nrtSi-t ^A th-r -iTxantics " i Salmon I 

Gr-gibf^Anss prjs«ii themselves in the theory of binary 
qmniae^t O^BS'ier nro quadratics, 

Tbese Lave a cc^variant «!^ i£>7). 

r=«'jA'— I '^ir^+iac' — acVr+(6e'— 5V), 

whirii e«)iiate«i lo zen:» gives the doable points of the in- 
vointi-.-o •leienQiinei by the two pairs m=0, r = 0. But 
every pair ti-^\r=0 Ls in this involution; hence the covari- 
ant / is a ojmbinant. Similarly the three pairs u = 0, r=0, 
tr=0 arv in invoIuti*:«i if a certain invariant vanish (§ 297) ; 
and in this case all pairs tt+Xr+;iir=0 belong to the in- 
volution: the invariant is a combinant. 

303. Considering a single conic, there is one invariant, 
A, whose vanishing expres^ses that the conic is degenerate; 
and there L< a contra variant, the reciprocal equation of the 
conic A proper conic by itself has no projective property ; 
and ther^ is no locus and no envelope projectively connected 
with ic To obtain the metric properties of a conic we have 
to consider the projective relations of two conies, and then 
make one degenerate into a pair of points. Hence the im- 
p^^rtance of the theorj' of the invariants of a system of two 
conies. 

Supposing the conies to be given in point coordinates, a 
number of the special relations of position can be expressed 
iu terms of the four common points A, B, C, D, Now these 
common points are mot^ simply assigned by means of straight 
lines joining them in pairs ; we require therefore the common 
choixls of the conies, that is, the line-pairs included in the 
pencil ^•<Si-t-iS>' = 0. The three values of k giving the three 
line-pairs are the roots of the cubic 

A^•'-t-eA•2+e'^•+A'=o (i). 
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where S, 8' being written in the ordinary form, A, A' are 
the discriminants, and 

e =Aa'+Bb'+Cd'+2Ff+2G^+2Hh\ 

&=A'a+Rb + Cc+2Ff+2G'g+2H%, 

A,B,,.. A\B\.., being written for the minors of a, 6, . . . a\ 6', . • • 
in the determinants A, A'. 

Note, The notation here used is that of Chap. XVIII. in Salmon's 
Conic SeclioHs ; this work will now be referred to as C. 

If kS+S' he degenerate, it is degenerate after linear trans- 
formation ; hence the values of k given by equation (1) are 
imalterable by transformation ; the coefficients in the equation 
are invariants ; the vanishing of any one of these coefficients 
expresses some projective property of the system of two 
conies. The significance of A = 0, A' = is known; for the 
meaning of the vanishing of 0, 0' respectively see (7. § 375. 

The conies have contact if two of their common points 
coincide; since the coincidence oi A, B causes the line-pair 
AC, BD to coincide with BCy AD, the condition of contact 
is found by expressing that equation (1) has equal roots 
(C § 372) ; and since every conic of the pencil passes through 
-4, J5, any two conies of the pencil have contact. The in- 
variant whose vanishing expresses contact, that is, the tacU 
invariant, is therefore a combinant. 

304. Since the special importance of the system of two 
conies consists in its affording a means of investigating the 
metric properties of one conic, the second conic of the system 
is to be degenerate, in line coordinates. If 8' be degenerate, 
A' vanishes, and equation (1) reduces to the quadratic 

At^+0^+0' = O (2). 

Supposing the equations to be in point coordinates, S' = 
is a line-pair, AC, BD, The other line-pairs are AB, CD 
and AD, BC. If A, B coincide, the pair AD, BC is the same 
as 8\ and the intersection of the two lines S is the point 
A (or B), that is, a point on 8, Now for the pair AD, BC 
to be the same as 8\ the corresponding value of k must 
be zero, hence 0' = O. Thus if S' be a hne-pair, and 0' = O, 
the intersection of the lines S' is a point on 8 (C § 373). 
If however = 0, the lines 8' are conjugate with respect 
to S (C. § 373). 

Reciprocally, if the equations be in line coordinates, AT 
being degenerate is a point-pair; 0'=O is the conditian * 
the conic 8 touch the line joining the points iST ; ao ' 
is the condition that the points § be conjugate with 
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y> the ccci? 5. Thus if .< = represent the circular points, 
u>r c»:cri:t>:<i that the ojnic be a parabola i:> O' = 0, and the 
e»:oi:i>:c f<:»r a rectangalar hyperbola is G = 0, these con- 
•iit>:-cs 't«rix;g f«jrmed from the Ime equation of the conic. 

Ex. Iked^x xirt •:<ff«ifzAr^' CarteBimn conditions for a fMLrabola and a 



dX>. A fall •iiscu^«:*n of the invarianu^ of a system of 
two coIl]e^ is oiiDtaiD^ in Chapter XNTII. of Salmon s Conic 
;y^iV*»iJ». Refeivnce may also be nia<le i^nth advantage to 
Chapter XV. .:.f Casjey'si AnalytiiMl Geometry (edition of 
l^i'S*. wheiv. im p. 517. there will be fotmd a complete list 
of the o:»DCi:4uitants of two conies: and to Clebsch. Vorles- 
HR^^n M&^r Ge»/meine, t. i. pp. 265-304. These books being 
well known there l< no occasion to repeat the discussion 
hei^: the object of thus chapter is simply to show that the 
language of the algebra of linear transformations does ex- 
actly e3q>re:«t> the projective geometry to which the preceding 
chapters are devoted. 
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Absolute, the, 

defined, 249. 

common tangents of carve and, 250. 

contact of curve with, 250. 

double contact of curve with, 250. 

intersection of curve with, 249. 

use in generalizing metric concep- 
tions, 252, 257, 263, 276. 
Angle, generalized idea of, 253. 
Angular magnitude, comparison of, 

with linear, 94, 249, 252, 255. 
Anharmonic ratio, see Croes-ratio. 
Areals, 12. 
Asymptotes, 102. 

compared with foci, 231. 

equation of, for conies, 103. 

equation of, for any curve, 104. 

number of, 103. 

of a conic are the double lines 
of the involution of conjugate 
diameters, 175. 

rules for determining, 105. 
Axes, of conic, 123, 175, 
Axis, radical, 118, 127, 

Ball, Sir R., 259. 

Binary quantics, 269. 

Birational transformation, 240. 

Brianchon's Theorem, 83. 

Brill, 229. 

Brocard angle and points, 34* 

Canonical form, 206. 



Cartesian coordinates, 

compared with homogeneous, 29. 

equation of circle in, 117. 

equation of isotropic lines in, 112. 

equation of line infinity in, 30. 

how made homogeneous, 29, 31. 

line coordinates, 30. 
Casey, 278. 

Cayley, 53, 124, 174, 242, 249, 269. 
Centre, see Diameter. 
Change of triangle of reference, 

in point coordinates, 32, 201, 206, 
260. 

in line coordinates, 32. 

in point and line coordinates to* 
gether, 33. 
Chasles, 80, 86, 177, 182, 236, 242. 
Chasles' Theorem, 83, 86. 
Circle, 115. 

double contact with the Absolute, 
251. 

equation of, in line coordinates, 
115. 

equation of, in point coordinates, 
116, 117, 127. 

indefinitely small, 115. 

indefinitely great, 115, 245. 

nine-points, 121, 127. 

radical axis of two, 118, 1S7, 

system of, coaxal, 118. 
Circular points, 

a necessary conception, 110. 

absolnte elements in the plane, 249. 
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Circular points, 
classification of conies by means of, 

114. 
coordinates of, 1 15. 
generalization of, 249. 
more important than the line in- 
finity, 248. 
product of distances from any 

ordinary line is constant, 112. 
relation of conic to, 1 14, 249, 276. 
unchanged by orthogonal trans- 
formation, 205. 
unchanged by rotation or transla- 
tion, S15, 
See al90 Absolute, Foci, Isotropic. 
Class of curve, 53, 57, 65. 
aebsch, 55, 174, 182, 278. 
Clifford, 137, 178, 269. 
Coaxal circles, 118, 233. 
Cogredient, 274. 

Collineation, 210, 21 1. Set altio Trans- 
formation, linear. 
Combinant, 276. 
Comparison of 
equation and coordinates of a line, 

13. 
equation and coordinates of a point, 

13. 
linear and angular magnitude, 04, 

249, 252, 255. 
point and line coordinates, 10. 
Complex variable, 164, 259. 
Concomitant, 275. 
Condition, conditions, 
for degenerate conic, 69. 
for double contact, 81. 
for double point, 97. 
for line-pair, 69. 
for parabola, 278. 
for point-pair, 69. 
for rectangular hyperbola, 278. 
number of, determining a circle, 1 15. 
number of, determining a conic, 81. 
number of, determining a parabola, 

102. 
number of, determining an 7n-ic, 81. 
simple or multiple, 83, 83. 
that six elements may belong to a 
conic, 83. 



Condition, conditions, 

that system be equian harmonic, 

150. 
that system be harmonic, 44, 149. 
that three lines be concurrent, 14. 
that three points be coUinear, 14. 
that two lines be conjugate with 

respect to a conic, 72. 
that two points be conjugate with 

respect to a conic, 70, 75. 
See oIho Construction of conies. 
Confocal conies, 
form a range, 126. 
orthogonal, 175. 
reciprocal to coaxal circles, 233. 
Conic, conies, 
asymptotes of, 103, 175. 
axes of, 123, 175. 
centre of, 106. 

class and order the same, 65. 
common self-conjugate triangle of 

two, 76, 178. 
condition for degenerate, 69. 
condition that a line touch, 64. 
conditions for double contact, 81. 
confocal, are orthogonal, 175. 
conjugate chords of, determine 

harmonic points in, 88. 
conjugate diameters of, 107, 175. 
cross-ratio of extremities of two 

conjugate chords harmonic, 88, 
cross-ratio of four, 80. 
cross-ratio of four points in, 88. 
degenerate, 69, 245. 
diameters of, 106. 
eccentric angle, 134. 
envelope of line cut harmonically 

by two, 94, 178, 273. 
envelope of line cut in involution 

by three, 179, 182. 
equation of circumscribed, in point 

coordinates, 59. 
equation of circumscribed, in line 

coordinates, 61. 
equation of inscribed, in line oo- 

onliuates, 59. 
equation of inscribed, in point co- 
ordinates, 61. 
equation of reciprocal to, 64. 
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Conic, conies, 

equation of, referred to self-con- 
jugate triangle, 74. 

equation of, through four points or 
touching four lines, 72. 

flat, 247. 

foci of, 123-126. 

harmonic, 80^ 178, 

homothetic, 25G. 

imaginary, 108. 

involution properties of, 174. 

locus of intersection of correspond- 
ing rays of two homographic 
pencils, 159. 

locus of point harmonically sub- 
tended by two, 94, 178y 267. 

locus of points harmonic with re- 
spect to net, is a cubic, 81 ^ 181. 

metric properties of, 106, 114-122, 
125, 276. 

net, 81y 180. 

pencil, 74, 76-79. 

range, 74, 76-79. 

reciprocal equation, 64. 

reduction of equation, 107. 

similar, 256. 

system of, through four points or 
touching four lines, 76. 

system of, when four conditions are 
given, 179. 

tangents from a point to, 71. 

unicursal, 134. 

See also Condition, Conjugate, Con- 
struction, Pencil, Polar, Range, 
Self -con jugate triangle. 
Conjugate, 

imaginaries, 47. 

lines, with respect to a conic, 7/, 
88, 174. 

points, as determining elements for 
a conic, 182-184. 

points, with respect to a conic, 70, 
75, 174. 

points, with respect to a conic, 
Hesse's Theorem, 177, 

points, with respect to a pencil of 
conies, 80. 

See clUo Diameters. Pole, polar. 
Self-conjugate triangle. 



Connection of point and line co- 
ordinates, 70. 
Construction, 

for equianhamionic elements, 170, 
17$, 

for harmonic elements, 43. 

for involution, 163, 167, 169, 187. 

of accurate diagram, 23, 44. 

when linear, 176. 

when of second degree, 176. 
Construction of conic determined by 
five conditions, — 

five points or five lines, 81, 178, 

four points and one line, or four 
lines and one point, 82, 178, 

three points and two lines, or three 
lines and two points, 82, 177, 

three points, a pole and polar, 177. 

one point, two poles and polars, 
177. 

four points, one pair of conjugates, 
183, 177. 

three points, two pairs of con- 
jugates, 183. 

two points, three pairs of con- 
jugates, 183. 

one point, four pairs of conjugates, 
183. 

five pairs of conjugates, 182. 

four tangents, one pair of con- 
jugates, 185. 

one tangent, four pairs of con- 
jugates, 186, 

three points, one tangent, one pair 
of conjugates, 186, 

two points, one tangent, two pairs 
of conjugates, 185, 

one point, one tangent, three pairs 
of conjugates, 186. 

a self-conjugate pentagon, 177, 
Contragredient, 274. 
Contravariant, 273, 275. 
Coordinates, 

defined, 2. 

general idea of, 1. 

homogeneous line, 9, 11. 

homogeneous point, 5, 8. 

line, in Cartesians, 30. 

number of, 2, 5. 
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Coordinates, 

relation of Cartesians and homo* 
geneoas, 29, 31. 
Coordinates and equations, 

of four points und four lines, 
41, 43. 

of four imaginary elements, 48. 
Correlation, correlative, 236. 
Correspondence, 

defined, 156. 

equi\'alent to homography, 156. 

general idea of, 210, 215. 

geometrical idea of, 216. 

identity of corresponding figures, 
217. 

of asymptotes and foei, 251. 

of cusp and inflexional tangent, 67, 
234. 

of linear and angular magnitiide, 
252. 

of node and double tangent, 67* 2;U. 

of point and line coordinates, 40. 

of point and line figures, 4, 14, 40, 
43,232. 

of point and line theories, limita- 
tions of, 244. 

of points on a cur>'e (Chasles), 242. 

of projective figures, 202. 

one-one, 156^ 

one-one linear, 210. 

one-one quadric, 211. 

one-one quadric, skew projection 
for, 219. 

^ee also Duality, principle of. In- 
version, Projection, Reciproca- 
tion. 
Covariant, 

algebraic definition of, 269. 

general idea of, 268. 

of binary cubic, 270. 

of two binary quadrics, 273. 

of ternary quantics, 273. 
Cramer, 229. 

Cremona transformation, 240. 
Cross-ratio, 

defined, for a pencil, So. 

defined, for a range, 36. 

elements, four, determine six cross- 
ratios, 36. 



Cross-ratio, 

elements, how interchangeable, 153. 

equalities among the six crosa- 
; ratios, 149. 

; given by a sex tic equation, 151, 
272. 

idea is descriptive, not metric, 148. 

not altered by projection, 147. 

notation for, 35, 154. 

of configurations, (ibf , Ooo ), {kt, U% 
38, 39, 40, 

of four conies, 80. 

of four points in a conic, 88. 

of special pencil or range, 50. 

when equianharmonic, 149, 150. 

when harmonic, 37, 149. 
Cnbic, 

asymptotes of, 104. 

equation of, under assigned condi- 
tions, 60, 100. 

inflexions of, 208. 

linear transformation applied to, 
208. 

reciprocal to, 65, 66, 97, 136, 136. 

special unicursal, 137. 

theory of, depends on nets of conica, 
182. 
Curve, 

deficiency of, 135. 

degenerate, 54. 

e(|uation of, defined, 53. 

formation of reciprocal equation, 65. 

general idea of, 52, 54. 

has two difierent equations, 53, 57. 

how afiiscted by inversion, 231. 

order and class, 53, 57. 

order and class in general different, 
65. 

|)encil and range, 58. 

reciprocal defined, 66, 71. 

reciprocal, how found, 65. 

reciprocal is specialized, 97. 

tangential equation, 63. 

tracing of, in homogeneous co- 
ordinates, 139. 

unicursal, 130. 

Set cUho Conic, Cubic, Quartic, 
Unicursal. 
Cusp, w€ Singular points and lines. 
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Deficiency, 
an invariant, 137, 264. 
defined, 130. 

not afifected by inversion, 232. 
not affected by birational transfor- 
mation, 264. 
the same for a curve and its recip- 
rocal, 136. 
zero for unicursal curves, 135. 
Degrees of freedom, 2, 129. 
Dcsargues' Theorem, 83, 172. 
applications of, 178, 
applied to focal properties, 175. 
constructions depending on, 176. 
Descriptive, 
distinction between descriptive and 

metric properties, 57, 147. 
distinction between descriptive and 
metric properties obliterated, 257. 
Determinant of transformation, 32, 

265. 
Diameters and centre, 106. 
conjugate diameters derived from 

poles and polars, 107. 
conjugate diameters in involution, 

175. 
conjugate diameters, one pair at 
right angles, 123. 
Dimensions, 4. 
Discriminant, 
of binary quantics, 269, 270, 271. 
of ternary quadric (conic), 69, 276. 
of ternary quantic in general, 97. 
Distance, 
from a point to a line, 9, 17. 
generalized, between two points, 
254. 
Double point, double tangent, net 

Singular points and lines. 
Dualistic transformation, 211. 
formulae for linear, 236. 
not a group, 261. 
reciprocation, a special case of, 

235. 
three elements united with their 
correspondents, 238. 
Duality, principle of, 15, 17, 43, 51, 
257. 
statement of, 55. 



Duality, principle of. 
See aUo Dualistic transformation. 
Reciprocation. 

Element, 

nature of, 2, 216. 

primary, 5, 14, 51, 52, 53, 257. 

secondary, 51, 52, 53, 257. 
Ellipse, 101. 
Envelope (compare Locus), 

degenerate, 54. 

line not an envelope, 54. 

of a line cut harmonically by two 
conies, 94, 178, 273. 

of a line cut in involution by three 
conies (net), 179, 182. 
Equation of, 

a line, 8. 

a point, 13. 

line through intersection of two 
lines, 9. 

point of contact in line coordinates, 
61. 

point on join of two points, 13. 

reciprocal to a given curve, 65. 

tangent in point coordinates, 61. 

Ste also Conic, Cubic, Quartic. 
Kquianharmonic, 149. 

condition that four points be, 150. 

constructions for, 170, 17:2. 

elements, how interchangeable, 153. 

idea is descriptive, 170. 
Evolute, generalized, 256. 

Ferrers, 17. 
Flat conic, 247. 
Focus, 122, 124. 

confocal conies, 126, 175. 

directrix is polar of, 123. 

effect of quadric inversion on, 232. 

focal properties of conies, 125. 

foci compared with asymptotes, 251. 
Four points or lines, 

coordinates of, 41, 43. 

equations of, 41, 43. 

treatment of, when imaginary, 48. 
Fundamental identical relation, 

in line coordinates, 16. 

in point coordinates, 6. 
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Fandamental identical relation, 
signlficaiice of, in line coordinates, 

111. 
signiHcance of, in point coordinates, 

27. 
See aUo Absolute, Circular points, 

Infinity. 

Group, 261. 

contains sub-groups which leave 

something unaltered, 261. 
may be extended, 263, 274. 
of collineations, 261. 
of linear transformations, 261, 263. 
of movements, 261. 
of operations, 261. 
of orthogonal transformations, 263. 
of transformations, 261. 
of translations, 261. 

Hsrkness, 164. 
Harmonic, 37. 
bisection depends on harmonic divi- 
sion, .38. 
condition that four points be, ^, 

149. 
condition that two pairs of points 

be, 44. 
conic, 89y 178, 
construction for, 43. 
division of line, .9^. 
division of point, 9J^ 
elements, how interchangeable, 153. 
idea is descriptive, 169. 
properties of complete quadrilateral 

and ([uadrangle, 41, 42. 
properties of poles and polars, 91. 
relation of harmonic division and 

bisection, 38. 
transformation, 212, ^15. 
triangle, 76. 
Henrici, 5. 
Hesse, 177, 
Hexagon, we firianchon's Theorem, 

Pascal's Theorem. 
Hilbert, 80. 
Hirst, 219, 230. 
Homography, 155. 
compared with involution, 160. 



Homography, 
equivalent to (I, 1 ) correspondence, 

156. 
homographic correspondence on 

curves, 185. 
homographic pencils generate a 

conic, 159. 
homographic ranges generate a 

conic, 159. 
homographic systems with the same 

base, 158. 
homographic systems, double ele- 
ments, 158. 
Homology, 24i 194. 
nomothetic conies, 256. 
Hnlburt, 80. 
Hyperbola, 101. 

rectangular, 119, 120, 121, 278. 
Hyperbolism, 229. 

Imaginary elements, 45, 47. 

coordinates and equations of foor, 
48. 

pencil or range of conies determined 
by four, 76. 

quadrangle and quadrilateral deter- 
mined by four, 47. 

self -con jugate triangle determined 
by four, 178, 
Infinity, 

a point in spherical geometry, 257. 

a special line in projective geometry', 
26. 

at the same distance from all ordi- 
nary points, 28. 

direction not to be associated with, 
27. 

equation of, in Cartesians, 30. 

relation of conic to, 101. 

relation of curve to, 102. 

See also Absolute, Asymptotes, 
Diameters and centre. 
Inflexion, nee Singular points and 

lines. 
Intersection of, 

line and conic, 89. 

line and curve, 57, 90. 

two conies, 76, 93. 

two curves, 69, 92. 
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Intersection of, 

two lines, 25. 
Invariant, 264. 

absolute, 267. 

algebraic definition of, 267. 

discriminant, 269, 271. 

condition for parabola, 278. 

condition for rectangular hyperbola, 
278. 

irrational, 272. 

of binary quartic, 271. 

of two binary quadrics, 27^^. 

of two conies, 276. 

tact-invariant, 277. 
Inverse substitutions, 33, 274.' 
Inversion, circular, 219. 
Inversion, quadric, 211, 217. 
* analysis of singularities by, 225. 

applied to a curve as a whole, 230. 

construction for inverse points, 223. 

effect of, on deficiency, 232. 

effect of, on double points and 
double lines, 224. 

effect of, on focus, 232. 

formulse for, 221, 222. 

plane construction for, 219. 
Involution, 160. 

centre, 162. 

circular, 165. 

common elements of two involu- 
tions, 167, 175, 188. 

compared with homograph y, 160. 

constructions for, 163, 167, 169, 
187. 

determined algebraically, 165. 

determined by two pairs, 160. 

double elements, 161, 162, 188. 

elliptic, 162. 

extension of idea of, 173. 

harmonic property of double ele- 
ments, 165. 

hyperbolic, 162. 

idea is descriptive, 169. 

notation for, 174. 

on a conic, 187. 

pairs of imaginaries, 167. 

pencil contains one pair of ortho- 
gonal rays, 172. 

properties of quadrangle, 168, 173. 



Involution, 

properties of conies, 1 74. 

See cUho Desargues' Theorem. 
Involution -position, 212. 
Isotropiclines, 112. 

all pass througli two fixed points, 
111. 

have no direction, 112, 255. 

two through every point. 111. 

Joachimsthal's method, 89. 
nature of coordinates not generally 
important, 93. 
Jonqui^res (de), 182. 

Klein, 217, 259, 261, 264, 272, 275. 

Laguerre, 259. 
Limiting points, 119, 234. 
Line-pair, 
condition for, 69. 
reciprocal to, 245. 
Linear magnitude, comparison of, with 

angular, 94, 249, 252, 255. 
Linear transformation, see Transform- 
ation. 
Locus (compare Envelope), 
degenerate, 54. 

of intersection of perpendicular tan- 
gents to a conic, 178, 
of pairs of points harmonic with 

respect to three conies, 81, 181. 
of a point subtended harmonically 

by two conies, 94, 178, 267. 
of the pole of a fixed line with 
respect to a pencil of conies, 80, 
184. 
point not a locus, 54. 

Metric, 
distinction between descriptive and 

metric properties, 57, 147. 
distinction between descriptive and 

metric properties obliterated, 2.'>7. 
origin of metric relations, 244. 
projective metric combinations, 146, 

147. 
properties of a conic, 240, 276. 
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Metric, 

properties of a curve, 249. 

See aUo Circular Points, Infinity. 
Mixed concomitant, 275. 
Modulus of transformation, 32, 265. 
Mubius, 210. 
Morley, 94, 164. 

Nest of curves or conies, 80. 
Net, 180. 

of conies, 81, 179, 180, 182. 

tangential net, 180. 
Jfewton, 229. 

Node, nee Singular points and lines. 
Nother, 229. 
Normal, generalized, 256. 

One-one, ate Correspondence. 
Order of Curve, 63, 57, 65. 
Orthocentre, of a triangle, 121. 
Orthocentric quadrangle, 122, 178. 

Parabola, 101, 278. 

has contact with the Absolute, 251 . 
Parallel lines, 26, 254. 
Parameter, expression of coordinates 
in terms of, 89, 129. 
See alw Unicursal. 
Pascal's Theorem, 83, 197. 

constructions by means of, 84. 
Pencil (compare Range), .35, 58, 1 79. 
connected with range by reciproca- 
tion, 233. 
harmonic conies of a pencil, three 

in number, 89, 
homographic pencils, 155. 
homographic pencils generate a 

conic, 159. 
line equation of, 81. 
of conies, 74, 76-80, 179. 
of conies determined by three points 

and one pair of conjugates, 177, 

183. 
of conies determined by two points 

and two pairs of conjugates, 

18.3. 
of conies determined by four pairs 

of conjugates, 179, 183. 



Pencil (compare Range), 
of lines, when equal, projective, 

perspective, 154. 
See aUo Desargues' Theorem, Locus, 

Envelope. 
Pentagon, self -con jugate with respect 

to a conic, 177. 
Perpendicular lines, 11.3, 114,252. 
Perspective, ';i4i 154, 194. 
PlUcker, .54, in. 
Point-pair, 
condition for, 60. 
reciprocal to, 245. 
Pole, polar, 68. 
polar conic, pole conic, in dualistic 

transformation, 238. 
pole and polar with respect to a 

line-pair, 72. 
pole and polar with respect to a 

triangle, 20. 
reciprocal polars, 233. 
theory of poles and polars with 

respect to conies, 70, 75, 91. 
Poncelet, ^, 119, 194. 
IVojection, 144, 189. 
alters metric properties, 145. 
analytical view of, in space, 198. 
analytical view of, in a plane, 199. 
any conic can be projected into a 

circle, 192. 
any two points can be projected 

into tlie circular points, 193. 
concurrent lines can be made 

parallel, 189. 
correspondence of projective figures, 

202. 
diagram for, 195. 
does not alter cross-ratio, 147. 
formulae of transformation, 204. 
general theorem on, 191. 
harmonic transformation, 212. 
linear transformation specialized, 

201, 203. 
parallel lines become concurrent, 

189. 
plane construction for, 204. 
plane projection, 194. 
skew projection for quadric corre- 
spondence, 219. 




INDEX. 



287 



Quadric inversion, see Inversion. 
Quadrangle, complete, 42. 

determined by imaginary elements, 
47. 

harmonic properties of, 42. 

involution properties of, IdS, 173. 

orthocentric, 122, 17S. 
Quailrilateral, complete, 41. 

bisections of diagonals, 4^. 

determined by imaginary elements, 
47. 

harmonic properties of, 41. 
Quartic, 

cannot have more than three double 
points, 13G. 

tricuspidal, JCH), 138, 2:i0. 

trinodal, 98, 231. 

Radical axis, 118, 1^. 
Range (compare Pencil), 35, 58, 
179. 

connected with pencil by reciproca- 
tion, 233. 

homograph ic ranges, 155. 

homographic ranges generate a 
conic, 159. 

of conies, 74, 76-80, 179. 

of points, when equal, projective, 
perspective, 154. 

innut etjuation of, 81, 

See cUmo Desargues' Theorem, Locus, 
Envelope. 
Rational transformation, see Bi- 

rational. 
Reciprocal, 

curves, 67. 

equation, formation of, 65. 

polars, 233. 

to conic, 64. 

to cubic, 65, 66, 97, 135, 136. 

to line- pair and point-pair, 247. 

relation of confocal conies and co- 
axal circles, 2.33. 
Reciprocation, 211, 232. 

a special dualistic transformation, 
235. 

diagram for, 234. 

skew, 2:^6. 

<Ve« also Dualistic transformation. 



Rectangular hyperbola, 119, 120, 121, 

278. 
Reye, 5, 144, 155, 159, 170. 
Riemann transformation, 241. 
RuBseU, 177, 188. 

Salmon, 46, 85, 87, 94, 93, 119, 124, 
134, 187, 188, 197. 233, 240, 276, 
277, 278. 
Schrciter, 182. 
Self-conjugate triangle, 75. 

of pencil of conies, 178, 

of two conies with real common 
points, or with real common 
taugeuts, 76. 

of two conies with imaginary 
common points and imaginary 
common tangents, 178. 

system of two, 88, 
Similar conies, 256. 
Singular points and lines, 

analysis of, by inversion, 228. 

analysis of, by reciprocation, 234. 

condition for, 95. 

deficiency, 135. 

effect of inversion on, 224. 

effect of reciprocation on, 67, 234. 

effect of, on class, 97. 

efl'ect of, on equation, 95, 98. 

effect of, on one another, 1 36. 

effect of, on order, 97. 

nature of, 67. 
Skew projection, 219. 
Skew reciprocation, 236. 
Smith, H. J. S., 182. 
Standt (von), 94, 96, 148. 
Steiner, 175, 182, 219. 
Steiner transformation, 219. 
Systems of conies, 179, 276. 

See cUso Pencil, Range, Net. 

Tacnode, see Singular points and 

lines. 
Tact-invariant, 277. 
Tangents, from a point to a conic, 71. 

by Joachimsthal's method, 92. 
Tangential equation, 63. 
Tracing of curves in homogeneous 

point coordinates, 139. 
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Ternary quantics, 273. 
Transformation, 

birational, 240. 

Cremona, 24(). 

(lualistic, 211. 

group of, 281. 

harmonic, 212, Slii, 

linear, 201,2.36, 20.3. 

linear, special cases of, 204, 205, 
215, 

quailrie, 229. 

Kiemann, 241. 

Steiner, 219. 

8tt cUw Dualistic transformation, 
Inversion, Projection. 
Trilinears, 12. 



Unicursal, 130. 

curve is unipartite, 131. 

curve of zero deficiency is, 1 35. 

distinction l)etwcen unipartite and, 
132. 

every conic is, 134. 

general curve is not, 1 32. 

reciprocal is, when curve is, 133. 

unipartite curve not necessarily, 
132. 
Union, of point and line, 12. 
Unipartite, 131, 132. 
United points, 242. 

Web, 180. 



END. 
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